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Example 1: 

Prove that  
ଷ௰ቀା

మ

య
ቁ

௰ቀ
మ

య
ቁ

= 2.5.8 … . (3𝑛 − 1) 

Ans: We know that 𝛤(𝑛 + 1) = 𝑛𝛤(𝑛) 

⸫ 𝛤 ቀ𝑛 +
ଶ

ଷ
ቁ = ቀ𝑛 −

ଵ

ଷ
ቁ 𝛤 ቀ𝑛 −

ଵ

ଷ
ቁ 

= ൬𝑛 −
1

3
൰ ൬𝑛 −

4

3
൰ 𝛤 ൬𝑛 −

4

3
൰ 

= ൬𝑛 −
1

3
൰ ൬𝑛 −

4

3
൰ ൬𝑛 −

7

3
൰ …

8

3
  

5

3
  

2

3
 𝛤 ൬

2

3
൰ 

=
(3𝑛 − 1)(3𝑛 − 4)(3𝑛 − 7) … … 8.5.2  𝛤 ቀ

2
3

ቁ

3
 

Therefore,  
ଷ௰ቀା

మ

య
ቁ

௰ቀ
మ

య
ቁ

= 2.5.8 … . (3𝑛 − 1). 

Other forms of Gamma function: 

Gamma function can be expressed in different forms as follow, 

1) 
௰()


= ∫ 𝑒ି௬𝑦ିଵஶ


𝑑𝑦 

Proof: we know that 𝛤(𝑛) = ∫ 𝑒ି௫ஶ


𝑥ିଵ𝑑𝑥,            𝑓𝑜𝑟 𝑛 > 0 

Substituting x by ky so that 𝑑𝑥 = 𝑘𝑑𝑦 

Then, 𝛤(𝑛) = ∫ 𝑒ି௬ஶ


(𝑘𝑦)ିଵ𝑘 𝑑𝑦 = 𝑘 ∫ 𝑒ି௬ஶ


𝑦ିଵ 𝑑𝑦 

Therefore,  
௰()


= ∫ 𝑒ି௬𝑦ିଵஶ


𝑑𝑦. 

2) 
௰(/ଶ)

ଶ
= ∫ 𝑒ିమ௫మ

𝑥ିଵஶ


𝑑𝑥 

Proof:  we know that 𝛤(𝑛) = ∫ 𝑒ି௫ஶ


𝑥ିଵ𝑑𝑥,            𝑓𝑜𝑟 𝑛 > 0 

Putting 𝑦 = 𝑘ଶ𝑥ଶ          𝑜𝑟, 𝑥 = √௬


 so that 𝑑𝑥 =

ௗ௬

ଶ√௬
 

Then, ∫ 𝑒ିమ௫మ
𝑥ିଵஶ


𝑑𝑥 = ∫ 𝑒ି௬ ቀ√௬


ቁ

ିଵஶ



ௗ௬

ଶ√௬
=

ଵ

ଶ ∫ 𝑒ି௬𝑦
షభ

మ 𝑦ି
భ

మ
ஶ


𝑑𝑦 

=
ଵ

ଶ ∫ 𝑒ି௬𝑦
షమ

మ
ஶ


𝑑𝑦 =

ଵ

ଶ ∫ 𝑒ି௬𝑦


మ
ିଵஶ


𝑑𝑦 =

௰(/ଶ)

ଶ
. 

Therefore, 
௰(/ଶ)

ଶ
= ∫ 𝑒ିమ௫మ

𝑥ିଵஶ


𝑑𝑥 

3) 𝛤(𝑛) = ∫ ቀ𝑙𝑜𝑔
ଵ

௬
ቁ

ିଵଵ


𝑑𝑦 

Proof: we know that 𝛤(𝑛) = ∫ 𝑒ି௫ஶ


𝑥ିଵ𝑑𝑥,            𝑓𝑜𝑟 𝑛 > 0 
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Substituting 𝑒ି௫ = 𝑦   𝑜𝑟, −𝑥 = log 𝑦     𝑜𝑟, 𝑥 = 𝑙𝑜𝑔
ଵ

௬
 

And  −𝑒ି௫𝑑𝑥 = 𝑑𝑦     𝑜𝑟, 𝑑𝑥 = −
ௗ௬

షೣ
= −

ௗ௬

௬
 

Then, 𝛤(𝑛) = ∫ 𝑒ି௫ஶ


𝑥ିଵ𝑑𝑥 = − ∫ ቀ𝑙𝑜𝑔

ଵ

௬
ቁ

ିଵ

𝑦  
ଵ

௬
𝑑𝑦



ଵ
 

= න ൬𝑙𝑜𝑔
1

𝑦
൰

ିଵ
ଵ



𝑑𝑦 

4) 
௰()


= ∫ ቂ𝑙𝑜𝑔 ቀ

ଵ

௫
ቁቃ

ିଵ

𝑥ିଵ 𝑑𝑥
ଵ


 

Proof:  Putting 𝑙𝑜𝑔 ቀ
ଵ

௫
ቁ = 𝑦      𝑜𝑟, 𝑥 = 𝑒ି௬     𝑎𝑛𝑑 𝑑𝑥 = −𝑒ି௬𝑑𝑦 we get 

න 𝑙𝑜𝑔 ൬
1

𝑥
൰൨

ିଵ

𝑥ିଵ 𝑑𝑥

ଵ



= − න(𝑒ି௬)ିଵ



ஶ

𝑦ିଵ𝑒ି௬ 𝑑𝑦 

= න 𝑒ି௬

ஶ



𝑦ିଵ 𝑑𝑦 

Again, put  𝑛𝑦 = 𝑡    𝑜𝑟, 𝑦 =
௧


    𝑎𝑛𝑑 𝑑𝑦 =

ଵ


𝑑𝑡 

 ⸫ ∫ 𝑒ି௬ஶ


𝑦ିଵ 𝑑𝑦 = ∫ 𝑒ି௧ஶ


ቀ

௧


ቁ

ିଵ ଵ


𝑑𝑡 

=
1

𝑛
න 𝑒ି௧

ஶ



𝑡ିଵ𝑑𝑡 

       =
௰()


 

5) 
ଵ

()ೌశభ
𝛤(𝑎 + 1) = ∫

௫ೌ

ೣ
𝑑𝑥

ஶ


 

Proof:  Substituting 𝑎௫ = 𝑒௬   𝑜𝑟, 𝑥(log 𝑎) = 𝑦      𝑜𝑟, 𝑥 =
௬

୪୭ 
 and 𝑑𝑥 =

ଵ

୪୭ 
𝑑𝑦 we 

get  ∫
௫ೌ

ೣ
𝑑𝑥

ஶ


= ∫ ቀ

௬

୪୭ 
ቁ

ஶ


𝑒ି௬ ଵ

୪୭ 
𝑑𝑦 

      =
ଵ

()ೌశభ ∫ 𝑒ି௬ஶ


𝑦𝑑𝑦 

=
ଵ

()ೌశభ
𝛤(𝑎 + 1)  

 

  

  

 



8 
 

Prepared by Dr. Ritwik Saha, Kharagpur College 
 

Beta function (Euler’s integral of 1st kind): 

The Beta function having two indices 𝑚, 𝑛 written by 𝛽(𝑚, 𝑛) is defined as 

  𝛽(𝑚, 𝑛) = ∫ 𝑥ିଵଵ


(1 − 𝑥)ିଵ𝑑𝑥  ----------------- (1) 

Which is valid for real positive values of 𝑚 and 𝑛 (𝑖. 𝑒.  𝑚 > 0, 𝑛 > 0), because it is for just 
these values of 𝑚 and 𝑛 the integral is convergent. We shall not however prove the statement. 

This integral is also called the Euler’s integral of the first kind. From this definition it 
immediately follows that, for 𝑚 = 𝑛 = 1  

  𝛽(1,1) = ∫ 𝑥ଵିଵଵ


(1 − 𝑥)ଵିଵ𝑑𝑥 = ∫ 𝑑𝑥

ଵ


= 1 

Which is rather an important result. 

An important property of Beta function is its symmetry. It can be easily seen that 

 𝛽(𝑚, 𝑛) = 𝛽(𝑛, 𝑚)    i.e. Beta function is symmetric with respect to 𝑚 and 𝑛. 

Substituting 𝑥 = 1 − 𝑦 and 𝑑𝑥 = −𝑑𝑦   in equation (1) we get 

𝛽(𝑚, 𝑛) = න 𝑥ିଵ

ଵ



(1 − 𝑥)ିଵ𝑑𝑥 = − න(1 − 𝑦)ିଵ



ଵ

𝑦ିଵ𝑑𝑦 

= ∫ 𝑦ିଵଵ


(1 − 𝑦)ିଵ𝑑𝑦 = 𝛽(𝑛, 𝑚)  

   ⸫ 𝛽(𝑚, 𝑛) = 𝛽(𝑛, 𝑚) 

Other forms of Beta function: 

Beta function can be expressed in different forms as follow, 

1) 𝛽(𝑚, 𝑛) = ∫
௬షభ

(ଵା௬)శ

ஶ


𝑑𝑦  --------------- (2) 

Proof: we know that  𝛽(𝑚, 𝑛) = ∫ 𝑥ିଵଵ


(1 − 𝑥)ିଵ𝑑𝑥   

Putting 𝑥 =
ଵ

ଵା௬
 , so that 𝑑𝑥 = −

ଵ

(ଵା௬)మ
𝑑𝑦  and 1 − 𝑥 =

௬

ଵା௬
 

We get 𝛽(𝑚, 𝑛) = ∫ ቀ
ଵ

ଵା௬
ቁ

ିଵ

ஶ
ቀ

௬

ଵା௬
ቁ

ିଵ

ቂ−
ଵ

(ଵା௬)మ
ቃ 𝑑𝑦 = ∫

௬షభ

(ଵା௬)శ

ஶ


𝑑𝑦 

Using symmetry property of Beta function, we can write 

    𝛽(𝑚, 𝑛) = ∫
௬షభ

(ଵା௬)శ

ஶ


𝑑𝑦 

2) 𝛽(𝑚, 𝑛) = 𝑎𝑏 ∫
௫షభ

(௫ା)శ

ஶ


𝑑𝑥   ------------ (3) 

Proof: similar as previous one (Try this)   

3) 𝛽(𝑚, 𝑛) = ∫
௫షభା௫షభ

(ଵା௫)శ

ଵ


𝑑𝑥   ----------------------- (4) 
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Proof: From equation (2) we have  𝛽(𝑚, 𝑛) = ∫
௫షభ

(ଵା௫)శ

ஶ


𝑑𝑥   

 ⸫ 𝛽(𝑚, 𝑛) = ∫
௫షభ

(ଵା௫)శ

ଵ


𝑑𝑥 + ∫

௫షభ

(ଵା௫)శ

ஶ

ଵ
𝑑𝑥 

Consider the second integral ∫
௫షభ

(ଵା௫)శ

ஶ

ଵ
𝑑𝑥 

Putting 𝑥 =
ଵ

௬
 and  𝑑𝑥 = −

ଵ

௬మ
𝑑𝑦  we get 

න
𝑥ିଵ

(1 + 𝑥)ା

ஶ

ଵ

𝑑𝑥 = − න
ቀ

1
𝑦

ቁ
ିଵ

ቀ1 +
1
𝑦

ቁ
ା



ଵ

1

𝑦ଶ
 𝑑𝑦 = න

ቀ
1
𝑦

ቁ
ିଵ 1

𝑦ଶ  𝑑𝑦

ቀ
1
𝑦

ቁ
ା

(𝑦 + 1)ା

ଵ



 

= න
𝑦ିଵ

(1 + 𝑦)ା

ଵ



𝑑𝑦 

= න
𝑥ିଵ

(1 + 𝑥)ା

ଵ



𝑑𝑥 

⸫ 𝛽(𝑚, 𝑛) = ∫
௫షభ

(ଵା௫)శ

ଵ


𝑑𝑥 + ∫

௫షభ

(ଵା௫)శ

ஶ

ଵ
𝑑𝑥 = ∫

௫షభ

(ଵା௫)శ

ଵ


𝑑𝑥 + ∫

௫షభ

(ଵା௫)శ

ଵ


𝑑𝑥 

Therefore,    𝛽(𝑚, 𝑛) = ∫
௫షభା௫షభ

(ଵା௫)శ

ଵ


𝑑𝑥    

4) 𝛽(𝑚, 𝑛) = 2 ∫ 𝑠𝑖𝑛ଶିଵ𝜃
గ/ଶ


 𝑐𝑜𝑠ଶିଵ𝜃  𝑑𝜃 

Proof:  we know that  𝛽(𝑚, 𝑛) = ∫ 𝑥ିଵଵ


(1 − 𝑥)ିଵ𝑑𝑥    

Substituting 𝑥 = 𝑠𝑖𝑛ଶ𝜃  so that  𝑑𝑥 = 2 sin 𝜃 cos 𝜃  𝑑𝜃  we get 

 𝛽(𝑚, 𝑛) = ∫ (𝑠𝑖𝑛ଶ𝜃)ିଵ
ഏ

మ


(𝑐𝑜𝑠ଶ𝜃)ିଵ2 sin 𝜃 cos 𝜃  𝑑𝜃 

⸫ 𝛽(𝑚, 𝑛) = 2 ∫ 𝑠𝑖𝑛ଶିଵ𝜃
గ/ଶ


 𝑐𝑜𝑠ଶିଵ𝜃  𝑑𝜃 

Relation between 𝜷 and 𝜞 function: 

We know that 𝛤(𝑚) = ∫ 𝑒ି௫ஶ


𝑥ିଵ𝑑𝑥 

And   
௰()


= ∫ 𝑒ି௫𝑥ିଵஶ


𝑑𝑥 

 ⸫ 𝛤(𝑚) = ∫ 𝑘𝑒ି௫𝑥ିଵஶ


𝑑𝑥 

Multiplying both sides of the above equation by 𝑒ି𝑘ିଵ, we get 

𝛤(𝑚)𝑒ି𝑘ିଵ = න 𝑘ାିଵ𝑒ି(ଵା௫)𝑥ିଵ

ஶ



𝑑𝑥 
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Integrating both sides with respect to k we have 

 ∫ 𝛤(𝑚)𝑒ି𝑘ିଵஶ


𝑑𝑘 = ∫ ∫ 𝑒ି(ଵା௫)ஶ



ஶ


𝑘ାିଵ𝑥ିଵ 𝑑𝑥 𝑑𝑘 

𝛤(𝑚) න 𝑒ି𝑘ିଵ

ஶ



𝑑𝑘 = න 𝑥ିଵ

ஶ



𝑑𝑥 න 𝑒ି(ଵା௫) 𝑘ାିଵ

ஶ



𝑑𝑘 

𝛤(𝑚)𝛤(𝑛) = න 𝑥ିଵ

ஶ



𝑑𝑥 
𝛤(𝑚 + 𝑛)

(1 + 𝑥)ା
 

௰()௰()

௰(ା)
= ∫

௫షభ

(ଵା௫)శ

ஶ


𝑑𝑥 = 𝛽(𝑚, 𝑛)   

   ⸫  𝛽(𝑚, 𝑛) =
௰()௰()

௰(ା)
 

Example 2 

Show that  ∫ 𝑠𝑖𝑛𝜃
గ/ଶ


𝑐𝑜𝑠𝜃  𝑑𝜃 =

௰ቀ
శభ

మ
ቁ௰ቀ

శభ

మ
ቁ

ଶ௰ቀ
శశమ

మ
ቁ

 

Ans: we know that  𝛽(𝑚, 𝑛) = ∫ 𝑥ିଵଵ


(1 − 𝑥)ିଵ𝑑𝑥    

Substituting 𝑥 = 𝑠𝑖𝑛ଶ𝜃  so that  𝑑𝑥 = 2 sin 𝜃 cos 𝜃  𝑑𝜃  we get 

 𝛽(𝑚, 𝑛) = ∫ (𝑠𝑖𝑛ଶ𝜃)ିଵ
ഏ

మ


(𝑐𝑜𝑠ଶ𝜃)ିଵ2 sin 𝜃 cos 𝜃  𝑑𝜃 

⸫ 𝛽(𝑚, 𝑛) = 2 ∫ 𝑠𝑖𝑛ଶିଵ𝜃
గ/ଶ


 𝑐𝑜𝑠ଶିଵ𝜃  𝑑𝜃 

⸫ 
௰()௰()

௰(ା)
= 2 ∫ 𝑠𝑖𝑛ଶିଵ𝜃

గ/ଶ


 𝑐𝑜𝑠ଶିଵ𝜃  𝑑𝜃 

Putting 2𝑚 − 1 = 𝑝,     𝑖. 𝑒. 𝑚 =
ାଵ

ଶ
   and  2𝑛 − 1 = 𝑞, 𝑖, 𝑒.  𝑛 =

ାଵ

ଶ
 

⸫ 
௰ቀ

శభ

మ
ቁ௰ቀ

శభ

మ
ቁ

ଶ௰ቀ
శశమ

మ
ቁ

= ∫ 𝑠𝑖𝑛𝜃
గ/ଶ


 𝑐𝑜𝑠𝜃  𝑑𝜃 

Example 3 

Show that  ∫ √cot 𝜃
గ/ଶ


 𝑑𝜃 =

ଵ

ଶ
𝛤 ቀ

ଵ

ସ
ቁ 𝛤 ቀ

ଷ

ସ
ቁ 

In previous example we obtain,  ∫ 𝑠𝑖𝑛𝜃
గ/ଶ


𝑐𝑜𝑠𝜃  𝑑𝜃 =

௰ቀ
శభ

మ
ቁ௰ቀ

శభ

మ
ቁ

ଶ௰ቀ
శశమ

మ
ቁ

 

⸫ ∫ √cot 𝜃
గ/ଶ


 𝑑𝜃 = ∫ 𝑠𝑖𝑛ି

భ

మ𝜃
గ/ଶ


𝑐𝑜𝑠

భ

మ𝜃  𝑑𝜃 =
௰൭

ష
భ
మ

శభ

మ
൱௰൭

భ
మ

శభ

మ
൱

ଶ௰൭
ష

భ
మ

శ
భ
మ

శమ

మ
൱

=
௰ቀ

భ

ర
ቁ௰ቀ

య

ర
ቁ

ଶ௰(ଵ)
=

ଵ

ଶ
𝛤 ቀ

ଵ

ସ
ቁ 𝛤 ቀ

ଷ

ସ
ቁ 

        (𝑠𝑖𝑛𝑐𝑒  𝛤(1) = 1) 

 


