
 

 

Fourier Series 

Expansion of functions with arbitrary period: 
So far in our discussion, we have assumed that the period of the function is 2π. Now we are 
going to discuss Fourier Series expansion for function f(x) with any arbitrary period 2l (say). 

Let us assume that, the function f(x) is defined in the interval (-l, l). Now we want to 
change the function to the period of 2π, so that we can use the formulae of an and bn as discussed 
earlier. 

As 2l is the period for variable x. 
Therefore, 2π is the period for variable =

௫

ଶ௟
× 2𝜋 =

గ௫

௟
 

Now, putting 𝑦 =
గ௫

௟
 or 𝑥 =

௬௟

గ
 , the function f(x) with periodicity 2l is transformed to the 

function 𝑓(
௬௟

గ
) with periodicity 2π.  

Now, 𝑓(
௬௟

గ
) can be expanded in Fourier series as 

𝑓(
𝑦𝑙

𝜋
) =

𝑎଴

2
+ ෍ 𝑎௡ cos 𝑛𝑦

ஶ

௡ୀଵ

+ ෍ 𝑏௡

ஶ

௡ୀଵ

sin 𝑛𝑦 

Where  𝑎଴ =
ଵ

గ
∫ 𝑓(

௬௟

గ
)𝑑𝑦

గ

ିగ
=

ଵ

గ
∫ 𝑓(𝑥)𝑑(

గ௫

௟
)

௟

ି௟
 , 𝑝𝑢𝑡𝑡𝑖𝑛𝑔 𝑦 =

గ௫

௟
 

Therefore, 𝑎଴ =
ଵ

௟
∫ 𝑓(𝑥)𝑑𝑥

௟

ି௟
 

Again 𝑎௡ =
ଵ

గ
∫ 𝑓(

௬௟

గ
) cos 𝑛𝑦 𝑑𝑦

గ

ିగ
=

ଵ

గ
∫ 𝑓(𝑥) cos

௡గ௫

௟
𝑑 ቀ

గ௫

௟
ቁ

௟

ି௟
, 𝑝𝑢𝑡𝑡𝑖𝑛𝑔 𝑦 =

గ௫

௟
 

𝑎௡ =
1

𝑙
න 𝑓(𝑥) cos

𝑛𝜋𝑥

𝑙
𝑑𝑥

௟

ି௟

 

Similarly, 𝑏௡ =
ଵ

௟
∫ 𝑓(𝑥) sin

௡గ௫

௟
𝑑𝑥

௟

ି௟
. 

Ex. 1  
Expand the following function in Fourier series 

 𝑓(𝑥) = ൜
0, 𝑓𝑜𝑟 − 5 ≤ 𝑥 ≤ 0

3, 𝑓𝑜𝑟 0 ≤ 𝑥 ≤ 5
 

Ans: 
Given interval for the function is (-5, 5) with periodicity 10. 

Therefore, 𝑎଴ =
ଵ

௟
∫ 𝑓(𝑥)𝑑𝑥

௟

ି௟
=

ଵ

ହ
∫ 𝑓(𝑥)𝑑𝑥

ହ

ିହ
=

ଵ

ହ
ቄ∫ 𝑓(𝑥)𝑑𝑥

଴

ିହ
+ ∫ 𝑓(𝑥)𝑑𝑥

ହ

଴
ቅ 

𝑎଴ =
1

5
න 3𝑑𝑥

ହ

଴

= 3 

And 𝑎௡ =
ଵ

ହ
∫ 𝑓(𝑥) cos

௡గ௫

ହ

ହ

ିହ
𝑑𝑥 =

ଵ

ହ
∫ 3 cos

௡గ௫

ହ

ହ

଴
𝑑𝑥 =

ଷ

ହ
×

ହ

௡గ
ቂsin ቀ

௡గ௫

ହ
ቁቃ

଴

ହ

= 0 

Similarly, 

 𝑏௡ =
ଵ

ହ
∫ 𝑓(𝑥) sin

௡గ௫

ହ

ହ

ିହ
𝑑𝑥 =

ଵ

ହ
∫ 3 sin

௡గ௫

ହ

ହ

଴
𝑑𝑥 =

ଷ

ହ
×

ହ

௡గ
ቂ−cos ቀ

௡గ௫

ହ
ቁቃ

଴

ହ

  

=
3

𝑛𝜋
{1 − (−1)௡} 

Therefore, 𝑏௡ = ቊ
0 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛
଺

௡గ
 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑

 

Therefore, Fourier series expansion of given function becomes 



 

 

𝑓(𝑥) =
3

2
+ ෎

6

𝑛𝜋

ஶ

௡ୀଵ,ଷ,ହ…

sin
𝑛𝜋𝑥
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Half Range Series: 
If the given function is defined in the interval (0, π), then it is immaterial whatever the 

function may be outside the interval (0, π). To get a cosine series expansion in the interval (-π, 
π), we have to extend the function f(x) in the interval (-π, π) as an even function. 

Then Euler’s formulae can be written as: 

 𝑎଴ =
ଶ

గ
∫ 𝑓(𝑥) 𝑑𝑥

గ

଴
,  𝑎௡ =

ଶ

గ
∫ 𝑓(𝑥) cos 𝑛𝑥 𝑑𝑥 , 𝑎𝑛𝑑

గ

଴
 𝑏௡ = 0 

Similarly, to expand the function as sine series, we have to extend the function f(x) in the 
interval (-π, π) as an odd function. And Euler’s formulae can be written as: 

  𝑎௡ = 0, 𝑎𝑛𝑑 𝑏௡ =
ଶ

గ
∫ 𝑓(𝑥) sin 𝑛𝑥  𝑑𝑥

గ

଴
. 

Let us consider an example: 
Ex. 1. 

(a) Expand 𝑓(𝑥) = 𝑥, 0 ≤ 𝑥 ≤ 𝜋 in Fourier cosine series. 
Ans: 
 Here the given function 𝑓(𝑥) = 𝑥, 0 ≤ 𝑥 ≤ 𝜋 has to be expanded as cosine series, so 
we can extend the function f(x) in the interval (-π, π) as an even function as, 

 𝑓(𝑥) = ൜
𝑥, 𝑓𝑜𝑟 0 ≤ 𝑥 ≤ 𝜋 (𝐺𝑖𝑣𝑒𝑛)

−𝑥, 𝑓𝑜𝑟 − 𝜋 ≤ 𝑥 ≤ 0 (𝐸𝑥𝑡𝑒𝑛𝑑𝑒𝑑)
 

 
As the function f(x) is now even functionin the interval (-π, π), therefore, 𝑏௡ = 0 

And 𝑎଴ =
ଶ

గ
∫ 𝑓(𝑥) 𝑑𝑥

గ

଴
=

ଶ

గ
∫ 𝑥 𝑑𝑥

గ

଴
=

ଶ

గ
× ቂ

௫మ

ଶ
ቃ

଴

గ

= 𝜋 

Similarly,  𝑎௡ =
ଶ

గ
∫ 𝑓(𝑥) cos 𝑛𝑥

గ

଴
 𝑑𝑥 =

ଶ

గ
∫ 𝑥 cos 𝑛𝑥 𝑑𝑥

గ

଴
=

ଶ

గ
ቄቂ𝑥

ୱ୧୬ ௡௫

௡
ቃ

଴

గ

− ቂ
ି ୡ୭ୱ ௡௫

௡మ
ቃ

଴

గ
ቅ 

=
2

𝜋𝑛ଶ
{(−1)௡ − 1} 

Therefore, 𝑎௡ = ቊ
0, 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛

−
ସ

గ௡మ
 , 𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑

 

Therefore, Fourier series expansion of given function becomes 

𝑓(𝑥) =
𝜋

2
− ෎

4

𝜋𝑛ଶ

ஶ

௡ୀଵ,ଷ,ହ…

cos 𝑛𝑥 

(b) From the above Fourier series expansion show that ∑
ଵ

(ଶ௡ିଵ)మ
ஶ
௡ୀଵ =

గమ

଼
 

Ans: 

 We have 𝑓(𝑥) =
గ

ଶ
− ෍

ସ

గ௡మ

ஶ

௡ୀଵ,ଷ,ହ…
cos 𝑛𝑥 

Putting x=0 in the above expression, we can write 

0 =
𝜋

2
− ෎

4

𝜋𝑛ଶ

ஶ

௡ୀଵ,ଷ,ହ…

 

  

𝜋

2
=

4

𝜋
෎

1

𝑛ଶ

ஶ

௡ୀଵ,ଷ,ହ…

 

  



 

 

෎
1

𝑛ଶ

ஶ

௡ୀଵ,ଷ,ହ…

=
𝜋ଶ

8
 

൤
1

1ଶ
+

1

3ଶ
+

1

5ଶ
+ ⋯ ൨ =

𝜋ଶ

8
 

  

𝑖. 𝑒 ෎
1

(2𝑛 − 1)ଶ

ஶ

௡ୀଵ,ଷ,ହ…

=
𝜋ଶ

8
 

 
 

Q.1 Obtain the Fourier Series for the function 𝑓(𝑥) = ቐ
1 −

ଶ௫

గ
, 𝑓𝑜𝑟 0 ≤ 𝑥 ≤ 𝜋 

1 +
ଶ௫

గ
, 𝑓𝑜𝑟 − 𝜋 ≤ 𝑥 ≤ 0 

 

Hence deduce that 

 ቂ
ଵ

ଵమ
+

ଵ

ଷమ
+

ଵ

ହమ
+ ⋯ ቃ =

గమ

଼
 

Q.2 Express 𝑓(𝑥) = 𝑥 as Half range cosine series in 0 ≤ 𝑥 ≤ 2. 

Q.3 Obtain the Fourier Series for the function 𝑓(𝑥) = ൝
𝑥, 𝑓𝑜𝑟 0 ≤ 𝑥 ≤

గ

ଶ
 

𝜋 − 𝑥, 𝑓𝑜𝑟
గ

ଶ
≤ 𝑥 ≤ 𝜋 

 

 
 
 


