
 

 

0 =
𝜋

2
− ෎

4

𝜋𝑛ଶ

ஶ

௡ୀଵ,ଷ,ହ…

 

  

𝜋

2
=

4

𝜋
෎

1

𝑛ଶ

ஶ

௡ୀଵ,ଷ,ହ…

 

  

෎
1

𝑛ଶ

ஶ

௡ୀଵ,ଷ,ହ…

=
𝜋ଶ

8
 

൤
1

1ଶ
+

1

3ଶ
+

1

5ଶ
+ ⋯ ൨ =

𝜋ଶ

8
 

  

𝑖. 𝑒 ෎
1

(2𝑛 − 1)ଶ

ஶ

௡ୀଵ

=
𝜋ଶ

8
 

 
 

Q.1 Obtain the Fourier Series for the function 𝑓(𝑥) = ቐ
1 −

ଶ௫

గ
, 𝑓𝑜𝑟 0 ≤ 𝑥 ≤ 𝜋 

1 +
ଶ௫

గ
, 𝑓𝑜𝑟 − 𝜋 ≤ 𝑥 ≤ 0 

 

Hence deduce that 

 ቂ
ଵ

ଵమ
+

ଵ

ଷమ
+

ଵ

ହమ
+ ⋯ ቃ =

గమ

଼
 

Q.2 Express 𝑓(𝑥) = 𝑥 as Half range cosine series in 0 ≤ 𝑥 ≤ 2. 

Q.3 Obtain the Fourier Series for the function 𝑓(𝑥) = ൝
𝑥, 𝑓𝑜𝑟 0 ≤ 𝑥 ≤

గ

ଶ
 

𝜋 − 𝑥, 𝑓𝑜𝑟
గ

ଶ
≤ 𝑥 ≤ 𝜋 

 

 
 
 
L3 
 Applications:  
 

1. Square waveform: 
Find the Fourier series of the periodic function 

𝑓(𝑥) = ൜
𝑘, 𝑓𝑜𝑟 0 ≤ 𝑥 ≤ 𝜋 

−𝑘, 𝑓𝑜𝑟 − 𝜋 ≤ 𝑥 ≤ 0 
and 𝑓(𝑥 + 2𝜋) = 𝑓(𝑥). Sketch the graph of f(x) and 

deduce that ∑
(ିଵ)೙శభ

ଶ௡ିଵ
ஶ
௡ୀଵ =

గ

ସ
. 

 
Function of this kind occur as external forces acting on mechanical systems, 
electromotive forces in electric circuits etc. 

Here, 𝑎଴ =
ଵ

గ
∫ 𝑓(𝑥)𝑑𝑥 =

ଵ

గ

గ

ିగ
ቄ∫ −𝑘 𝑑𝑥 + ∫ 𝑘 𝑑𝑥

గ

଴

଴

ିగ
ቅ =

ଵ

గ
{−𝑘𝜋 + 𝑘𝜋} = 0 



 

 

Note: This can also be seen without integration, since the area under the curve of f(x) between 
-π and π (taken with a minus sign where f(x) is negative) is zero. 
 

Again 𝑎௡ =
ଵ

గ
∫ 𝑓(𝑥) cos 𝑛𝑥  𝑑𝑥 =

ଵ

గ

గ

ିగ
ቄ∫ −𝑘 cos 𝑛𝑥 𝑑𝑥 + ∫ 𝑘𝑐𝑜𝑠 𝑛𝑥 𝑑𝑥

గ

଴

଴

ିగ
ቅ 

=  
1

𝜋
ቊฬ−𝑘

sin 𝑛𝑥

𝑛
ฬ

ିగ

଴

+ ฬ𝑘
sin 𝑛𝑥

𝑛
ฬ

଴

గ

ቋ = 0 

𝑠𝑖𝑛𝑐𝑒 sin 𝑛𝑥 = 0 𝑎𝑡 𝑥 = −𝜋, 0, 𝜋  
 
Note: Since f(x) is odd function in (-π, π), hence we can write an= 0. 
  

Now, 𝑏௡ =
ଵ

గ
∫ 𝑓(𝑥) sin 𝑛𝑥 𝑑𝑥 =  

ଶ

గ
∫ 𝑓(𝑥) sin 𝑛𝑥 𝑑𝑥      𝑎𝑠 𝑓(𝑥)𝑖𝑠 𝑜𝑑𝑑 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛.

గ

଴

గ

ିగ
 

 Therefore, 𝑏௡ =
ଶ

గ
∫ 𝑘 sin 𝑛𝑥 𝑑𝑥 =

ଶ௞

గ
ቚ

ି ୡ୭

௡
ቚ

଴

గగ

଴
=

ଶ௞

௡గ
{1 − (−1)௡} 

    ⸫ 𝑏௡ = ቊ
0, 𝑓𝑜𝑟 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛
ସ௞

௡గ
 , 𝑓𝑜𝑟 𝑛 𝑖𝑠 𝑜𝑑𝑑

 

  

Thus, 𝑓(𝑥) = ∑
ସ௞

௡గ

ஶ
ଵ,ଷ,ହ,… sin 𝑛𝑥 

 Putting 𝑥 =
గ

ଶ
 in the above equation we get, 

  𝑓 ቀ
గ

ଶ
ቁ = 𝑘 = ∑

ସ௞

௡గ

ஶ
௡ୀଵ,ଷ,ହ,…. sin

௡గ

ଶ
=

ସ௞

గ
ቄ1 −

ଵ

ଷ
+

ଵ

ହ
− ⋯ ቅ 

 Therefore, ቄ1 −
ଵ

ଷ
+

ଵ

ହ
− ⋯ ቅ =

గ

ସ
 

     

or, ∑
(ିଵ)೙శభ

ଶ௡ିଵ
ஶ
௡ୀଵ =

గ

ସ
  

 
Note: Here the Fourier series expansion is 

 𝑓(𝑥) = ∑
ସ௞

௡గ

ஶ
ଵ,ଷ,ହ,… sin 𝑛𝑥 =

ସ௞

గ
sin 𝑥 +

ସ௞

ଷగ
sin 3𝑥 +

ସ௞

ହగ
sin 5𝑥 + ⋯  

The first three partial sums are as follows 

𝑆ଵ =
ସ௞

గ
sin 𝑥,  𝑆ଶ =

ସ௞

గ
ቀsin 𝑥 +

ୱ୧୬ ଷ௫

ଷ
ቁ , 𝑎𝑛𝑑 𝑆ଷ =

ସ௞

గ
ቀsin 𝑥 +

ୱ୧୬ ଷ௫

ଷ
+

ୱ୧୬ ହ௫

ହ
ቁ  etc. 

 

 



 

 

Their graphs (shown above) seem to indicate that the series is convergent and has the 
sum 𝑓(𝑥), the given function. We notice that at 𝑥 = 0 and 𝑥 = 𝜋, the points of discontinuity 
of 𝑓(𝑥), all partial sums have the value zero, the arithmetic mean of the limits -k and k of our 

function, at these points.  
These illustrate the manner in which the successive approximation to the series 𝑓(𝑥) =

∑
ସ௞

௡గ

ஶ
ଵ,ଷ,ହ,… sin 𝑛𝑥 approach more and more closely to 𝑓(𝑥) = ൜

𝑘, 𝑓𝑜𝑟 0 ≤ 𝑥 ≤ 𝜋 
−𝑘, 𝑓𝑜𝑟 − 𝜋 ≤ 𝑥 ≤ 0 

 for all 

the values of x in the interval (-π, π), but not for 𝑥 = 0, ±𝜋 
 

2. Triangular waveform: 

Obtain the Fourier Series for the function 𝑓(𝑥) = ቐ
1 −

ଶ௫

గ
, 𝑓𝑜𝑟 0 ≤ 𝑥 ≤ 𝜋 

1 +
ଶ௫

గ
, 𝑓𝑜𝑟 − 𝜋 ≤ 𝑥 ≤ 0 

 

Hence deduce that 

 ቂ
ଵ

ଵమ
+

ଵ

ଷమ
+

ଵ

ହమ
+ ⋯ ቃ =

గమ

଼
 

 

 
Since 𝑓(−𝑥) = 1 −

ଶ௫

గ
 𝑖𝑛 (−𝜋, 0) = 𝑓(𝑥) 𝑖𝑛 (0, 𝜋) and  

𝑓(−𝑥) = 1 +
2𝑥

𝜋
 𝑖𝑛 (0, 𝜋) = 𝑓(𝑥) 𝑖𝑛 (−𝜋, 0) 

Here the function is an even function in (−𝜋, 𝜋), therefore 𝑏௡ = 0. 
Now 𝑓(𝑥) =

௔బ

ଶ
+ ∑ 𝑎௡ cos 𝑛𝑥ஶ

௡ୀଵ  

Where, 𝑎଴ =
ଶ

గ
∫ 𝑓(𝑥)𝑑𝑥

గ

଴
=

ଶ

గ
∫ ቀ1 −

ଶ௫

గ
ቁ

గ

଴
𝑑𝑥 =

ଶ

గ
ቂ𝑥 −

௫మ

గ
ቃ

଴

గ

= 0 

And 𝑎௡ =
ଶ

గ
∫ 𝑓(𝑥) cos 𝑛𝑥

గ

଴
𝑑𝑥 =

ଶ

గ
∫ (1 −

ଶ௫

గ
) cos 𝑛𝑥

గ

଴
𝑑𝑥 

=
2

𝜋
൤൬1 −

2𝑥

𝜋
൰

sin 𝑛𝑥

𝑛
− ൬−

2

𝜋
൰ ቀ−

cos 𝑛𝑥

𝑛ଶ
ቁ൨

଴

గ

 

=
2

𝜋
൬−

2 cos 𝑛𝜋

𝜋𝑛ଶ
+

2

𝜋𝑛ଶ
൰ =

4

𝑛ଶ𝜋ଶ
[1 − (−1)௡] 

 

Therefore 𝑎௡ = ቊ
0, 𝑓𝑜𝑟 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛
଼

௡మగమ
, 𝑓𝑜𝑟 𝑛 𝑖𝑠 𝑜𝑑𝑑

 

 

Thus, 𝑓(𝑥) =
଼

గమ
ቂ

ୡ୭ୱ ௫

ଵమ
+

ୡ୭ୱ ଷ௫

ଷమ
+

ୡ୭ୱ ହ௫

ହమ
+ ⋯ ቃ 

 
Now, putting x=0 in the above equation we get 

1 = 𝑓(0) =
8

𝜋ଶ
൤

1

1ଶ
+

1

3ଶ
+

1

5ଶ
+ ⋯ ൨ 

Hence follows the desired result. 
 



 

 

3. Sawtooth waveform: 
Express 𝑓(𝑥) = 𝑥 as a Fourier series in the interval −𝜋 ≤ 𝑥 ≤ 𝜋.  
 

 
Since, 𝑓(−𝑥) = −𝑥 𝑖𝑛 (−𝜋, 0) = −𝑓(𝑥)  𝑖𝑛 (0, 𝜋) 
And 𝑓(−𝑥) = −𝑥 𝑖𝑛 (0, 𝜋) = −𝑓(𝑥)  𝑖𝑛 (−𝜋, 0) 
Therefore, 𝑓(𝑥) is odd function in (-π, π) and thus 𝑎௡ = 0. 
Since area under the curve of 𝑓(𝑥) in (-π, π) is zero, therefore, 𝑎଴ = 0. 

Now, 𝑏௡ =
ଶ

గ
∫ 𝑓(𝑥)

గ

଴
sin 𝑛𝑥 𝑑𝑥 =

ଶ

గ
∫ 𝑥 sin 𝑛𝑥

గ

଴
𝑑𝑥 =

ଶ

గ
ቄቚ𝑥

ି ୡ୭ୱ ௡௫

௡
ቚ

଴

గ

+ ቚ
ୱ୧୬ ௡௫

௡మ
ቚ

଴

గ
ቅ 

=
2

𝜋
ቄ−𝜋

cos 𝑛𝜋

𝑛
ቅ =

2

𝑛
(−1)௡ାଵ 

Therefore, 𝑓(𝑥) = ∑
ଶ

௡
(−1)௡ାଵ sin 𝑛𝑥ஶ

௡ୀଵ . 

 
Note: Here the Fourier series expansion is  

𝑓(𝑥) = ෍
2

𝑛
(−1)௡ାଵ sin 𝑛𝑥

ஶ

௡ୀଵ

= 2 ൤sin 𝑥 −
1

2
sin 2𝑥 +

1

3
sin 3𝑥 − ⋯൨ 

The first three partial sums are as follows 

𝑆ଵ = 2 sin 𝑥,  𝑆ଶ = 2 ቀsin 𝑥 −
ୱ୧୬

ଶ
ቁ , 𝑎𝑛𝑑 𝑆ଷ = 2 ቀsin 𝑥 −

ୱ୧୬ ଶ௫

ଶ
+

ୱ୧୬ ଷ௫

ଷ
ቁ  etc. 

Their graphs (shown below) seem to indicate that the series is convergent and has the sum 
𝑓(𝑥), the given function. We notice that at 𝑥 = ±𝜋, the points of discontinuity of 𝑓(𝑥), all 
partial sums have the value zero. These illustrate the manner in which the successive 

approximation to the series 𝑓(𝑥) = ∑
ଶ

௡
(−1)௡ାଵ sin 𝑛𝑥ஶ

௡ୀଵ  approach more and more closely to 

𝑓(𝑥) = 𝑥 for all the values of x in the interval (-π, π), but not for 𝑥 = ±𝜋. 

 
4. Modified Sawtooth waveform: 

Find the Fourier series of the periodic function 

𝑓(𝑥) = ൜
0, 𝑓𝑜𝑟 − 𝜋 ≤ 𝑥 ≤ 0 

𝑥, 𝑓𝑜𝑟 0 ≤ 𝑥 ≤ 𝜋 
 

Hence show that ቄ
ଵ

ଵమ
+

ଵ

ଷమ
+

ଵ

ହమ
+ ⋯ ቅ =

గమ

଼
. 



 

 

 
 

Here, 𝑎଴ =
ଵ

గ
∫ 𝑓(𝑥)𝑑𝑥 =

ଵ

గ
∫ 𝑥 𝑑𝑥

గ

଴

గ

ିగ
=

ଵ

గ
×

గమ

ଶ
=

గ

ଶ
 

And 𝑎௡ =
ଵ

గ
∫ 𝑓(𝑥) cos 𝑛𝑥

గ

ିగ
𝑑𝑥 =

ଵ

గ
∫ 𝑥 cos 𝑛𝑥

గ

଴
𝑑𝑥 =

ଵ

గ
ቄቚ𝑥

ୱ୧୬ ௡௫

௡
ቚ

଴

గ

+ ቚ
ୡ୭ୱ ௡௫

௡మ
ቚ

଴

గ
ቅ 

=
1

𝜋𝑛ଶ
{cos 𝑛𝜋 − cos 0} =

1

𝜋𝑛ଶ
{(−1)௡ − 1} 

  ⸫ 𝑎௡ = ቊ
0, 𝑓𝑜𝑟 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

−
ଶ

గ௡మ
, 𝑓𝑜𝑟 𝑛 𝑖𝑠 𝑜𝑑𝑑

 

Again 𝑏௡ =
ଵ

గ
∫ 𝑓(𝑥)

గ

ିగ
sin 𝑛𝑥 𝑑𝑥 =

ଵ

గ
∫ 𝑥 sin 𝑛𝑥

గ

଴
𝑑𝑥 =

ଵ

గ
ቄቚ−𝑥

ୡ୭ୱ ௡௫

௡
ቚ

଴

గ

+ ቚ
ୱ୧୬ ௡௫

௡మ
ቚ

଴

గ
ቅ 

=
1

𝜋
ቄ−𝜋

cos 𝑛𝜋

𝑛
ቅ = −

(−1)௡

𝑛
 

  ⸫ 𝑏௡ = ቐ

ଵ

௡
, 𝑓𝑜𝑟 𝑛 𝑖𝑠 𝑜𝑑𝑑

−
ଵ

௡
, 𝑓𝑜𝑟 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

 

Therefore, 𝑓(𝑥) =
గ

ସ
−

ଶ

గ
∑

ୡ୭ୱ ௡௫

௡మ
ஶ
௡ୀଵ,ଷ,ହ,… − ∑

(ିଵ)೙

௡
ஶ
௡ୀଵ sin 𝑛𝑥 

Putting x=0 in the above expression we get, 

𝑓(0) = 0 =
𝜋

4
−

2

𝜋
෍

1

𝑛ଶ

ஶ

௡ୀଵ,ଷ,ହ,..,

 

Therefore, ቄ
ଵ

ଵమ
+

ଵ

ଷమ
+

ଵ

ହమ
+ ⋯ ቅ =

గమ

଼
. 

 
5. Half-wave rectifier: 

Find the Fourier series of the periodic function 

𝑓(𝑡) = ൜
0, 𝑓𝑜𝑟 − 𝜋 ≤ 𝜔𝑡 ≤ 0 

𝐸଴ sin 𝜔𝑡 , 𝑓𝑜𝑟 0 ≤ 𝜔𝑡 ≤ 𝜋 
 

6. Full-wave rectifier: 
Find the Fourier series of the periodic function 

𝑓(𝑡) = ൜
−𝐸଴ sin 𝜔𝑡 , 𝑓𝑜𝑟 − 𝜋 ≤ 𝜔𝑡 ≤ 0 

𝐸଴ sin 𝜔𝑡 , 𝑓𝑜𝑟 0 ≤ 𝜔𝑡 ≤ 𝜋 
 

 
Here the function is even function, therefore 𝑏௡ = 0. 
Now 𝑓(𝑡) =

௔బ

ଶ
+ ∑ 𝑎௡ cos 𝑛𝜔𝑡ஶ

௡ୀଵ  

Where, 𝑎଴ =
ଵ

గ
∫ 𝑓(𝑡)𝑑(𝜔𝑡)

గ

ିగ
=

ଵ

గ
ቄ∫ −𝐸଴ sin 𝜔𝑡 𝑑(𝜔𝑡) +

଴

ିగ
∫ 𝐸଴ sin 𝜔𝑡 𝑑(𝜔𝑡)

గ

଴
ቅ 

=
ாబ

గ
{[cos 𝜔𝑡]ିగ

଴ + [cos 𝜔𝑡]గ
଴ } =

ாబ

గ
{(1 + 1) + (1 + 1)} =

ସாబ

గ
. 

And 𝑎௡ =
ଵ

గ
∫ 𝑓(𝑡) cos 𝑛𝜔𝑡 𝑑(𝜔𝑡)

గ

ିగ
 



 

 

=
1

𝜋
ቐ න −𝐸଴ sin 𝜔𝑡 cos 𝑛𝜔𝑡 𝑑(𝜔𝑡) +

଴

ିగ

න 𝐸଴ sin 𝜔𝑡 cos 𝑛𝜔𝑡 𝑑(𝜔𝑡)

గ

଴

ቑ 

=
𝐸଴

2𝜋
ቐ න −[sin(1 + 𝑛)𝜔𝑡 + sin(1 − 𝑛) 𝜔𝑡]

଴

ିగ

𝑑(𝜔𝑡)

+ න[sin(1 + 𝑛) 𝜔𝑡 + sin(1 − 𝑛) 𝜔𝑡]

గ

଴

 𝑑(𝜔𝑡)ቑ 

=
𝐸଴

2𝜋
ቊ൤

cos(1 + 𝑛)𝜔𝑡

(1 + 𝑛)
+

cos(1 − 𝑛)𝜔𝑡

(1 − 𝑛)
൨

ିగ

଴

+ ൤
cos(1 + 𝑛)𝜔𝑡

(1 + 𝑛)
+

cos(1 − 𝑛)𝜔𝑡

(1 − 𝑛)
൨

గ

଴

ቋ 

=
𝐸଴

2𝜋
ቊቈ

1

1 + 𝑛
+

1

1 − 𝑛
−

(−1)௡ାଵ

1 + 𝑛
−

(−1)ଵି௡

1 − 𝑛
቉

+ ቈ
1

1 + 𝑛
+

1

1 − 𝑛
−

(−1)௡ାଵ

1 + 𝑛
−

(−1)ଵି௡

1 − 𝑛
቉ቋ 

=
𝐸଴

𝜋
ቊ

1

1 + 𝑛
+

1

1 − 𝑛
+

(−1)௡

1 + 𝑛
+

(−1)௡

1 − 𝑛
ቋ 

=
𝐸଴

𝜋
ቊ

1 − 𝑛 + 𝑛 + 1

1 − 𝑛ଶ
+

(−1)௡ − 𝑛(−1)௡ + 𝑛(−1)௡ + (−1)௡

1 − 𝑛ଶ
ቋ 

=
𝐸଴

𝜋
ቊ

2

1 − 𝑛ଶ
+

2(−1)௡

1 − 𝑛ଶ
ቋ =

2𝐸଴

𝜋
ቊ

1 + (−1)௡

1 − 𝑛ଶ
ቋ 

Therefore, 𝑎௡ = ቊ
0  , 𝑓𝑜𝑟 𝑛 𝑖𝑠 𝑜𝑑𝑑

ସாబ

గ
ቄ

ଵ

ଵି௡మ
ቅ , 𝑓𝑜𝑟 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

 

 

Hence, 𝑓(𝑡) =
ଵ

ଶ
×

ସாబ

గ
+

ସாబ

గ
∑

ଵ

ଵି௡మ
ஶ
௡ୀଶ,ସ,଺,.. cos 𝑛𝜔𝑡 

  

𝑓(𝑡) =
4𝐸଴

𝜋
൤
1

2
−

cos 2𝜔𝑡

1 × 3
−

cos 4𝜔𝑡

3 × 5
−

cos 6𝜔𝑡

5 × 7
− ⋯ ൨ 

 
L-4  
Parseval’s identity: 
This theorem states that if a function f(x) has the Fourier series expansion within limit -π to +π 
as 𝑓(𝑥) =

௔బ

ଶ
+ ∑ 𝑎௡ cos 𝑛𝑥ஶ

௡ୀଵ + ∑ 𝑏௡
ஶ
௡ୀଵ sin 𝑛𝑥 

then the average of the square of the function over the period will be equal to sum of 
the squares of the coefficients a0, an, and bn. 

 𝑖. 𝑒.           
ଵ

గ
∫ [𝑓(𝑥)]ଶగ

ିగ
𝑑𝑥 =

௔బ
మ

ଶ
+ ∑ (𝑎௡

ଶ + 𝑏௡
ଶ)ஶ

௡ୀଵ  

This result is known as Parseval’s theorem. 
 
Proof: Let function 𝑓(𝑥) =

௔బ

ଶ
+ ∑ 𝑎௡ cos 𝑛𝑥ஶ

௡ୀଵ + ∑ 𝑏௡
ஶ
௡ୀଵ sin 𝑛𝑥 

       =
௔బ

ଶ
+ (𝑎ଵ cos 𝑥 + 𝑎ଶ cos 2𝑥 + ⋯ ) + (𝑏ଵ sin 𝑥 + 𝑏ଶ sin 2𝑥 + ⋯ ) 

Therefore, 



 

 

1

𝜋
න[𝑓(𝑥)]ଶ

గ

ିగ

𝑑𝑥

=
1

𝜋
න

𝑎଴
ଶ

4

గ

ିగ

𝑑𝑥 + 𝑎ଵ
ଶ

1

𝜋
න cosଶ 𝑥

గ

ିగ

𝑑𝑥 + 𝑎ଶ
ଶ

1

𝜋
න cosଶ 2𝑥

గ

ିగ

𝑑𝑥 + ⋯

+ 𝑏ଵ
ଶ

1

𝜋
න sinଶ 𝑥

గ

ିగ

𝑑𝑥 + 𝑏ଶ
ଶ

1

𝜋
න sinଶ 2𝑥

గ

ିగ

𝑑𝑥 + ⋯ 

Since other terms are zero due to orthogonality relations 
∫ sin 𝑚𝑥

గ

ିగ
sin 𝑛𝑥 𝑑𝑥 = 0, 𝑓𝑜𝑟 𝑚 ≠ 𝑛 𝑎𝑛𝑑 ∫ cos 𝑚𝑥

గ

ିగ
cos 𝑛𝑥 𝑑𝑥 = 0 , 𝑓𝑜𝑟 𝑚 ≠ 𝑛   

 

Therefore, 
ଵ

గ
∫ [𝑓(𝑥)]ଶగ

ିగ
𝑑𝑥 =

௔బ
మ

ଶ
+ (𝑎ଵ

ଶ + 𝑎ଶ
ଶ + ⋯ ) + (𝑏ଵ

ଶ + 𝑏ଶ
ଶ + ⋯ ) =

௔బ
మ

ଶ
+ ∑ (𝑎௡

ଶ + 𝑏௡
ଶ)ஶ

௡ୀଵ  

 
Note: Depending on the given intervals Parseval’s identity can be represented as follows , 

1. If  0 ≤ 𝑥 ≤ 2𝑙 then 
ଵ

௟
∫ [𝑓(𝑥)]ଶଶ௟

଴
𝑑𝑥 =

௔బ
మ

ଶ
+ ∑ (𝑎௡

ଶ + 𝑏௡
ଶ)ஶ

௡ୀଵ   

2. If 0 ≤ 𝑥 ≤ 𝑙, and the function is expanded as Half range cosine series, then  

2

𝑙
න[𝑓(𝑥)]ଶ

௟

଴

𝑑𝑥 =
𝑎଴

ଶ

2
+ ෍ 𝑎௡

ଶ

ஶ

௡ୀଵ

   

3. If 0 ≤ 𝑥 ≤ 𝑙, and the function is expanded as Half range sine series, then  

2

𝑙
න[𝑓(𝑥)]ଶ

௟

଴

𝑑𝑥 =
𝑎଴

ଶ

2
+ ෍ 𝑏௡

ଶ

ஶ

௡ୀଵ

   

 

Example 1: Show that  ෍
𝟏

(𝟐𝒏ି𝟏)𝟐

ஶ

𝒏ୀ𝟏
=

𝝅𝟐

𝟖
 

 
Ans: Let us consider the half range sine series for the function 𝑓(𝑥) = 1, 𝑓𝑜𝑟 0 ≤ 𝑥 ≤ 𝜋, 
such that 𝑓(𝑥) = ∑ 𝑏௡

ஶ
௡ୀଵ sin 𝑛𝑥. 

⸫ 𝑏௡ =
ଶ

గ
∫ 𝑓(𝑥)

గ

଴
sin 𝑛𝑥 𝑑𝑥 =

ଶ

గ
∫ 1. sin 𝑛𝑥

గ

଴
𝑑𝑥 =

ଶ

గ
ቚ

ି ୡ୭ୱ ௡௫

௡
ቚ

଴

గ

= −
ଶ

௡గ
[(−1)௡ − 1] 

  ⸫ 𝑏௡ = ቊ
ସ

௡గ
 ,   𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑

0 ,   𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛
 

Now, using Parseval’s identity we get  

 
ଶ

గ
∫ [𝑓(𝑥)]ଶగ

଴
𝑑𝑥 = ∑ 𝑏௡

ଶஶ
௡ୀଵ  

 ∫ 1ଶగ

଴
𝑑𝑥 =

గ

ଶ
൜ቀ

ସ

గ
ቁ

ଶ

+ ቀ
ସ

ଷగ
ቁ

ଶ

+ ቀ
ସ

ହగ
ቁ

ଶ

+ ⋯ ൠ 

 𝜋 =
గ

ଶ
×

ଵ଺

గమ
ቄ

ଵ

ଵమ
+

ଵ

ଷమ
+

ଵ

ହమ
+ ⋯ ቅ 

Therefore, ቄ
ଵ

ଵమ
+

ଵ

ଷమ
+

ଵ

ହమ
+ ⋯ ቅ =

గమ

଼
 

Hence, ෍
ଵ

(ଶ௡ିଵ)మ

ஶ

௡ୀଵ
=

గమ

଼
 

 

Example 2: Show that ෍
𝟏

(𝟐𝒏ି𝟏)𝟒

ஶ

𝒏ୀ𝟏
=

𝝅𝟒

𝟗𝟔
 

 



 

 

Ans: Let us consider the half range cosine series for the function 𝑓(𝑥) = 𝑥, 𝑓𝑜𝑟 0 ≤ 𝑥 ≤ 𝜋, 
such that 𝑓(𝑥) =

௔బ

ଶ
+ ∑ 𝑎௡ cos 𝑛𝑥ஶ

௡ୀଵ . 

Here, 𝑎଴ =
ଶ

గ
∫ 𝑓(𝑥)𝑑𝑥 =

ଶ

గ
∫ 𝑥

గ

଴

గ

଴
𝑑𝑥 = 𝜋, since 𝑓(𝑥) = 𝑥 is even function in extended 

interval −𝜋 ≤ 𝑥 ≤ 𝜋. 

And 𝑎௡ =
ଶ

గ
∫ 𝑓(𝑥)

గ

଴
cos 𝑛𝑥 𝑑𝑥 =

ଶ

గ
∫ 𝑥

గ

଴
cos 𝑛𝑥 𝑑𝑥 =

ଶ

గ
ቄቚ𝑥

ୱ୧୬ ௡௫

௡
ቚ

଴

గ

+ ቚ
ୡ୭ୱ ௡௫

௡మ
ቚ

଴

గ
ቅ 

=
2

𝜋𝑛ଶ
{(−1)௡ − 1} 

⸫ 𝑎௡ = ቊ
0, 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

ିସ

గ௡మ
, 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑

 

Now, using Parseval’s identity we get  

2

𝜋
න[𝑓(𝑥)]ଶ

గ

଴

𝑑𝑥 =
𝑎଴

ଶ

2
+ ෍ 𝑎௡

ଶ

ஶ

௡ୀଵ

 

    
ଶ

గ
∫ 𝑥ଶగ

଴
𝑑𝑥 =

గమ

ଶ
+ ∑

ଵ଺

గమ௡ర
ஶ
௡ୀଵ,ଷ.ହ,…  

    
ଶ

గ
×

గయ

ଷ
=

గమ

ଶ
+

ଵ଺

గమ
∑

ଵ

(ଶ௡ିଵ)ర
ஶ
௡ୀଵ  

Hence, ෍
ଵ

(ଶ௡ିଵ)ర

ஶ

௡ୀଵ
=

గర

ଽ଺
 

 

Example 3: Show that ∑
𝟏

𝒏𝟒
ஶ
𝒏ୀ𝟏 =

𝝅𝟒

𝟗𝟎
 

 
Ans:  Let us consider the function 𝑓(𝑥) = 𝑥ଶ, 𝑓𝑜𝑟 − 𝜋 ≤ 𝑥 ≤ 𝜋. 
 Since this function is even function, we can expand it as 𝑓(𝑥) =

௔బ

ଶ
+ ∑ 𝑎௡ cos 𝑛𝑥ஶ

௡ୀଵ  

Here, 𝑎଴ =
ଶ

గ
∫ 𝑓(𝑥)𝑑𝑥 =

ଶ

గ
∫ 𝑥ଶగ

଴

గ

଴
𝑑𝑥 =

ଶ

ଷ
𝜋ଶ 

And 𝑎௡ =
ଶ

గ
∫ 𝑓(𝑥)

గ

଴
cos 𝑛𝑥 𝑑𝑥 =

ଶ

గ
∫ 𝑥ଶగ

଴
cos 𝑛𝑥 𝑑𝑥 =

ଶ

గ
ቄቚ𝑥ଶ ୱ୧୬ ௡௫

௡
ቚ

଴

గ

− ∫ 2𝑥
ୱ୧୬ ௡௫

௡

గ

଴
 𝑑𝑥ቅ 

=
2

𝜋
൝ቚ2𝑥

cos 𝑛𝑥

𝑛ଶ
ቚ

଴

గ

+ 2 න
cos 𝑛𝑥

𝑛ଶ

గ

଴

 𝑑𝑥ൡ =
2

𝜋
ቊ

2𝜋(−1)௡

𝑛ଶ
+ 0ቋ =

4(−1)௡

𝑛ଶ
 

Now, using Parseval’s identity we get  
 

2

𝜋
න[𝑓(𝑥)]ଶ

గ

଴

𝑑𝑥 =
𝑎଴

ଶ

2
+ ෍ 𝑎௡

ଶ

ஶ

௡ୀଵ

 

 

2

𝜋
න 𝑥ସ

గ

଴

𝑑𝑥 =
1

2
×

4𝜋ସ

9
+ ෍

16

𝑛ସ

ஶ

௡ୀଵ

 

2

𝜋
×

𝜋ହ

5
=

2𝜋ସ

9
+ 16 ෍

1

𝑛ସ

ஶ

௡ୀଵ

 

Hence, ∑
ଵ

௡ర
ஶ
௡ୀଵ =

గర

ଽ଴
. 

 
 
 
 


