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OLAR EQUATIONS , al, will
P , OP, and OP, are equal, will have its co-ordinates (-2 3.0“). In the

same way let O .

11i Polar co-ordinates. ‘ _ fhrough Z . -angllz :;3 ;;;onf!w l;:osnlho: of OP after revolving from OX
’ —_— SN L A g in the clock-wise direction. Then th

: § the origin or the pole and O. . ! r en the polar

Let O bea Dot oc;r;;:a}:u?:al live of the polar axis Xbea | co{:dmates of P will be (2, -120°). The point P, situated on P,0

e calle : . produced such that the lengths of OP; and OP, are equal, will have

fixed straight lin
its co-ordinates (- 2; - 120°).

It can easily be seen that the same point P, may be denoted by

‘ (r, 6) : ~ each of the following four sets of polar co-ordinates :
. 5 r : ) (2, 60°), (2, -300°), (-2, 240°), (-2, -120°). .
In general, the polar co-ordinates of the same point may be ex-

[0) X
Fig. 38 pressed by each of
“(r, 8), [r, - (360° - 8)}, (~r, 180° + 8) and {-r, - (180° - o)}

Change from cartesian to polar system of co-ordinates

Let P be any point in the plane ; OP is drawn. Let it be of length
and vice-versa.

r and the angle ZXOP be 6. The length r is called the radius vector
and the angle 8 is called the vectorial angle of the point P. If these two
elements be given, the position of the point is determined. These are
called the polar co-ordinates of the point and are represented as
P(r, 8). The radius vector is positive, if it be measured from the pole
along the line bounding the vectorial angle; it is negative, if measured
in the opposite direction. Vectorial angle is generally assumed positive,
-if measured-in the anti-clock-wise direction. :

Fig. 40

Let P'be any point whose cartesian co-ordinates referred to rectan-
gular axes OXY are (x, y) and whose polar co-ordinates refer.red to O
as pole and OX as initial line are (r, 8). Draw PN perpendicular to
OX so that we have . |

ON= x, NP=y,

X
£ NOP= 6 and OP= r. |
From the triangle NOP, we have ' 0
. i ]

x= ON = OP cos' £ NOP = r cos 0,
y= NP= OP sin £ NOP= rsin §

o 0P-VON*+ NP2 = V4 N C)

and ‘3“9=6ﬁ=x

Let the line segment OP of length 3 units revolve from the initial
line OX through an angle of 30° in the anti-clock-wise direction to its
new position OP,. Then the polar co:ordinates of P, will be (2 30°).
The point P,, situated on P,0 produced such that the lengths of -
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,..Nw.m >U<>an_w ANALYTICAL GEOMETRY OF TWO DIMENSIONg

he cartesian co-ordinates of p in
equations (3) and (4) expresg the
rtesian co-ordinates.

Equations (1) and @. express n_n
terms of its polar co-ordinates an
polar co-ordinates in terms of the ca

11.3. Distance between two points.

~

9) X
, Fig. 41

Let E.m polar co-ordinates of the two points P and D be
(r, €)and (r,, 8,) so that OP=r,0Q=r,, £XOP- 0,
£ XOQ = 0,. Then, by Trigonometry, we have in the triangle OoPQ,

. PQ*= OP*+ OQ*- 2.0P.0Q cos £ QOP -
= J~+ ﬂNN... NJ ry COS AO—I cnv.

1

2

Therefore PQ = {r, >+ r,2- 2r;r, cos (8, - 6.

114. Area of a triangle.

0] X
Fig. 42

‘Let (r;, 0,), (r,, 6,) and (r3, 6;) be the polar co-ordinates of the
vertices A, B, C of the triangle ABC. Then .
AABC= AAOB+ A AOC - A BOC.

"POLAR EQUATIONS 229

Now A AOB = WO\». OBsin £ BOA

1 .
T 2N172 sin (0,- 0));

AA0C= J0A. OC sin £ a0C _
wﬂ_ r3 sin (6, - 0;)
and  ABOCa= 3 0B. OC sin £ BOC
37273 sin (0,- 0;)
=~ 372ry sin (0, - e.
Hence AABC= AAOB + A AOC - A BOC

= 3l sin (6,- 0+ 175 Sin (0, - 0,) + 7,7, sin (9, - 0,)].

Cor. The area of a polygon A; A, ......A,, the polar co-or-
dinates of whose vertices are (ry, 0)),(ry 6,)......, (r, 6,)is
.“.J ry sin (6,- 6,) + wﬂnﬂu sin (6;- cmv,+ SERREE

s o't S w?} sin (61 - 0,). .

" Note. If the points A4, B, C be collinear, then
ry 7y sin Aen - o—v + rar3 sin Acu - ONV + r3r sin Ao_ - qu =0.

H,u.m.. Polar equation of a straight line.

v

Fig. 43 ®

" Let ON = p be the perpendicular on the straight line from O, the
pole and « be the vectorial angle of the point N with reference to OX
as the initial line. Thus N is the point (p, a).
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any point on the straight.line.

Let R -.\vim
; NOR = 0- a.

Then £ XOR = 6, s0 that £
Now we hav OR

E_ cos(0 - &w that is, r cos (8- )= p.
r o

This, being a relation betwee
on the line, is the polar equation
This equation may be obtained from the cartesian equation
puting x = rcos 0 and y= rsin 6. I

or,
n-the polar co-ordinates of any point
of the straight line.

Note 1.
xcosa+ ysina= p by
Note 2. Ifa=0, the straight line becomes p= r cos 0 and is per-
pendicular to the polar axis; if a= ._N.B ‘the equation of the straight line is
p=r sin 0 and is parallel to the polar axis. If p = 0, the straight line passes
through the pole and in this case 6 - ot = 1, thatis, 0 = constant is the equa-

tion of the straight line.

Note 3, The equations of two parallel straight lines are of the form
rcos(@- )= p and rcos (0- o) = p'. The equations of two mutually per-
pendicular straight lines are of the form :

rcos (8- a)= p and rcos (8- a')= p’, where o' ~ a = W?

Note 4. The equation r cos (8- @)= p may be written as

cos 0 cos a + sin 0 sin Qum
or, I, oo s 0480 i, -
T el P
Thus another form of the polar equation of a straight line is
1

P Acos 6+ Bsin0,
. 0 AN Rl st
where A and B are constants.

_ This is the general form of the polar equation of a straight line.

@ Polar equation of a circle.

Let C(R, a) be the centre of the circle with O as the pole
_and OX as the initial line. Let a be the radius of the circle,
~OC=Rand £XOC= qa.

Let any line through O making ‘an angle @ with the initial line

meet the circle at P and Q and let OP = 7 and £ XOP = 0. Thus the
polar co-ordinates of P are (r, 0). tL

. ; POLAR EQUATIONS 231

Then, in the triangle CPO,
CP?= OC*+ OP*- 20C.OP cos £ COP

or, npnm:wnnmmﬂnoionnv
or, r?- 2Rr cos(0- o)+ R?*- a%=0. e
L
p \
: ole
0] . X
Fig. 44

(1), being a relation between the polar co-ordinates of any point
on the circle, is the required polar equation of a circle of radius a.

* Cor. If the initial line passes through the centre of the circle, then

a=0and the equation becomes r2- 2.Rr cos®+ R*- a’=0.

Fig. 45
-V
If the pole be taken on the circle, then R = aand the general equation
reduces to r= 2a cos(0- a). :

_:NnimzaQnr?:5:"rm_uo_m_.wx._mcmnoamm;rm S:mm::o
e = S g B .
the circle at the pole and the equation of the circle becomes

r= 2a sin0.

i 3’

vl
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432 ADVANCED ANALYTICAL GEOMETRY OF TWO DIMENSIONS

@worn equation of 2 conic referred to a focus as pole,
e ey
* Let S be the focus, XM,M be the directrix of the conic having ¢ g,

its eccentricity. Let us take the pole of the polarsystem at. 5 and SX,
the axis of the conic, as the initial line. Womm:mnm to the pole S andthe
ot the co-ordinates of any point P on the conic be

initia /
(r, 9), so that SPp=rand LXSP=0.
P(r, 0)
M
L
M r
9
X[A(s NX

Fig. 46

PN is drawn perpendicular to the axis and SL-is the semi-latus
rectum. |
Therefore SL= e.LM, = eSX =1  (say).
PM is drawn perpendicular to the directrix from P.
Thus r= SP= e.PM = e. NX= e(SX + SN)
= e.SX+ €SN = |+ er cos L PSN

=]+ ercos(n- ov.u I-er cosB .

or, I=r+ er cos0, whence ﬂ.u 1+ e cos0O. .

This, being a relation between the polar co-ordinates of any point
on the conic, is the polar equation of the conic.

Note 1. If SX' be taken as the initial line so that ZPSN = 0, thén the
— .

equation of the conic becomes mn 1-ecos0.

Note 2. From the equations it is evident that the curve is symmetrical
about the initial line ; for, changing 6 to (- 6) or to (2x- 0) the nature
of the equation remains unaltered. @

Note 3. If the axis of the conic makes an angle o with the initial line SX
and P(r, 0) be any point on the conic, then .

L XSP = e-@o that ZPSN=n- 0+ a.

v
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Therefore the equation of the conic mmnoﬂmm

l .
o 1+ ecos(0-q).

If, in this case, the initial line be SX ', then t

» l
is ~=1-ecos(0-q).

s

11.8. Nature of the conic I/r= 1+ e cos9.

he equation of the conic

Case I. Ife= 1, then the curve is a parabola whose equation becomes

.~.n~+ cos 0, whence r = L !

r L+ nOmmuNno%wo.

At A, the vertex, 6=10, r= WN.

M| L

_..\/
Fig. 47

S.:S: 0= w? cos@=0and r=1, m?m:m the end L of the latus

rectum.

(1+ cos0) decreases with increase in 8, therefore r increases
beyond limit as 6 tends to x, since | is constant. Thus the curve
extends up to infinity. .

(1+ cos0) again will be increasing continuously as 0 .mznnmm.mmm
beyond = until when 6 = wa when r becomes equal to | again, giving
the other end L' of the latus rectum. Again, when 6= 21, = T.
. Thus the curve described is a parabola as shown in the figure.

Note. If SX' be taken as the initial line, the equation of the parabola
l

! ! 28,
- - IHﬁOmmn 2
1- cos® 2sin*lo 2

" becomes r
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234 ADVANCED ANALYTICAL GEOMETRY OF TWO DIMENSIONS

Case II. Ife <1, then the curve is an cllipse.

a1

AtA, 0=0and = 1+ ¢,

l
The equation of the curve being == 1+ ¢ cos 0, as cos 0 decreases

with increase in 0, r also incrcases until 0 reaches the value

x at A’ when |~.| 1- ¢ and e beipg less than 1, r is positive.
r

M p

Fig. 48

As 8 increases beyond = and until it reaches 2x, cos® goes on
increasing from (-1) to 1.

g .1
Hence r decreases continuously from 1-e to 1 ._~. ph So the max-
1
imum and minimum values of r are at A’ and N at A respec-
I1-e 1+e¢

tively.

Again, for any value of 6, cos 8 = cos (2n - 6), showing that the
curve is symmetrical about the axis, which is the initial line.

Thus, for e < 1, the equation gives a closed curve symmetrical about
the axis, as shown in the diagram.

Note. The lengths of the semi-axes of the ellipse are
1 1

and
1-¢? 1-¢?

Case Ill. Ife> mm then the curve is a hyperbola.
AtA, 0= 0 and P 1+e

When 0= n/2, cos0=0 and = 1.

As 0 increases, cos 0 decreases and hence r increases, but remains
finite till 1+ ¢ cos 0= 0,

When 1+ ¢ cos =0, that is, cos 0 = - 1 s infinite.
g ) ; €,

Sl

]
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If ¢ > 1, then the conic hag two infinite radius vectors SI and SL’

corresponding to the two valyes of cos 0 m - 1
¢
M
i P/B
. L
A Z A
C m/
. L’
G D
Fig. 49

Let the two values of 0 be a and B which are
L ASL and £ ASL, the inclinations of SL and SL’ to the initial line
SA. SL and SL’ are equally inclined to the initial line, that is, to the

1

:ﬁ:ﬁa&onxmmﬂno%_ HMH m:nnnmm_wovma:m_,o.rnpmwaw,osm.

If the vectorial angle 0 lies between o and B, then the radius vector
is negative and we get the other branch of the hyperbola. Hence a
hyperbola has two branches tending to infinity, one, if 0 lies outside
a and B, and the other, if 0 lies between o and B.

Note. The lengths of the semi-axes of the hyperbola are
l 1

and .
el-1 Ve?-1

11.9. [Equations of the directrices.

mu~

Fig. 50
g l
Let the equation of the conic be P 1+ e cos®.

If e < 1, the conic is an ellipse. Let the focus S be the pole and
P(r, 6) be a point on the directrix ZP which is nearer to the pole.
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236 ADVANCED ANALYTICAL GEOMETRY OF TWO DIMENSIONS

Now, $Z= and $Z'=2cZ- 57 - —2 -w..w.fm

e e(l- muv 1-2

1- &'
2
since b*= a*(1- &), I = wﬂ and CZ= SZ + ae

Now, for the directrix PZ; we have
[ o r cos 0= mN..m

. l
or, lunnOmo.

r ) . . , e 1)
w For the other directrix P’Z’, if P’ be the vo:: (r, 8), we have
! , 1 1+ ¢
: ﬂnOmAuul Ovl SZ IM Hu.
reosge L1+ €
o - i e
- 1-¢&
-—= - 0.
or, w s %m cos | . @)

(1) and (2) are the equations of the directrices.
If e > 1, then the conic is a hyperbola.

_nnzms,smwn m samN:.mNLnN.

Imnnm.mN.u.m+I- ol

2
since - p’= Z(e*- 1) and |- wﬂ .

For the directrix PZ, we have, if the point P be (r, 6), then

«naolm

e

or, |~.lm3mo. e 3)
- r )

—

!

POLAR EQUATIONS

“For the other direcyyi, P'Z’, i P’ be the point (7, 6)
N.\ ’

237

t
T cosO= Gz ﬂ@m
or, *Smoum.lf,/u
e Ag
! mnlu
or, -—= == 1
r .m~+_an8c. @)

~ '(3) and (4) are the equations of the m:.mninmm.

For a parabola ¢ = 1 and the equation of the directrix is

" Wn.nome.
7

E Equation of the chord of 3 conica L ~ 1 e.6,0,

o.tQLﬁBZZ& Wt edssd arles s geop) o0t
Let the equation om the conic be ﬂnH+n8mo.. T Q 3

Let P and Q be two points on the conic suc
of P and Q are r, and r

(@- B) and (o + B).

h that the radius vectors
and their respective vectorial angles are

) gt
s -
Fig. 52
/el
Let the equation of the straight line PQ be
wn>n8m+wm.5.e. R /)

r

This equation contains two independent constants A and B which
~ can be obtained from the condition that it passes through the two
given points P and Q. .
Now, P(r;, a- B) is a common point on the conic (1) and the
straight line (2).
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© 238 ADVANCED ANALYTICAL GEOMETRY OF TWO DIMENSIONS
l
* Therefore —= 1+ e cos (a - B)

N

and wi cos (o~ B) + B sin(a- B).
1

. Therefore A cos (@ - B)+ B sin(a—- B)= 1+ e cos (- B)
I or, .
Similarly for the point Q (r,, &+ B), we have

Solving from (3) and (4), we get

A=ce+ cosa secp and B= sina secf.

Thus, from (2), the required equation of the chord is
P :

ﬂunnom¢+ wmnm nomG...oc. BERE .Amv

@ If the equation of the conic be L2 1- ¢ cos@, then
"y

' the equation of the chord PQ will be .

N "
e secf cos(0- a)- e cos 0.

Note 1. Equation of the chord H.ommbm the two points whose vectorial m:m_mm,

‘are a and B is :

~ ml m
ﬂnmmn Nnnﬁﬂal Q.m. v+ nnOmc.

Zonnp.::ﬁ .mmcmmos omzﬁ conic _umnw. ..-H+n8m8|<erm:9mnroa

joining the points whose vectorial angles w.nm (a- ) and (a+ f)is
A N . :
Fmecos(@-1y)+ secp cos(0- a).

To find the jon i
Wt equation om n_m tangent at a point whese vectorial angle
e € wnm to put B = 0 in'the equation of the chord joining the two
P whose vectorial angles are (o. - B) and (o + B) of the conic and
we have the equation of the tangent to the conic ! 1+ecosas
r

N .
Pl cos0+ cos(@- a).

_ Cor.If the equation of the conic _umm =1- e cosH, then the B:m:.o.z

of the tangent at the point a_is L cos (6 - é.; e cos0:
ﬂ ,

(A- e)cos(a- B)+ B sin(a- B)=1. oo (3)

(A-e)cos(a+ B)+ Bsin(a+ B)=1. v @

11.11. Equation of the tangent to a conic. -4 -1+ mp?oswwp»mw.&

POLAR EQUATIONS 239

Note. The equation of the tangent to the conic

-l N . i
e 1+ecos(@-y)at ais I/r= e cos(0-y)+ cos(0- a).

~

11.12. Equation of the normal to a conic. Lm ~|14+e ._mmno odA-

== Poir It ﬁﬂid%& awgfle Na” X,
Let the equation of the conic be e 1+ e cosB P ()|

so that the equation of the tangent at a point whose vectorial angle
is o is .Wu e cos 6+ cos (0- a).

The equation of a straight line perpendicular to this line is

Nn s ;
rall cos (0 + w&# cos(8+ 1n—- a)

or, Wun 'sin@- sin (- a). .. @

Now k is so chosen that this perpendicular is the normal, that is,
it passes »r_no:m_.. the point T;. —cna Q.v‘ which is the point o.m
contact. Putting these in (2), we get

1+ e cos . le sina
k ¢ —e sin o, whence k= -
1 . - 1+ ecosa

Hence the equation of the normal is .
le sine. . ‘1 _ e sin@+ sin(0- o).
1+ ecosa r _ :

l

Cor. If the mncm:o: of the conic be i 1 - ecos 0, then the mn_:mzo_:.

of the normal at the point a is
_lesina 1 _ Gno-sin@- a).
1-ecosa r =

”e g
11.13. " Equation of the chord of contact of tangents. n%uwp ot
.“‘ll-\.hd\\n~+\m..@®\ %&.U.?J?g-\g( ?~L. hsxgm-v .
Let ‘the equation of the conic be P 1+ e cos 0. :
~ Let (@ - ) and (o + B) be the vectorial angles of the two points
of contact of the tangents from a given point (r,, 6,) to the conic.

_ Then the equation of the chord is

Ly e cos 0+ sec B cos (60— a).

o r

@
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240 ADVANCED ANALYTICAL GEOMETRY OF TWO DIMENSIONg

Now the equations of the tangents at the
angles are (@ - B) and (a + B) are

l
.WHu e cos 0+ cos (0- a+ B)
l

m:g 7=€¢c0s B+ cos (8- a- B).

points whose vectoria)

Both these ,S:mmam pass throu
l

Therefore 7, =€ cos 6+ cos (8;- a+ B)

~ . e (2
and n- e €os. 6; + cos (6, - o - B).

Hence cos (6, - o + B)=cos (6;- a-B)
or, 0~ a+ B=2nns 61- o~ B).

As the upper sign gives a particular
sign.

gh the 1om:,~ (r, 6)).

Therefore 6,-a+pB=2nx-0

i+t + B, whence a = 0,- nmn.
. .

From (2), 7= €cos 0+ cos (nx— B)
=e€cos 0,+ (- 1)" cos B
! . )
or, 7.~ € cos 6= (- 1)" cos B.

Hence, from (1), we get the

required equation of th
of tangents from the point (r, a ) e chord omnonnwnn

. » 81) to the conic as
'1 1l
Au.l e cos o:ﬂ... e cos @.vuAl 1)" cos (0- 6, + nm)

: = cos 6 0,).

Cor. If :..m equation of the conic cm ~=1- e cos g, then the equa-

tion of the chord of contact of the .mzmmzw to the conic from the point

. ‘c H
(r, v_wﬂ +n8mmb a+m8mo = cos (- 6,).

@o - noz_mm:.»:o: of :.m ﬁo_mu of a point (ry, 6;) with nmwwwn.

Let the equation of the conic cm... =71+ ecos 0.

Let AB be a chord passing through P(r,, 6,). Let the B:mmna at A
and B meet in T(r', ') . The locus of T is the polar of P s::.. respect

value of B, we take the lower

PR
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to the conic. Now AB is the chord of contact of the tangents drawn
from T to the conic. So its equation is

r r

ﬂm - e €os o;%.l e cos o.vn cos (8- 9.

Since it passes through the point P(r;, 6,), we have

T r

|~||n8m 0, ﬂh.lnnom. o.vnnOm 6,- 0.

Hence the locus of T(', €') is .
M|nn_omo Hlanom 0, |= cos (0-9,).
r r

This is the equation of the polar of the point P with respect to the

nO—.:n.

11.15. Equation of the asymptotes of a conic.

. l .
Let the equation of the conic be e 1+ ecos 0.

The equation of its tangent at a point whose vectorial angle is o

.mn.mnom 0+ cos (0- a). e (M
r .

This tangent will be an mmv::m:o,m of the conic, if its point of contact

be at infinity.

Then 7 — = as 06— a.
Therefore 0= 1+ e cos a. , .
1

Hence cos o= — — and sin o= =
(4

Putting these values of sin a and cos a in (1), we get the required

equation of the asymptotes of the conic as

.wnﬂnlw/vnOmon)\ Hanq sin 0
r e €

2

or . #WIA&IWU COS 0* = .—IPNU m.:JNO
’ r -e €

: 2
o..\. ‘ Amm+ ﬁ..anom o# HQNISmWBNo.
w. .

AAG = -16

Scanned by CamScanner

i ks avadiitren o



ED ANALYTICAL GEOMETRY OF TWO DIMENSIONS
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11.16. Illustrative examples.

. 8
Ex. @T.:m the nature of the conic - =4-5 cos 0.

The given equation can be written as
2. 1-3cos 0.
r 4

Comparing this equation with the equation
l

||.H...n cos 0,
N

* we see that here e = mv 1.

_ Hence the given equation represents a hyperbola.

m:@ Find the points on the conic HIW = 3 - 8 cos O whose radius'vector is 2.
For the points with radius vector 2 on the given curve, we have
ww»u 3-8cos 0
or,  7=3-8cos 6
or, cos Om - 4 o 1.
8 2
2 2
Hence olmar - 3.

Thus the required points are (2, 2r) and (2, - 2n).

.N = 1, if the pole be at its
right-hand focus and the. positive direction of :ﬁ x-axis wn the positive direction of

th, is.
< polar gig [T.H.1992]

N
. N
For the m_:vmm 36t uwm = 1,the _mzm»rm of the semi-major and semi-minor

axes ( that is, nm:&@vmnmmim:gn = 36 and b=
Therefore the semi-latus rectum of the ellipse- is

.Ex. 3. Find the polar equation of the m:imm

U 1)
a 6 3

and the eccentricity e of the m:ﬁmm is given by
b= a1~ &)
or, 20 36(1- &)

O—.s HINNIWQ.IM
%9
or, m 15,4
9 9
or, em 2 !

POLAR EQUATIONS 243

The required polar equation of the ellipse is

1
-=1+ecos 0

or,

~ wlz <

|H+mn0mc

or, E-.u+m8w=

mx® Show that the straight line r cos (0 - @)= p touches the conic

.,W-T\nnOm 0, if (I cos a- ep)*+ I* sin® a= p*. [C.H.1997]

Let the given straight line
rcos (8- a)=p

that is, munOm (0- 0)= cos' 0 cos a+ sin‘d sin a RN ¢))

’

touch the conic at the point “ .
The equation of the S:mmz_ to the given conic at the point ‘i
wl e cos o._. cos 8 “B)
. = cos 0 (e+ cos B)+ sin 6 sin fB. ,. . 2
Equations (1) and (2) are identical.
p__csa _ sin a

Therefore ™" s+ cos B sinp.
Hence . sin mn%wnm,nmm muEMQ.Ln.
Now  sin’ B+ cos* p=1
Psinfa  {lcosa Y
or, 2 + — = €| = 1
P P
or, - (I cos a- wE +- sin® a= p’.

mu@@m‘::c that the mﬁ:T?Em tectum of a'conic is a Karimonié mean between
the segments of any focal chord. - [ B. H. 1991 ]

@ q PSQ and PS 'R be two chords of an ellipse through the foci S and
S', then prove that hM|M+ m'.Mu is independent of the position of P.
(a) Let PSQ be a focal chord. : the vectorial angle of w be 6, then that of

Q will be (0 + x).

SIS :
rm::mma:m:o:o:gno:_n _um .mu u+n.8mo.

Let SP= r.and SQ=r'.

S
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Therefore )

1 H+n8mcm=a.~..|u+nnoma+.3|unn.nOmc.

r 2

N |l.|...l.
Adding these, we mmﬁ |m|D| =2, irmsnm <p* mD ~

This also shows that in any conic :.w sum of the Ssﬁénim of the segments o\
1

a focal chord is constant.
(b) Let PSQ be the focal chord such that the vectorial msm_mm of P and Q

. area and (a+ nv respectively.

Therefore |.| 1+ ecos a

SP .
and wm..:f.dm?:a 1- e cos a.
1,12
Hence sptS0" 1
SP 2
-1 -1 . 1
o sgm1 Tl | 0
Again PS 'R is also a focal chord.
1 2
.H._;m—.mmonmﬂ‘. SR™ 1
8P _2.6p_ : o
or, SR ~mv 1. @
Adding (1) and (2), we get
SP S'P 2
5t TR~ ] Dy |.I|N
mD+mw (SP+ S'P)- 2 I

where 2z is the major axis om the ellipse.

The right-hand side is independent of the position of P.

Mx@mw lisa focal chord of the conic. Prove that the angle between the tangents
at P and P’ is tan~! WAE. where o. is the angle between the chord and the
major axis, m° [ C.-H. 1989, 1993 ]

The focal chord PSP ' makes an angle a with the major axis of the conic
mu 1+ e cos@. Then the vectorial angles of P and P’ are a and (a+ n)
respectively. The tangent at a is

.M..-noicnﬁf.nnoma ’
. or, I=7cos0(cosa+ e)+.r sSinasinf = x(cosa+ e)+ ysina.

cosa+ e,
sina

Therefore m = slope of the tangent at P = -

%
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Similarly m ' = slope of the tangent at P A
cos(a+ n)+e e- cosa

sin(a+ x) sina
If ¢ be the angle between the tangents, then -
tan ¢ = m~m' - 2e sina ‘Zesina
1+ mm' sin2a-e2+ cos?a 1-e?
_12 sina
or, ¢ = tan” ' -
1-e?

@@ Find the nc:: of intersection of the two 3:%«:3 at _

a and B to the n§=nm| 1+ e cosO.

@q the tangents at P and Q o\ a conic meet at a point T, and S be the focus
of the conic, then prove that

. ST?= SP.SQ, if the conic be a parabola. [C. H.1992]
(@) The tangents at a and B are
mr nOon.unv.vnnOma 1) !
and .w..noio B)+ ecos®. @

r
nscqmn::m (2) from (1), we have
0s{0- a)=cos(6- B), whence - a= =(0-g).
The positive sign is inadmissible ; for, in that case, o= f.
Therefore 6~ a= - (8- B), giving 0= WAQ+ B).

Substituting this value of 0 in (1), we get
mu cos {3(a+ B)-a}+ecosi(a+p)
I 1 1,

or, ~= cosz(B-a)+e cos;(a+ B).

If the point of intersection of the tangents ‘be (r1, 6;), then

1= 1(a+ B) and L. cosl(B-a)+ecosl(a+p).
n 2 2

(b) Let the given parabola be .Wn 1+ cos 0 and let the vectorial angles of

Pand Qonitbe a and B respectively. If S be the focus of the parabola, then
1 1 2 Q

%.a.mmg 2
_r 1 2B
and mD|H+8mw Nmmn > .
1 2 B i
Therefore SP . mD..lmmn Mmm 2 R ¢ )]

i
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2 ;

- Asin (a) the co-ord
at « and P to the pard
. n_...n.. 8m._.~.;..nv+ 8mwhn+ B)= 2cos L cos b

T

bola are ( since e= 1)

¢_|WAQ.+3»= 1 2 2
Therefore wm..l 2 cos .wm cos .m
.os. ST=- .M. sec M. sec m
o STk sec? & sec? Lo sp.sg, by ().

Ex.8. A circle of given diameter d passes through the focus of a given conic and
cuts it in four points whose distances from the focus are i, 12, 13, 74 Prove that
11 1.1 2 : 4212
|+|¢|+|I|n=& NnNRnhrng=: 2!
nonon orn l e

where | is the semi-latus rectum and e is the eccentricity of the conic. E.\I. 1984)

Since the circle passes through the focus ( which is the pole) of the conic
whose equation is assumed to be -

wl~+nnom9 . Gv

r
mwﬂcmmozi__cm:mnagnnv Ml S ()
in which =~m diameter passing through the focus is-inclined at an angle a to
the axis. ! ‘
If we m_w_.a:&m 0 between (1) and (2), we shall get a biquadratic equation
in 7, whosé roots r,, rz, r3, r, will give the distances of the points of inter-
section of (1) and (2) from the focus of the conic.

I-r
er

From @v we have cos 6 = w:&. hence sin 6 = '\ ~|A
Then, MBS (2), we have

r=dcosBcosa+ dsinfsina
or, {er*-d(I- rycosal = [e*r?- (I- 1] d* sin’a
or, e*r'+ 2dr’cosa+ ri(di- 2ld c6s - e?d*sin’a)
. ‘- 2d¥+ d1*=0.

. - FETE
Therefore rnrnrnr=—
et
. 2d*
and IH.+P+P+P,| innn et -2
n on.rn o rn rinnr di?1

3 '
e &% .

inates (.5 0 ) of the point of intersection T of E:mm,sa

POLAR EQUATIONS 247

Examples X1
1. (@) Find the rectan
polar co-ordinates are
O (4, 3=); () (2, Zx).
polar co-ordinates of the points whose cartesian
0] AIH~IHVM QOAM\IQV
(¢) Transform the following to cartesian equations :
r=2; () 0=1n; (i) 1/r=1+ coso.
(d) Transform the following to polar equations :
@) (x*+ m\nvnuakﬁ c.okuuwnANal x).
2. (a) Find the distance between the followin

) g points :
() (1, 30°) and (3, 90°); (@) (2, 40°) and (4, 100°).

5 (b) Show ‘that the locus of the point, ‘which is always at a
¢ . . .
istance of 2 units from the point @.w.a.? is r? nm*noﬂon.w.aTm =0.

gular cartesian co-ordinates of the points whose

(b) Find the
co-ordinates are

" 3. Find the area of the triangle whose vertices are
A(2,-30°), B(3, 120°) and C(1, 210°)

Also find the area of the square whose one side is AC.

gmm:m the polar equation of the straight line joining the two
points (1, i) and (2, x). . .

@mroi that the polar equation of-the straight line passing

through’the points (7;, 6;) and (r;, 8,) is

1

I ‘ 1. 1. .
wmsao_lopvl,:mnio.. 0,)+ Nm_aﬁonm_.vuc.

Hence find the condition of ~collinearity of the points
(r1, 61),.(r2, 8) and (73, 65).

(c) The vectorial angle of a point P on the straight line joining

‘the points (r,, 6,) and (r,, 6,) is 1(6, + 6,).Find the radius vector
of P. _

@ Show that the perpendicular distance. of the point (7,, 0,)

from the straight line r cos (8- a)=pis

r n.oﬁm_tivl.u.

{

i
et

wl
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@m:oi that th
is equal to its distanc

e locus of a point whose distance from the pole
e from the straight line rcos 0+ k= js

2rsin’;0= k. [C H. 1980 |
olar equation of the straight lines bisecting the angles

Find the
it _u::m:mmonnm:m 0=p.

between the straig
(8 Find the condition that the three straight lines

r cos(8-.0)=a, rcos(0-PB)=band r cos(0- y)=

may meet at a point.
® @ Find the centre of the circle r= 3 sin@+ 4 cos 0.

(B) Show that the co-ordinates of the centre of the circle
. ! ‘ of th
r=acos@+ bsin®'is {{Va'+ b?, tan”' ]},

@ Find the polar co-ordinates of the centre and the radius of

each of the circles

, . x .
C(@)r=-2cos6; (1) r= 6 cos 3° el
(iii) = 8sin ?w .

7. (@) Find the equation of the circle described on the line segment

joining (a, @)and (b, B) as diameter.

(b) Show that 2~ 2ar cos - 3a%= 0 is the polar equation of a

circle whose centre lies on the polar axis.

(c) Find the polar equation of the circle which passes

through the pole and the two points whose polar co-ordinates are
(d,0) and (24, wav. Find also the radius R the circle. [ C. H. 1977 ]

@ Prove that the equations

r=acos(0-a)and r=b sin(0- )

represent two orthogonal circles.

(e) If d be the diameter of the circle through the pole and the

points (r;, 8), (r,,6,), then show that

d*sin®(8,- 6,)= r,"+ r,’~ 2r, 7, cos (6,- 0,). [C. H.1978]

o

3

POLAR EQUATIONS 251

8. Show that the triang
intersection of the circle 7 =
is equilateral.

le formed by the pole and the Ping two
4 cos 0 with the straight line 7 cos taria]
[C. H. 1979 ,

9. If from a fixed point a straight line be drawn to cut a given

circle, ‘then show that the recta :
; ngle i
constant, gle contained by the segments is

10. (a) Find the nature of the following conics :

2

2_ Py )
3* 3-3cos0; (1) ﬂuw+~m8mc“
o 17 .
?eﬂn«l:mh&? e.evmur.ma:.o.

) r
H .

: . 4-5cosO
Find the eccentricity, the length of the latus rectum and directrices.
‘ l

(b) Determine the nature of the conicr =

() Show that the equations

r

l
- - 1+ ecos 6 represent the same conic.

.(d) Find the lengths of the semi-axes of the conics

. - 144
@) r= 13- 5cos 0

’

S.M.r. 1+ ecosB; -

. 18
(= 4- 5cos0

12

(¢) Find the directrices of the conic S 2-cos0.

() Find the directrices of the conics :
() r(l1--cosB)=2; () r(5- 2cos0)=21;
(1) r(3- 5cos 0) = 16.
15

@ @ Find the points on the conic — = 1- 4 cos 8 whose radius

-
vector is 5.
\@ Find the points on the conic w. = 1+ 2cos @ whose vectorial

ful

3
© Find the uom.a on the conic mu 1 - cos 0 which has :.._m

angle is .

smallest radius vector.

==1+¢ecosB m:a.
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252 ADVANCED ANALYTICAL GEOMETRY. OF TWO DIMENSIONS

@ Prove that the two conics
L

bu 1- ¢ cos 0 and
r T

a will touch one another, if .
N_.n:.. m...pv+ -~:|.n~. vu..ﬁ_.m:.l e e, cosa). [N. m.I.uwmm_

=1- ecos(0- a)

. [ The two conics will touch one another, if they have a common tangent.
The tangents of the two conics at 8 = g (say) are thus identical. |

. @@ Show that the equation of the circle, which passes through

_ the focus of the parabola = 1+ cos @ and touches it at the point

0= aisgivenbyrcos’Ja=acos @~ 2a). (V. H.1987; C. H. 1994]

2
" D) Show that the equation of the circle which passes .::.o:m:.
Y L ’ . .
the focus of the conic ot 1- ecos® and touches it at the point
_mu a is l.H.l ecosa)’= N.noi.c.l o.cl el cos (0 - 2a). [V.H.1993] .

’ @: P, Q be variable points ona no:mnm = 1- ecos 0 with vectorial
anglesa and B wherea - = 2y= ‘constant, then show that the n—_o..d
PQ touches the conic Wno.i =1- ecos y cos 0 and that this conic has
the same directrix as the original one. . .

"[C H. 1984, 1992 ; V. H. 1988 |

22. (a) If the tangent at any ‘point P of a conic mieets the directrix
in K, then prove that the anglé KSP is a right angle, S being the cor-
responding focus. A , . ,

(b) Prove that the exterior angle between any two Smmmsa to
a parabola is equal to half the difference of the vectorial angles of
their points of contact. . - .

@@ mroi%.::mm:_:o:—_mang_momgo.vm:umz&n:_m_.
focaleclords of a conic is constant, Pt w.ﬂm_ 2! »lmwe

@ If PSP” and QSQY’ be two perpendicular focal chords of a -
; . : 1 1
th ;
conic wi monnm S, then prove that SP.SP + 50.50

[ B. H.1995]

24. (a) Prove that the chords of a conic subtending a constant m:,m_m.

at the focus touch a fixed conic. :

. (b) Prove that the tangents at the extremities of a focal chord
intersect on the directrix." .

N r2(e?- sec?p)+ 2elrcos @+ 1*=0.

is constant. A

o ox POLAR EQUATIONS : 253
B 3 ,A @ If r, and r, be Mio mutually perpendicular radius vectors of
b
; 2 :
the ellipse r “ = 1- ¢%cos?0’ then mro.i that w+ lu.mn PN+ =

D . " a® b

& 2. (@) The latus rectum of a conic is 6 and its eccentricity is w
' Find the length of the focal chord making an angle of 45° with the
¢ B.&On 1S. . [T.H.1992]
(b) Prove that the length of the: focal chord of the conic

~_ JmnOma.\SEnrman::mnnonrmmzmmm_::mmﬂmsmzm_mp\mm.?\
. S

i | o_w e 8= Gamy
% o 1-¢*cos’a. [V. H. 2000]
- @@ Prove that the locus of the middle point of any focal chord of
B I rN : © P-194 (RmKow-
-the conic —=1+ecos @ is r(1-e?cos’0) =el cosB. [B. H. 2002

R %mva,ﬂ«bw ABY Find the equation of the circum- circle of EJ triangle formed by

the tangents at o, B, ¥, which lie on the ‘parabola i 1+cos 9, to the

parabola. )
@ If PQ be a variable chord of the conic .w. = 1- ecos 0subtending

._ 5 . a constant angle 2§ at the focus S where S is the pole, 5».: show that
“the locus of the foot of the perpendicular from S on PQ is the curve
_ [N.B.H.19%].

29. If the normal be drawn at one extremity « Wuv of the latus

v . ,

rectum PSP’ of the conic m = 1+ ecos O'where Sis the pole, then show
that the distance from the moncmim of ..rm other point in which the
[(+3e’+ &) ¢ . 1966 ; V. H. 1988 ]

1+e‘-¢

Pty ucte—r (35

normal meets the conic is
: » on the parabola ~ = 1+ cos0 be
30. () If the normals at a, f, y on the parabola —=1-
¢), then show that 2¢ = o + B+ Y-

. concurgent at the point A.?
, @ : f vectorial angles a, B, v, 6 on

If the normals at the points o

the-conic L 1+ ecos B meet at a point, then prove that
r

tan > ﬂwsm S:w tany +

2 1-e¢€

[le+(ir %605)

5 A:JN-? [V.H.1992] -

v
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254 ADVANCED ANALYTICAL GEOMETRY OF TWO DIMENSIONS

@ . Show that the equation of the «5:. of tangents to the noEn
|L+w8mo from the point (r’,8') is

r ] 2 1 2
ﬁllmnOm ou -1 h|,|.m cos Qu =
r ro- 2

= ﬁlmn& owﬁw.&n& o.vt cos(®-07; .

r r
[The equation of the tangent to the conicat 8 =« is I/r=€ecos 8 +cos (8-q) ,
If it passes through the point (+*,6), then 1/7' = ecosb’ +cos(0’'—~a). Eliminate
a from these two.] ’ *
(b) Show. that the polar mn:msos of the asymptotes of the

hyperbola r(3-5cos 6) =16 are
r(3sin8-4cos0) =20 and r(3sin6+4 8m8+wo 0.

@ @ Show that the auxiliary circle of the conic

1

||~ ecos® is r’(e’ 1) +2ler cosf+1* =0. -[CH. GNN_

[Itis Em locus-of the foot of the perpendicular from the pole on a variable
tangent of the conic.]

@ Show that the director circle of the conic

1 )
—=1+ecos0 is r’(e?—1)-2ler cos@+ 212 = 0.

7 [CH.1970]

[Let the tangents of the conic at the voSG whose vectorial angles are @ and
B meet at the point (r;, 8;) . Then the tangents

; 1
WuwnOmolToom@lnv and ﬂumnOmo+.3ma|mv

pass through (r;,0,).
@b =0, and nOmulR u.hlmnOmo .
2 2 n !
Now Em tangents will be perpendicular to one another, if

Therefore

(cos o+ €)(cos B+e) +sirta mEuuo

2el 2
~||n8mo_ +|NI|_ o
il n?

The locus of (r,/6,)is the required director circle.]

or, e

) Answers
L@ ®2,243). () (-J3,-1).
® () 2,5 i) (W2, -L1n).
©WOx+y*=4.  Gi) x=y. (i) Ve2e=1,

(@) () r* = acos?e.

2. (@) (i) Y7 units

(i) rcos® = 2a5sin%0.
(i) 2/3 units.

\
-

—

S—

-

R ol et e

R

P

e~ =g -y s T
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3. _on + V3) square units ; 7 square units.
4. (@) 2= r(2 sin®- cos0).
ASH.&:B -0)+ Pmmio -0)+ PmSS -6)=0
ﬂ_ V2 w~ 3 1 ﬂu 1 2

2nn

1
(€) 5y cos (0, - ).

Sonfﬁw B), mlwu +.WAQ+ B).
5.asin(f-y)+ b wm=A<.|nv+nmm:AQ| B)=10.
6. (1) G- tan™"'3) .. (o) 0@ ;1 QOAPWV..P ?.oﬁ.rmuv‘n?
7.(a) - r{a cos (8- a)+ b cos (8- B)} + ab cos (a— B)= 0
(€ r=2d cos(@-1x) ; d
(a) (7) Parabola. (if) Hyperbola. (iii) Ellipse. (fv) Hyperbola.
{b) Hyperbola ; w 3;57cosB+ 1=0,45r cosB+ 41=0.
! ! . S
@0 = == (i) 13, 3... (i) 8, 6.
(e)r cosB= 12, r cosB = 20.
() ()rcosO+2=0. (i) 2r cosO+ 21= 0, 2r cos 0= 29.
(i) 57 cos0+ 34=0, 57 cos 0+ 16= 0.

.0 6, i), 6, -3 ©) G4 @ G 7).

12.) (a2, §7), (a2, §0). (@, 3m), @, -39

14. S%- 4+ 3 cos0. Asﬂ. 2+ VI3 cos 0.

15. ?vwl 1+ cos0.

2a _

..E. ?vﬂ... cos 0+ secP cos(0- a).

(b 1y e costmsec 1(a- B) cos{0-L(a+ B
r .
(c) r cos (8- 0, - 8,) = 2d cos 8, cos 0, r cos (8- 201) = 2d cos®0; .
18. () (p+a,0).
I o By Qifxv

27. AS rei; SES sha mmnm.nomaw 5

17. (a) wu sin0 - cosO ., 26. (a) .% Gisiils,

3y
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