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Schrodinger equation
Time dependent Schrodinger equation

Dynamical evolution of a quantum state
Properties of Wave Function.
Interpretation of Wave Function.

Probability and probability current densities in 3D.

Conditions for Physical Acceptability of Wave Functions.

Normalization. Linearity and Superposition Principles.
Eigenvalues and Eigen functions.

Position, momentum and Energy operators.
Commutator of position and momentum operators.
Expectation values of position and momentum.

Wave Function of a Free Particle.
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Time dependent Schrodinger equation

1. De-Broglie hypothesis:
Photoelectric effect (1905, Einstein, Germany) and Compton Effect (1923,

Compton, America) showed that light/electromagnetic wave has particle nature.

Luis De-Broglie (France) proposed that like light wave, subatomic material
particles may also have dual character 1.e. wave like nature along with corpuscular

nature.

De Broglie proposed (1925) that the wavelength and frequency of the wave
associated with a subatomic material particle of momentum p and energy E are

given by:
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Time dependent Schrodinger equation

1. De-Broglie hypothesis:
The wave associated with a particle is called de Broglie wave or matter wave.

From (1.1) & (1.2):

h h 2 h
p=-=——"=hk .(3and E=hv=_—-21v=hw. (4

k is called wave number or wave vector or propagation constant. Dimension: L™1

De Broglie wave is not a mechanical wave like sound. Also i1t is not an

electromagnetic wave like light.
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Time dependent Schrodinger equation

2. Simplest wave:

It is assumed that the trajectory of a particle can be described by a wave function.
This wave function will have large amplitude in the regions where the particle is
more likely to be present and the amplitude will be small, where the existence of
the particle 1s less likely.

Let us proceed with the simplest wave, which is a plane monochromatic wave:
W@ ) = AeilkT-wt) 2.1)

This is the equation of a wave, having amplitude A and propagation vector k=
(2 /A)k and travelling along k with velocity v = w/ |E|

CI1T: Quantum Mechanics and Applications
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Time dependent Schrodinger equation

2. Time Dependent Schrodinger Wave equation:

If the wave travels along x-axis then, k=k% and k-7 = kx and the equation

becomes: _
Y(x, t) = Aettkx-—wt) (2.2)

Let us differentiate (2.2) as follows:

ihail/)(x, t) = ih(—iw)Aeikx-wt) = hwAellkx—wt)
t

N ih%t/)(x, t) = ho(x, t) (2.3)

CI1T: Quantum Mechanics and Applications
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Time dependent Schrodinger equation

2. Time Dependent Schrodinger Wave equation:

—ih%zp(x, t) = —ih :—er“kx-w ) = hkAetRX=9D = plap(x, t) = py(x,t) ..(2.4)
From De Broglie hypothesis: ik = p [from (1.4)]

9,
—lh—(—lﬁ—l[)(x t)) = h%k?yYP(x, t)

0x
1 . ) 2 K22
I m (_l ) ¢'(x t) = om l/J(x, t)
h? 9% B2 K2
o2 E ) = —— () (2.5)
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Time dependent Schrodinger equation

2. Time Dependent Schrodinger Wave equation:
According to de Broglie hypothesis and hw = E and hk = p [from (1.3) & (1.4)]

Therefore (2.3) and (2.5) reduce to:

i p® D) = EpE O 26 Tt = L) ... 2])
at ) yC) e . m axz ) m yl) ceeeienn .
2

Also for a free particle: 5—m = total mechanical enetgy E =~ ...... (2.8)
From (2.6), (2.7) and (2.8) we can write:

h? o X

= Y(x t) = ih=(x, 1) (2.9)

CI1T: Quantum Mechanics and Applications
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Time dependent Schrodinger equation
2. Time Dependent Schrodinger Wave equation:
Eqn. (2.9) 1s the time dependent Schrodinger eqn. for the 1D motion of a free particle.
Consider eqns.

—ih— () = pp(x,t) ... (24)  ih=p(x,t) = Ep(x,t) ...(2.6)

These eqns. indicate that the dynamical variables or observables linear momentum p

and total energy E can respectively be represented by the operators —ih aa_x and ih %.

Operator Observable
_ip 2
ih— > p
ihl ——> E
ot
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Time dependent Schrodinger equation
2. Time Dependent Schrodinger Wave equation:

., 0 ., 0 : :
—lha and lha are respectively called linear momentum operator and total

energy operator and are represented by the symbols P, E.

Observable Operator Operator Symbol
p ——> —iho —— P
E —s ih % ——> E

More on operators will be discussed later on.
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Time dependent Schrodinger equation
2. Time Dependent Schrodinger Wave equation in Three Dimensions:

Equation of a monochromatic plane wave: Y (7", t) = AeilkT-wt) (2.1)

Which can be written as: Y (¥, t) = AeilleT-wt) = peilllxxtlyyticsz)-wt]

d J .
lh&l[)(?, t) = ih aAel[(kxx-Fkyy-l_kzz)_wt] = ha)l,b(?, t)
9] Jd .
—ih—— (7, ) = —ihaAe‘[("x“kyy”‘ZZ)“"t] = hk, (7, t)
[} a —> —_> - a —_ —_
—lhagb(r, t) = hk, (7, t); —lhggb(r, t) = hk,yY (¥, t)

Note that k% + k,y + k,2 =k  Also: hk, = p, etc.

CI1T: Quantum Mechanics and Applications
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Time dependent Schrodinger equation
2. Time Dependent Schrodinger Wave equation in Three Dimensions:

ih— (T, 6) = hap (7, t) = EY(F,t)... (2.10)

A d —> — —
~ih Z Y@, 0) = hkp(F,0) = pap(F,0))
., O — — —
—lhEl/J(T, t) =k, p(@,t) = p,p(TFt) p......... (2.11)
., O — — —
—lha—zl/)(r, t) = hk, (7, t) = p,Y(T, t)}
Observable Operator Operator Symbol
.y O ~
pr ——>  —ih— ——> P,
etc. etc. etc.
E —>  ihe —> K
CI1T: Quantum Mechanics and Applications
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Time dependent Schrodinger equation

2. Time Dependent Schrodinger Wave equation in Three Dimensions:

Note that: ik, % + hk,y + hk,2 = hk

But: ik, X + hk,y + hk,Zz = p,X+p,y+p,2=p

So, hk=7p

Eqns. (2.11) can be written as: —ihVY(#, t) = hkyp(F, t) = BYF t)....... (2.12)

Observable Operator Operator Symbol
— P —— 4 =S
P — 5 -kl — P
CI1T: Quantum Mechanics and Applications
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Time dependent Schrodinger equation

2. Time Dependent Schrodinger Wave equation in Three Dimensions:

ih— Y@, 6) = hap(F0) ......... (2.10)

—iAV - —iAVY(F t) = —ihV - Rk (F t) = hk - —ikVY(F ©) = R2K2Y (3, ©)

he o2 = N _ hEK%
—ﬁV 1,b(r, t) = om 1/)(1‘, t) ......... (213)
) . thZ B pZ B B
For a free particle: o T = E=hw
[ .y 0o
Therefore, from (2.10) & (2.11): —5—V Y(r,t) = lhatp(r, ) FUU (2.14)

(2.14) 1s Schrodinger Eqn. for a free particle in 3D.

CI1T: Quantum Mechanics and Applications
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Time dependent Schrodinger equation

2. Time Dependent Schrodinger Wave equation in Three Dimensions:

Instead of a free particle, if we assume a particle in a force field derivable from a
potential V (7, t), then its total energy will be:

e
E=_—+ Vrt) ............ (2.15)
Eqn. (2.15) can be written as:
h2 k2 -
hw = o T V@, t) ............ (2.16)

Eqgn. (2.10), (2.13), (2.14) and (2.16) suggest that we can write:
2
— VI + VE OYE L) = ihp(F 0. (2.17)
Remember that (7, t) in this equation (2.14) is not that (7, t) of eqn. (2.1).

CI1T: Quantum Mechanics and Applications
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Time dependent Schrodinger equation

2. Time Dependent Schrodinger Wave equation in Three Dimensions:

@0 = Ly o)

Zm

R S
Note: 2m\7 Y, t) =
2

h : L : : A
o V2 is called the kinetic energy operator and is written as T

V(#,t) is a multiplicative operator, called potential energy operator and is written
as V.

2 AN\ A . . .
— ;—m V2+ V(@ t) =T+ V represents the total mechanical energy and is an is called

the Hamiltonian operator A

Then the Schrodinger eqn. becomes:
Hy(F,t) = ih— (7, 0)......... (2.18)

CI1T: Quantum Mechanics and Applications
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Time dependent Schrodinger equation

2. Time Dependent Schrodinger Wave equation in Three Dimensions:

Did we derived Schrodinger Equation?
Did Schrodinger derived his equation?
Derivation of Schrodinger equation is not possible.

Schrodinger only proposed it.

Feynman:
Where did we get that (equation) from? Nowhere. It is not possible to derive it
from anything you know. It came out of the mind of Schrodinger.
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Time dependent Schrodinger equation

3. Dynamical evolution of a quantum state

Will be discussed later on
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Time dependent Schrodinger equation

4. Properties of Wave Function

In classical mechanics we describe the state of a system with the help of the real
real physical variables position (7¥) and momentum (p).

In quantum mechanics we describe the state of a system with the help of a complex
function Y (7, t) = Y(x,y,z,t) of position and time. This is called the wave
function of the system.

Every thing, that can be known about a system, can be known from the wave
function of the system.

A physically acceptable wave function must have the following properties:



Time dependent Schrodinger equation

4. Properties of Wave Function
1) must be finite, continuous and single valued everywhere in the domain of the

variables of .

Also first derivatives of 1, 1.e. % in 1D case and %, % and 22 in 3D must be
0x dx’ 0y 0z

finite, continuous and single valued everywhere in the domain of the variables of
Y.

(7, t) must be square-integrable, i.e. the integration [Y*y dt = [|P|*dt over
all space must be finite.

ie [ _ Wdr=[__ [||*dr =finite.

For this to happen Y (x, y, z, t) must remain finite or become zero as x,y, z tend to
infinity.



Time dependent Schrodinger equation

5. Interpretation of Wave Function

Position Probability Density: Born proposed the statistical interpretation of Y in
1926: The product of (7, t) and its complex conjugate * (7, t) is the probability
density P (7, t) of finding the particle at the position 7 at time ¢t.

i.e. Position probability density P(¥, t) = Y*(# )Y@ t) = [Y(# t)|>...(5.1)

Therefore the quantity |y (7, t)|?dt is the probability of finding the particle in a
small volume dt around the position 7 at time t.

Obviously fj;llp(f’, t)|?dt is the probability of finding the particle any where in

the space and therefore 1t should be equal to unity:
2@ oPdr =1...(5.2)



Time dependent Schrodinger equation
5. Interpretation of Wave Function

Normalization:
A wave function satisfying the eqn. (5.2) is called normalized.

Schrodinger equation i1s a linear differential eqn. Therefore, if a wave function
Y (7, t) satisfies this eqn., then any constant multiple of Y (7, t), let Ny (7, t), will
also satisfy it and will be a wave function of the system. N may be real or
complex.

If by solving Schrodinger eqn. we do not get a normalized Y (7, t), then we can
suitably chose N, so that Ny (7, t) is normalized, i.e.

INZ @ 0lPdr =1 = N2 =1/[""1pF 0)|*dr...(53)



Time dependent Schrodinger equation

5. Interpretation of Wave Function

Normalization:
INPZ [TPlp@E OPdr =1 = N2 =1/ [ t)]2dr...(5.3)

N 1is called normalization constant, and the process of obtaining the normalized
wave function Ny (7, t) from an un-normalized one is called normalization.

Note that if you use multiply Ne*!® in place of N, where « is a constant, the eqn.
(5.3) remains unaffected. Thus all of Ne¥*®* and N can be taken as the
normalization constant. 1.e. the normalization constant remains undefined up to the

extent of a phase factor.



Time dependent Schrodinger equation

5. Interpretation of Wave Function

Probability Current Density- Conservation of Probability:

Total probability of finding the particle any where 1n the space 1s equal to unity:
[fPP@F tdr =1

Therefore if the probability of finding a particle in a volume element dt decreases
with time, then the probability of finding the particle some where outside this
element must increase so that the total probability remains unity — as if the
probability 1s flowing out across the boundary of the volume element.



Time dependent Schrodinger equation

5. Interpretation of Wave Function

Probability Current Density- Conservation of Probability:

This situation 1s similar to that of flow of charge out of a volume element. In that
case we know that time rate of decrease of charge inside a volume element is equal
to the rate of flowing out of charge per second across the boundary of that volume
element.

In electrostatics, this 1s expressed by the equation of continuity:

where p is the volume density of charge andi 1s the current density.



Time dependent Schrodinger equation

5. Interpretation of Wave Function

Probability Current Density- Conservation of Probability:

Let us examine the time rate of change of the probability of finding the particle in a
finite volume :

9 , 9 ) o . 0P
S PG odr=of ypypdr=[ (Zoy+yp E)dr.....(55)
Now (2.17):— % V2 (7, t) + V(E OY (@, t) = —ih %l/)(?, t), [Schrodinger Eqn.]

2
Complex conjugate:— j—m V2*(7,t) + V@, )yY*(#,t) = —ih%l/)*(?, t)

Wy _ 1 h% o P 1 h% o
Then: —( —V +V) and 2 ——( —V +V)
ot ih 2m ¢’ ih ¢’
CI1T: Quantum Mechanics and Applications
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Time dependent Schrodinger equation

5. Interpretation of Wave Function

Probability Current Density- Conservation of Probability:

1

b= R ey [R5 )y

= |- vy |+ yr || - vyt + vy
e (VYW + o V2 — VP Y+ VY'Y

= — (VY -y TY)



Time dependent Schrodinger equation

5. Interpretation of Wave Function
Probability Current Density- Conservation of Probability:

Now from vector analysis V. (u\7v) = uV2v + Vu- Vv

And V- (vﬁu) = vV2u + Vv - Tu
Therefore:

V- (u\?v — v\?u) = uV?v +Vu- Vv —vV2u—Vv-Tu = uV?v — vViu

Then S+ 20 = — L (v2y" -y 72yp) = =7 - = (p7y* — ')

= -V -] (say)
Where J = — (79" — *T1p) ......(5.6)



Time dependent Schrodinger equation
5. Interpretation of Wave Function
Probability Current Density- Conservation of Probability:

0 > OP(7,t)
Then — [ P(@#Ddt= |

dr=—[ V-Jdr....(57)

> f, (ZE247.])dr=0

And since dr is arbitrary, the integrand must vanish.

0P (7,t)
ot

+7-7=0.... (5.8)

Before discussing the significance of eqn. (5.8), let us try to understand f of
eqn. (5.6).



Time dependent Schrodinger equation

5. Interpretation of Wave Function

Probability Current Density- Conservation of Probability:
From eqn. (5.7), using Gauss’s divergence theorem:

_%fr P(#, t)dt = ¢f, J-Ads ... (5.9)

Where s is the boundary surface of the volume 7 and 7 is the unit normal on the
surface at ds.

Then the term in the rA.s of the above equation represents total outward normal
flux of f across the surface of the volume .

But the /4.5 1s the rate of decrease of probability in the volume 7. Therefore f must
be interpreted as flow of probability per second per unit area across s normally.

Thus f is called the probability current density.



Time dependent Schrodinger equation

5. Interpretation of Wave Function

Probability Current Density- Conservation of Probability:

Now, with the interpretation of P(7t) as probability density and as ] the
probability current density, we can call eqn. (5.8) the equation of continuity in
quantum mechanics. When written in the form of eqn. (5.9), it can be easily
understood as the statement of conservation of probability.

0P (7,t)
dt

+7-7=0.... (5.8)

_%fr P(#, t)dt = ¢f, J-Ads ... (5.9)

End of Class 24/08/2020



Questions from today’s class
(24/08/2020)

Chose correct answer: De Broglie wave 1s an electromagnetic wave / a
mechanical wave / not any electromagnetic or mechanical wave.

Give the symbols and expressions of total energy operator, momentum
operator, kinetic energy operator and Hamiltonian operator.

Give the symbols and expressions of of probability density P(7,t) and
probability current density f :

What are the dimensions of probability density P(7,t) and probability current
density / (3D).

Interpret the eqn. of continuity in quantum mechanics.



[E—

Answers of Questions of 24/08/2020

De Broglie wave is not any electromagnetic or mechanical wave.

Observable Operator

Total Energy E E= ih%

Linear Momentum p p=—ihV

Kinetic Energy T T =-— % v?
Hamiltonian H T=- —V2 + V(@)

Probability density P (7, t) = y* (F t)l/)(? t) = Y@ t)|?
Probability current density ] = —— (1/) \71/) 1/)\71/) )

Probability has no dimension. Probability density = probability per unit volume. Therefore it
has dimension is L™3.

- -3
From equation of continuity, (Z ) =-V-J = LT = %m = [j] = L7271




Answers of Questions of 24/08/2020

5. Interpretation of the eqn. of continuity:

oP(7,t)
ot

Integrating the eqn. of continuity + V- f = 0 and rearranging, we get:

oP(rt) , — - 7 A :
J, = dv=—J V-Jdt=—¢p J-fids, where s is the boundary surface of the volume

7. Gauss’s divergence theorem has been used.

9 S 5>
Or,—afr P(r,t)dr=gfﬁs J-fAids

The right hand side of the above equation is the total outward flow of probability per second
across the boundary surface s of the volume 7. The left hand side is the rate of decrease of total
probability in the volume 7. Thus the above equation states that the rate of decrease of probability
in a volume is equal to the rate of flowing out of probability across the boundary surface of that
volume. This is a statement of conservation of probability.

Therefore the equation of continuity is a statement of conservation of probability, in differential
form.



Time dependent Schrodinger equation

5. Interpretation of Wave Function

Probability Current Density

J == (P —piy*) = = - (' — YY)
(=3 7) + v ) = (= 59°79) + (=39 7w)

2Re (=" 7ip) = Re (" 2Ly )

nfot)

= Re(y* 7 )




Time dependent Schrodinger equation

5. Interpretation of Wave Function
Probability Current Density

J=Re(Y* D)oo, (5.10)
with "y = P (probability density)

Comparing with the expression of electric current density f = pv, we can see the

justification of interpreting as probability current density.



Time dependent Schrodinger equation

6. Condition of Physical Acceptability of Wave function:

(7, t) must be square-integrable, i.c. the integration [Y*y dt = [|P|*dt over
all space must be finite.

ie. [_ W pdr=[__[P|*dr =finite.

For this to happen ¥ (x, y, z, t) must remain finite or become zero as x, y, z tend to
infinity.



Time dependent Schrodinger equation
7. Normalisation:

fj;oll,b(ﬁ t)|?dt is the probability of finding the particle any where in the space
and therefore i1t should be equal to unity:

[l O)2dr =1 ...(7.1)

A wave function satisfying the eqn. (7.1) is called normalized.

Schrodinger equation is a linear differential eqn. Therefore, if a wave function
Y (7, t) satisfies this eqn., then any constant multiple of Y (7, t), let Ny (7, t), will
also satisfy 1t and will be a wave function of the system. N may be real or
complex.



Time dependent Schrodinger equation
7. Normalisation:

If, by solving Schrodinger eqn. we do not get a normalized Y (7, t), then we can
suitably chose N, so that Ny (7, t) is normalized, i.e.

NP [P 0lPdr =1 = N2 =1/["[p@F )l2dr...(7.2)

N 1s called normalization constant, and the process of obtaining the normalized
wave function Ny (7, t) from an un-normalized one is called normalization.

Note that if you use multiply Net'® in place of N, where « is a constant, the eqn.
(5.3) remains unaffected. Thus all of Net'® and N can be taken as the
normalization constant. 1.e. the normalization constant remains undefined up to the
extent of a phase factor.



Time dependent Schrodinger equation

8. Linearity and Superposition Principle:

Schrodinger eqn. is a 2" order linear partial differential equation.
2
— VI + VE OYE L) = ih (7 0. (2.17)

If Y, and ¢, are two separate solutions of a linear differential equation, then any
linear combination of Y, and V¥ ,, say, C;y4 + C,y¥,, where C; and C, are constants
(generally complex), will also be a solution of that equation. This is valid for any
number of separate solutions.

Thus if 1, are separate solutions of a linear differential equation, then any linear
combination of the solutions ¥, i.e.

Y@ t) =Y, Cop, @ t)............ (8.1)

where C,, are constants (in general complex), will also be a solution of that eqn.

This statement 1s called the superposition principle of the solutions of a linear
differential equation.

CI1T: Quantum Mechanics and Applications
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Time dependent Schrodinger equation

8. Linearity and Superposition Principle in Quantum Mechanics:

Each solution ,, of Schrodinger equation represents a quantum state. Thus any
linear combination of them will also represent a quantum state.

Linear combination of solutions of a linear differential equation can be physically
interpreted as the superposition of states represented by the solutions.

In classical mechanics, we are familiar with that concept in case of vibration of
strings. In that problem, the superposition of all possible harmonics of a vibrating
string stretched between two fixed points, construct the vibrational state of the
string.

In quantum mechanics, any superposition of a number of possible quantum states, is

also a quantum state. This statement 1s called the principle of superposition. This
principle 1s realized by the linear nature of Schrodinger eqn.

CI1T: Quantum Mechanics and Applications
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Time dependent Schrodinger equation

9. Eigen value and eigen function:

» Before entering in to the discussion of Eigen value and eigen function, it will
be helpful if we go through the solution of the Schrodinger eqn.

» Schrodinger eqn. for a time independent potential (we will confine to time
independent potentials in all of our future discussions):

~ L2y, 0 + VOPE O = ih SYF ). (2.17)

» Left side of the above PDE contains only space dependent operators and the right
side contains only time dependent operators. So we can apply the method of
separation of variables to solve it.

Let Y(7,t) = u(@)e() ......... 9.1)

CI1T: Quantum Mechanics and Applications
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Time dependent Schrodinger equation
9. Eigen Value and eigen function:

Then — V2u(®@) + —V(r) ¥ = —lh = ot)......... (9.2)

2mu( )

On the two sides of eqn. 9.2 are functions which depends on different variables and
can vary independently. Therefore this eqn. holds only if both sides are equal to a
constant, say E. Then after rearranging we get:

~Zp2u@ + VO = Eu@ ..0.3)  and ik 9(©) = Ep(D) .....(04)
Eqn. (9.4) has solution: @(t) = eiﬂht ........ (9.5)

Expression of u(7) can not be obtained from eqn. (9.3) until V (7) is known.

E
The final solution can be written as (¥, t) = u(P)en ...... (9.6)

CI1T: Quantum Mechanics and Applications 44
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Time dependent Schrodinger equation
9. Eigen value and eigen function:

If an operator A operating on a function u generates another function which differs
from u only by a constant multiplicative factor A i.e. Au = Au, then u is called eigen
function of the operator A belonging to the eigen value A. The eqn.: Au = Au is

called eigen value eqn.

E E
Now, from eqn. (9.6), ifl%l[)(?, t) = ih%u(f’)ei_ht = u(F)Eer’
= i P(F 1) = Ep(F,0)......(9.7)

Then from (2.17), — 1= V2P, 0) + V@AY (F, ) = EY@F, )

= OyY(# t) = EW@E0).......(9.8)
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Time dependent Schrodinger equation

9. Eigen value and eigen function:

Eqgns. (9.7) and (9.8) can be recognized as eigen value equations. Thus the

. . ., 0 >
separation constant E Is the eigen value of both the operators i P and H.

L 0 . ~ . o
We know that ih 5. 1 the total energy operator. And H is the Hamiltonian operator,

which represent the sum of kinetic and potential energies i.e. the total energy. Thus
the eigen value E is called the energy eigen value.

Remember the equations (9.3):  Hu(#) = Eu(¥)
(9.3) is called energy eigen value equation. The Hamiltonian operator H has eigen

E
function u(#), belonging to the energy eigen value E. Note that u(#*)e#" is also an

eigen function of H belonging to the eigen value E.
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Time dependent Schrodinger equation

9. Eigen value and eigen function:

Conditions to be satisfied by a function to be an quantum mechanical eigen
function:

(1) Eigen function must be single valued everywhere.

(1) Eigen function must be continuous everywhere.
(i11) Eigen function must be square-integrable 1.e. fjooo u, u,dx = finite.
(iv) For eigen value equation involving differential operators it may be required

that both the eigen function and its derivative remain continuous at all points.
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Time dependent Schrodinger equation

9. Eigen value and eigen function:

Properties of quantum mechanical eigen functions:
(1) Eigen values of a quantum mechanical operator @ are real and eigen functions
of a quantum mechanical operator are orthogonal. [For proof see 2.c &d)].
(i1) Eigen functions u,,(x) of a quantum mechanical operator forms a complete
set i.e. they have completeness property. This means that any arbitrary
continuous function P (x) satisfying the same boundary conditions as u,(x) can

be expanded in terms of the eigen functions u,, (x)as:

Y(x) =), C,u,(x), where C,, are constants.

End of Class 29/08/2020
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