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Class Note-4

6. Continued from Class Note-3 Laplace's Equation in spherical polar coordinate

systems: Solution of Radial Equation and Some Problems involving application of

solution of Laplace equation in Polar coordinates.

Radial Equation

Radial equation obtained from Laplace equation through separation of variables is:

Ld(LdR@N A poy - 6.4) [Radial
2 \" g ) 2 r)=0...... (6.4) [Radial or r eqn. ]
d’R(r) dR(r)
2 — =
= + 2r I AR(r) =0 ......... (6.24)
Let
R(r) = r* where a is a constant ... .... (6.25)

is a trial solution. Then:

r’ala— Dr* 2 4+ 2rar®* 1 —Ar¢* =0
= [ala—1)+2a—-A]r*=0
Since r is not always zero, therefore:
ala—1)+2a—-1=0

a’t+a—21=0...... (6.26)

If the roots of this quadratic equation are @; and a5, then:

_—1+VI+42 —1-V1+44

a; 5 and a, = 5

i.e. both of @; and «a, are real.

Also from (6.26) we have:

A=a?+a=ala+1) =a,(a; +1) = ay(a, + 1)

Prepared by Debasish Aich, Department of Physics, Kharagpur College

38



Starting from (6.4) we obtain that A should have the form a(a + 1), where « is a real
number. We have obtained similar condition during the solution of 8 equation, where we
have seen that for physically meaningful solution we require the extra restriction: ¢ =
l = zero or positive integerie.l =0,1,2 ....

Thus equation (6.24) should be written as:

. dzdiigr) o d’; g) 1+ DRE) =0 ..........(6.244)

And equation (6.26) will become:
a’+a—-11+1)=0
at+a—-12-1=0
(a+D@a—-D+a-1=0
(a+l+D(@-D=0
a=lora=—-(+1)

Therefore the solution of the radial equation will be:
R(r)=Art+Br— Y 1=012........(6.25)
Where 4; and B; are constants to be determined from boundary conditions.

Now we can write the complete solution of Laplace equation in spherical polar

coordinates as:

U (1,6, 9) = Rl(T)Ylm(Q, @) = Rl(r)glm(e)q)lm(QD) --------- (6.26)

And the general solution will be:

w(r,0,0) = ) wn(,0,9) = ) RT)Oum(0)Pum(®)
ILm

Lm

= Z(A,r’ + Br~ WD) P(cos 0)e™? ... (6.27)

Lm
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Problem: 6.1

An uncharged conducting sphere of radius a is placed at the origin in an initially uniform
electrostatic field £. Obtain the expression of potential at an external point and show that it
behaves as an electric dipole.

Solution:

Let the initially (before introducing the conducting sphere) uniform electrostatic field is

directed along the Z-axis and its magnitude is Ey. Then

E = Ek....... (P6.1.1)

In a charge free region the electrostatic field is conservative and can be derived from
electrostatic potential, say u. i.e.:

-

E=-Vu
Thus, if u = u, represent the potential of the initial field, then:
_v)uo = Eol’e

(a°+a°+612) = Eok
_axl Z] 0z t = Bo

du,

0z 0
uy = —Eyz+ C = —Eyrcos0 + C; (C is arbitrary till now) ... ... (P6.1.2)

In a charge free region, here outside the sphere (r > a), the electrostatic potential u satisfies
Laplace equation:

V2u=0

The symmetry of the present problem suggests that we should use the solution of Laplace
equation in spherical polar coordinates. i.e.:

l -(1+1) m img
u(r,0,9) = Z(Aﬂ + Byr= D) (cos f)e
ILm

withl =012 ..:m=0,41....+1

The problem has axial or azimuthal symmetry. i.e. the potential does not depend on ¢.

Therefore the acceptable value of m is:
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Then:
u(r,0,9) = ) (At + Br= )PP (cos 6)
1=0

[ee)

= Z(Alrl + Br~ )P (cosh) ... .. (P6.1.3)
1=0

o]

[since PPw)= (1- WZ)% (%) [P (w)] = P, (w)

Now, after introduction of the conducting sphere in the initially uniform electric field, the field
and potential at infinite distance from the sphere should not be affected and should remain as
before. i.e.:

u(r - 0,0,¢) =uy(r » «,0,9) = —Eyz+ C = —Eyrcos0 + C

From (P6.1.2) and (P6.1.3):

lim Z(Aﬂ”l + Bir~ )P (cos §) = —Eorcos 6 + C

r—00
=0

oo

lim » A;r'P,(cosf) = —Eqrcosf + C

T—>00
1=0
AgPy(cos 8) + A;7P;(cos ) + A,72P,(cos 0) + -+ ... = —Eyrcos 8 + C
Ay + A;7P;(cos 0) + A,r?P,(cos ) + -+ ... = —EqrP;(cos 0) + C

[As Py(cos8) =1 & P;(cos6) = cos 0]
Equating the coefficients of P;(cos 8) from the two sides we can write:
Ay = —E,, Ay =C and A, =0forl>2
Then from (P6.1.3):
u(r,8,9) = C — Eyrcos + Z B;r~Vp (cosh) ... (P6.1.4)
1=0

Now, it is well known that the surface of a conductor is an equipotential surface. Then the
potential on the surface of the sphere will be constant, say V. Therefore, if a is the radius of
the sphere, then:
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u(a,8,9) = C — Eyacosf + Z Ba~“Dp(cos @) =V

1=0
By, B B B
C — EyaP;(cos9) +—0+—;P1(cos 0) +—§P2(cos 0) +—ZP3(cos 0)+---=V
a a a a

Bo

B B B
C+—+ (—;— an) Py(cos 0) +—§Pz(cos 6) +—ZP3(cos 0)+--=V
a \a a a

Equating the coefficients of P;(cos 8) from the two sides we can write:

B,

B, 3
;_E0a=0:¥=E0a:>Bleoa

BZZ>B3=0...; Bl=0f0rl22
Bo
C+2=VaC=V-2
a

Then (P6.1.4) reduces to:

u(r,0,9) = C —Eyrcos 6 + z Br~Dp (cos 6)
=0
Eya®

cos 6
T'Z

By By
=V —-——Eyrcosf +—+
a T

1 1 ad
=V + By (; - a) —E, <r - r_2> cosf ... (P6.1.5)

To determine the constant B, we would utilize the fact that the total charge on the surface of
the initially uncharged sphere will remain zero even after placing it in the external electric field.
Charge density on the surface of the sphere is given by:

Jdu

Charge density at every point on an annular ring like portion of the surface between 6 and 6 +
dO will be same and equal to:

B, a® By
o(a,0) = —;—EO 1+? cosf = —;—3E0c059
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Total charge on that annular ring-like portion of the surface between 8 and 6 + d@ is zero.
Therefore

B, : B, :
dQ = (—;— 3E, cos 9) 2nasinfadf = 2n (—;— 3E, cos 6) a’sin 6 df

= —2mB,sin@ df — 6mEya? cosOsinfh do

Total charge on the surface is zero. Therefore

s s
0=0Q= fdQ = —2mB, f sin@ df — 6nE,a? f cos@sinf db
6=0 6=0

= _47TBO
=By =0

Then finally we can write:

a3
u(rZa,B,(p)zV—EO(r—r—2>c059

And:

Ju, 10u . 1 oJu _

E(r=a0,¢)=-Vul = T T rae8°  rsin@dg

o 2a3 . a\ . .
E(r=a,0,p)=E, 1+r_3 cosOt7 —E, 1_r_3 sin 6 6

Note: Potential everywhere in a conductor is same. Therefore the potential inside the sphere is

constant and equal to V. i.e.:
ur<a6,9)=V
E(r <ab,p)= —Vu|r<a =-VW=0

i.e. the electric field intensity inside the conducting sphere is zero.
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Problem: 6.2

Calculate the gravitational potential at a general point in space due to a uniform ring of
radius a and total mass M.

Solution:

The gravitational potential u(7) obeys Laplace equation in a region, where mass density
is zero. Therefore in the present problem, u(#) satisfies Laplace equation (V?u = 0)
everywhere except on the ring. The symmetry of the problem suggests that cylindrical or
spherical polar coordinates should be used. However, we here use the solution of Laplace
equation in spherical polar coordinates:

l —(l+1) m lm(p
u(r,0,p) = Z(Alr + B;r )Pl (cosB)e
ILm

with!l=0,12..,m=0,%1.... il

Let the Z axis is along the symmetry axis of the ring. Due to azimuthal symmetry of the
present problem, the solution should not depend on ¢, and we must have:

m=0

And therefore:

u(r,0,¢9) = Z(Alrl + Bir~ WD) (cos 0) = E(Alrl + Br~“Y)P(cos 6) ... (P6.2.1)
1=0 1=0

The solution is valid everywhere including r = 0 and r — oo, except on the ring i.e. for
r,0 = a,g , where a is the radius of the ring. Therefore we should expect (i) u to be finite
atr = 0 and (ii) u — 0 for r = oo. To satisfy the conditions at r = 0 and r — oo it seems
that both of 4; and B, should be zero. But then u(r, 8, ¢) becomes zero everywhere which
is not an acceptable result. Since Laplace equation Laplace equation V?u = 0 is not

satisfied on the ring (r = a), therefore the solution P6.2.1 is not valid on the ring and the
expression of u(r, 8, ¢) changes at r = a. Therefore let us take two regions:

) r < a. In this region we must have B; = 0, since otherwise u(r, 8, ¢) becomes

infinite at 7 = 0 for the term B;r~(+D,

Therefore:

u(,0,9) = ) Ar'P(cosf) forr <a ..(P6.2.2)
1=0
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(ii) r > a. In this region we must have 4; = 0, since otherwise u(r, 6, ¢) becomes
infinite at v — oo for the term A;r'. i.e.

u(r,8,9) = Y Br “Vp(cos) forr >a ..(P6.2.3)
1=0

A; and B, are to be determined using known expressions of u(r, 8, ¢) for particular values
of r, 8 and ¢. We can easily obtain the expression of u(r, 8, ¢) for axial points i.e. at (z, 0):

Gm
u(r,8,9) =u(r,0,¢) =u(z,0) = - ———... ... ... P6.2.4
va? + z2 ( )
From (P6.2.2), at (z,0) withr < a,
u(r,0,9) =u(z,0) = Z A;z'P,(cos 0)
1
- ZAIZI; [as P,(c0s 0) = P,(1) = 1] o ... .. (P6.2.24)
1=0
From P6.2.4:
Gm Gm 22\ "2 Gm 22\ M2
0)=———=——(1+= =——— (14
u(z,0) o " ( +a2) " ( +a2>

Gmi (-2)(- %) (_%) (1_T2l) (Z)Zl _ —Gmi(—l)l 1:3:5-(1=2D

a ! a 2L g2+
1=0
1 13, 1-3:5
=—Gm [E BT z 2271 a4+1Z ] ......... (P6.2.5)
Comparing (P6.2.24) and (P6.2.5) we have:
1-3-5-(1-20])
— l
Ay =D em—— g } ......... (P6.2.6)
Azi41 =0
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Therefore from (P6.2.2) and (P6.2.6) we can write:

—Gm~ (10305 (1—20) ;7\
u(r,0,9) = TZ(—I) T (E) P,;(cos @) forr<a
1=0

From (P6.2.3), at (z,0) withr < a,

From P6.2.4:

2,0) = Gm Gm1 a? _1/2_ Gm ) a2\ V2
B Y= = A ) e

Gm ;135 (1 —2Da? 1
— _72(_1) i 7 e (PE.2.7)
=0

Comparing (P6.2.34) and (P6.2.7) we have:

1-3-5- (1—20)a?

_ l
By = —(=1)'Gm ST (6.2.8)

Byi+1 =0

Therefore (P6.2.3) and (P6.2.7) we can write:

—Gm 1-3-5-(1—20) ja\2
u(r,0,¢) = Tz(—l)l T (;) P,,(cosB) forr > a
1=0 )

Therefore finally we have:

—em| < 1-3-5 (1 —=20) /r\2 ' )
u(r,8,9) = — 1+ Z(—l)’ le$ )(E) Py (cosO)| forr <a|
- =l ...(P6.2.8)
—Gm 11-3-5---(1—2l)a21
u(r,6,p) = - 1+ Z(—l) ST (;) P,;(cosB)| forr > a
| =1 ! _

Any of these two relations are valid at r = a for all values of 6 except for 6 = /2, since

r = a,0 = /2 means the material of the ring, where Laplace equation is not applicable.

Prepared by Debasish Aich, Department of Physics, Kharagpur College 46



