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Q.1 Obtain the Fourier Series for the function f(x) = e
1+?,for—7erS0

Hence deduce that
1 1 1 72
stetmto|=%
Q.2 Express f(x) = x as Half range cosine series in 0 < x < 2.
x,for0<x< g
Q.3 Obtain the Fourier Series for the function f(x) = -
n—x,for;SxSn

L3
Applications:

1. Square waveform:
Find the Fourier series of the periodic function

k, 0<x<
fx) = {—k j/:(()):— - ; N 2 0 and f(x + 2m) = f(x). Sketch the graph of f(x) and
deduce that 5o, S0 =T
educe that ¥y ———=—.
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Function of this kind occur as external forces acting on mechanical systems,
electromotive forces in electric circuits etc.

Here, a, =%f_nnf(x)dx =l{f0 kdx+f0nk dx} = %{—kn+kn} =0

T —TT



Note: This can also be seen without integration, since the area under the curve of f(x) between

- and & (taken with a minus sign where f(x) is negative) is zero.
0 T
k cosnx dx + [ kcos nx dx}

Again a, = %f_”ﬂf(x) cosnx dx = %{f_n —
1 sinnx|° sinnx|™) 0
B n l_; n o B

sincesinnx =0atx = —-mn,0,

Note: Since f(x) is odd function in (-x, ), hence we can write a,= 0

Now, b,, = %f_”ﬂf(x) sinnx dx = %fonf(x) sinnx dx  as f(x)is odd function.
2 (M, _2k|-co |T _ 2k Y
Efo ksinnx dx = — T'o =—{1-(-D"
0, fornis even

“bn = {ﬂ ,fornis odd
ntm

Therefore, b,

4k .

Thus, f(x) = Z‘fs,s,...g sin nx
Putting x = % in the above equation we get,

4k

f (g) =k =Xn"135,. v 5
Therefore, {1 — % + & — } =3

(_1)n+1 _ E

(0]

or, Yoo

» Ln=1 2n—1 4
Note: Here the Fourier series expansion is

ik . 4k ik . ak .
f(x) =235 —sinnx =—sinx + —sin3x + —sin5x + -
e ¥4 s 3m 5m
sin3x | sin5x
— ) etc.

The first three partial sums are as follows
Sm3x),and S; = ﬂ(sinx +—+
s 3 5

4k . 4k [ .
Sy = —sinx, S, =—(smx+

T Y

S

W . U

\ )

- <
2k in 3x
—+ 3n




Their graphs (shown above) seem to indicate that the series is convergent and has the
sum f(x), the given function. We notice that at x = 0 and x = m, the points of discontinuity
of f(x), all partial sums have the value zero, the arithmetic mean of the limits -k and & of our

function, at these points.
These illustrate the manner in which the successive approximation to the series f(x) =
k,forO<x<m

—k,for—-m<x<0 for all

ak
Zf&al_ﬁsm nx approach more and more closely to f(x) = {

the values of x in the interval (-m, ), but not for x = 0, +m

2. Triangular waveform:

1—2—x,for0SxSn
Obtain the Fourier Series for the function f(x) = .
1+?,f0r—7TSxSO

Hence deduce that
T[Z

1 1 1
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Since f(—x) =1 — %x in (—m,0) = f(x) in (0,7) and

2x
f(=x)=1+ ;. in (0,m) = f(x) in (—m, 0)
Here the function is an even function in (—, 1), therefore b,, = 0.
Now f(x) = % + Y1 @y, COSNX

2qTT

Where, a, = %fonf(x)dx = %fon (1 - Z?x) dx = %[x - x—]o =0

T

And a, = %fonf(x) cosnx dx = %fon(l - Z?x) cosnx dx

o [ R e TR

2 2 cosnm 2 4 n
:_<_ * ):nznz =07

T n? mn?

0, for niseven
Therefore a,, =1 s

n2m2’

fornisodd

Thus f(X) _38 [cosx cos3x + co;Sx + ]

Now, putting x=0 in the above equation we get
1
1= £(0) ——[12 +—+§+
Hence follows the desired result.



3. Sawtooth waveform:
Express f(x) = x as a Fourier series in the interval -7 < x < 7.
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Since, f(—x) = —x in (—m,0) = —f(x) in (0,m)

And f(—x) = —x in (0,m) = —f(x) in (—m,0)

Therefore, f(x) is odd function in (-w, ) and thus a,, = 0.

Since area under the curve of f(x) in (-w, m) is zero, therefore, a, = 0.

2 o . 2 o . 2 —cosnx|™
Now, b,, = ;fo f(x)sinnx dx = ;fo x sinnx dx = ;{|xT|

_ %{—n coinn} _ %(—1)“1

Therefore, f(x) = fo=1% (=D sinnx.

sinnx

)
0 n? lg

Note: Here the Fourier series expansion is
[ee)

2 : : 1 1.
flx) = z ;(—1)”+1 sinnx = 2 [smx — Esm 2x + §sm 3x — ]
n=1
The first three partial sums are as follows
. . i . in 2 in3
Sy =2sinx, S, =2 (smx — %),and S3=2 (smx - % + %) etc.
Their graphs (shown below) seem to indicate that the series is convergent and has the sum

f(x), the given function. We notice that at x = +m, the points of discontinuity of f(x), all

partial sums have the value zero. These illustrate the manner in which the successive

)n+1

approximation to the series f(x) = Y4 % (-1 sin nx approach more and more closely to

f(x) = x for all the values of x in the interval (-mt, ), but not for x = +.
Y
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4. Modified Sawtooth waveform:
Find the Fourier series of the periodic function
0,for—m<x<0
f(x)—{ x,for0<x<m
nZ

Hence show that {l2_|_ iz+ iz+ } =1
12 ' 32 ' 5 8



|
|
- 1 "
-7 OI /4 27’- 37, rX
1, 1 m 1. . n® =«
HereaaO:;f_ﬂf(x)dx:;foxdx:;X7:;
sinnx
X =

cosnx

1 s

(i
1 1

= m{cos nmw — cos0} = W{(—l)" -1}

0, for nis even
a, =

And a, = %f_nnf(x) cosnx dx = %fonxcosnxd

n lo

2 .
—?,forn is odd
A

cosnx m

n2

i

sinnx

Again b,, = %ffnf(x) sinnx dx = %fonx sinnx dx = 1{|—x

s
1 (="
=_{_nC0jlnT[} __ -

n 1o

1 .

;,fornls odd
b, = 1 _
—;,for nis even

-H"
St sinnx
n

Vi 2 cosnx
Therefore, f(x) = - ——Xnl135.. =5 — Xn=1
Putting x=0 in the above expression we get,

T 2 v 1
FO=0=3-2 > =

n=1,3,5,.,
2

Therefore, {1% + 3i2 + Siz + } = %.

. Half-wave rectifier:

Find the Fourier series of the periodic function
(®) _{ 0,for—-m<wt<0
ft) = Eysinwt, for0 <wt<m

. Full-wave rectifier:

Find the Fourier series of the periodic function

£(0) = {—EO sinwt, for—m < wt <0
| Eysinwt,for0<wt<mn
Y

=77 ol . 7 277 377 7
Here the function is even function, therefore b,, = 0.
Now f(t) = % + Ym=1 ap COSNWt
0

n2

T

0

Where, a, = %ffnf(t)d(a)t) = %{f_ﬂ —E, sinwt d(wt) + fon E, sin wt d(a)t)}

= 2 {[cos wt]% + [cos wt]3} = 2{(1+ 1) + (1 + D} =

And a, = %f_nnf(t) cos nwt d(wt)

4E,
—.
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0 T

1

= f —E, sinwt cosnwt d(wt) + j E, sinwt cosnwt d(wt)

- 0

2m

—TT

0
= E{ f —[sin(1 + n)wt + sin(1 — n) wt] d(wt)

+J[sin(1+n)a)t+sin(1—n)a)t] d(a)t)}
0
_ Ep (cos(1 + n)wt cos(l—n)out0 cos(1l +n)wt cos(l—n)out0
‘%[ A+n T (d-n ]_ [ A+n | (d-n ]
_Ey 1 1 (—Dmt (1)t
T 2n 1+n+1—n_ 1+n  1-n
1 1 (_1)n+1 (_1)1—71
+l1+n+1—n_ 1+n 1—nl}
_Ef 1 1 =D =Dt
_?{1+n+1—n+1+n+1—n}
_E(l-n+n+1 (D"=n(-D"+n(-D"+ (D"
T 1—n2 * 1—n?
_E, 2 2(=1)" _ 2K, 1+ (D"
T |1-n2 1-n%2) =n 1—n?
0 ,fornisodd

1 .
{1 nz},for nis even

Therefore, a,, = {450

T

4E,

T

E
Hence, f(t) = % X 4ﬂ—° + 2??:2,4,6,..1__1,12 cos nwt

4Ey[1 cosZ2wt cos4wt cosb6bwt
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L-4
Parseval’s identity:
This theorem states that if a function f{x) has the Fourier series expansion within limit -w to +n
as fx) = % + Y=y @y cosnx + Y b, sinnx

then the average of the square of the function over the period will be equal to sum of
the squares of the coefficients ao, a,, and b,.

, 1 2 I,
i.e. ;f_ﬂﬂ[f(x)]2 dx = az—° + ¥ (a + b2)
This result is known as Parseval’s theorem.

Proof: Let function f(x) = % + Yoy a, cosnx + Y1 b, sinnx
= % + (aycosx + a, cos2x + -+ ) + (by sinx + b, sin 2x + -++)
Therefore,



a2 1 1
=— f—dx+af; jcoszxdx+a§; fcosZZxdx+---
—TT -1

1
+bf; fsinzxdx+b§E fsinZZxdx+---

-1 -1
Since other terms are zero due to orthogonality relations

s . . T
f_ﬂsmmx sinnxdx =0, for m # nand f_ncosmx cosnxdx =0,form #n

2 2
Therefore, %ffn[f(x)]z dx = % +(at+as5+-)+BF+bi+-)= % + ¥, (a% + b?)

Note: Depending on the given intervals Parseval’s identity can be represented as follows,
2
1. If 0 <x < 2lthen- f OO dx =%+z;;°=1(a$l+b,%)
2. If 0<x<1I and the function is expanded as Half range cosine series, then
l

oo}

2
~[rwra=2+Y @

n=1
3. If 0<x <, and the function is expanded as Half range sine series, then
1

> [ircora =—+Zb2

[e e}
1 2

Example 1: Show that Zuzlm ==

Ans: Let us consider the half range sine series for the function f(x) = 1,for 0 < x <m,
such that f(x) = Yo b, sinnx.

ff(x)smnxdx——f lsmnxdx—
b _{:—n, if nis odd
o by

if nis even
Now, using Parseval’s identity we get

2 [ 012 dx = £, b2

frzax =@ +(2) + (&) +}

,T:Ex16{i+i+i+...}
2 T

1

12

2

cosnx”__i i\
n |0_ nn'[( D 1]

Therefore, {

® 1 w2
Hece, ) Glm=%
n=1

[ee]
1 w*

Example 2: Show that anl e = 5



Ans: Let us consider the half range cosine series for the function f(x) = x, for 0 < x < m,
such that f(x) = % + )1 Gy, COSNX.

Here, a, = % fon f(x)dx = % fonx dx = m, since f(x) =x is even function in extended

i

interval —m < x < 7.
And a =Efnf(x)cosnxdx=5fnxcosnxdx=5{x
no gJo w0 T

2
—_— _ n __
0,if nis even
' anz{_ if nisodd

n2’

sinnx|™ cosnx

n |0 n?

Now, using Parseval’s identity we get

][foo w=%1Y e

0 n=1
2 (T o
nfO ve dx— +Zn 1,3.5,.. n2n4
2 w3 P 1
I — == _anl—
T 3 2 2 (2n-1)4

@ 1 m*
Hence, z Zn-1% _ %
n=1

Example 3: Show that Zlen—t =355

Ans: Let us consider the function f(x) = x%, for —-m < x < 7.
Since this function is even function, we can expand it as f(x) = % + Yoo a, cosnx

_2 T _2 T 2 _2 2
Here, a, _;fo f(x)dx-;f0 x?dx =:Im

_2mm _2m 5 _2 zsinnx”_ T sinnx }
Anday == ["f(x) cosnxdx == [ x cosnxdx—nﬂx — |0 Jo 2x——dx

A
2 |2 cosnx|”+2jcosnxd 2 27t(—1)"_|_0 _A=DT
n x nz |, n? x_n n2  n?
0

Now, using Parseval’s identity we get




