Fourier Series

Expansion of functions with arbitrary period:
So far in our discussion, we have assumed that the period of the function is 2z. Now we are
going to discuss Fourier Series expansion for function f{x) with any arbitrary period 2/ (say).

Let us assume that, the function f{x) is defined in the interval (-/, /). Now we want to
change the function to the period of 27z, so that we can use the formulae of @, and b, as discussed
earlier.

As 2/ is the period for variable x.
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Therefore, 27 is the period for variable = % X 2m = -

Now, putting y = % or x = y; , the function f(x) with periodicity 2/ is transformed to the

function £ (%) with periodicity 27.
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Now, f (y;) can be expanded in Fourier series as

o)

a
f(—) —70 Zancosny+2b sinny

n=1 =1
Where ap == [" fE)dy == [ f(0)d(*) ,putting y ==
Therefore, ag = 7 f_l f(x)dx

Again @y = 2 % £ cosmy dy = 2[4 f(x) cos ™ d (%), putting y = =
l
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Similarly, b, f £ (x) sin = dx.

Ex. 1
Expand the following function in Fourier series
0,for—=5<x<0
f(x)—{ 3,for0<x <5
Ans:
Given interval for the function is (-5, 5) with periodicity 10.

Therefore, ag = %f_llf(x)dx = %f_ssf(x)dx = %{f_osf(x)dx + fosf(x)dx}
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Similarly,
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Therefore, b, = {in if nisodd

Therefore, Fourier series expansion of given function becomes



3 6 . nmnx
flx) = E+ Z —sin—
n=1,3,5...
Half Range Series:
If the given function is defined in the interval (0, z), then it is immaterial whatever the
function may be outside the interval (0, 7). To get a cosine series expansion in the interval (-,
), we have to extend the function f{(x) in the interval (-7, ) as an even function.

Then Euler’s formulae can be written as:

ap = %fonf(x) dx, a, = %fonf(x) cosnx dx ,and b, = 0
Similarly, to expand the function as sine series, we have to extend the function f{x) in the
interval (-z, 7) as an odd function. And Euler’s formulae can be written as:

a, =0, and b,, = %fonf(x) sinnx dx.
Let us consider an example:

Ex. 1.
(a) Expand f(x) = x,0 < x < m in Fourier cosine series.

Ans:
Here the given function f(x) = x,0 < x < 7w has to be expanded as cosine series, so
we can extend the function f(x) in the interval (-z, ) as an even function as,
_ x,for 0 < x < m (Given)
fe) = {—x, for —m < x < 0 (Extended)

As the function f{x) is now even functionin the interval (-z, x), therefore, b,, = 0
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Similarly, a, = ;fo f(x)cosnx dx = ;fo x cosnx dx = ;{[x ] — [ ] }
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0, if nis even

Therefore, a,, = { 4 )
—— ,if nis odd

Therefore, Fourier series expansion of given function becomes
[oe]
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n=1,3,5...
. . . 1 2
(b) From the above Fourier series expansion show that }\7; G = %
Ans:
T @ 4
We have f(x) = 3= Zn=1,3,5...m cos nx
Putting x=0 in the above expression, we can write
0= T 4
) n?
n=1,3,5...
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Q.1 Obtain the Fourier Series for the function f(x) = e
1+?,for—7erS0
Hence deduce that
1 1 1 2
Eratat]=%
Q.2 Express f(x) = x as Half range cosine series in 0 < x < 2.
x,for0<x< g

Q.3 Obtain the Fourier Series for the function f(x) = -
n—x,for;SxSn



