
GameTheory

Mostofoperationsresearchdealswithproblemsthatareverycomplexorthatin
somewayareaffectedbyrandom events.Whentheproblemsaredeterministic,a
largevarietyofthem canbesolved,atleastconceptually,withthemethods
discussedinthefirstpartofthebookregardlessoftheircomplexity.
Randomnesscloudsthedefinitionofoptimalityandmakesthedecisionprocess
thatmuchmoredifficultduetoourinabilitytopredictoutcomeswithcertainty.
Themethodsofoperationsresearchprovidetheanalytictoolsthatgiveadditional
informationtothedecisionmaker,andinmanycasesallowoptimaldecisionsto
beprescribed.InChapter23,weconsidereddecisionanalysis,aprocessthat
leadstopoliciesthatareoptimaleveninthepresenceofrandom events.With
decisionanalysisweareassumingthatnature,our“opponent,”isfairorunbiased.
Theprobabilitydistributionforarandom eventmaybeaffectedbyprevious
eventsanddecisions,buttheeventisselectedbyafairlotteryaccordingtothe
givenprobabilitydistribution.

Thedecisionproblemsweofteninvolveanotherindividualwhomaybean
antagonisticopponent.Wemustmakedecisionsknowingthattheresultwillbe
governedinpartbytheactionsofacompetitor.Husbandsandwivesmustdeal
witheach,parentswiththeirchildren,businesseswiththeircompetitors,military
commanderswiththeirenemies,andgameplayerswiththeiropponents.Thepart
ofoperationsresearchthataddressesthiskindofsituationiscalledgametheory.
Althoughclearlyapplicabletogamesasthenameimplies,itisappropriateina
widevarietyofcontextsinwhichonemustmakeadecisionwhoseoutcomewill
bedeterminedbytheactionsofoneormoreindividuals.

Weintroducethesubjectinthischapterbyconsideringaverysimplegame
withtwoopposingplayers.Itiscalledazero-sum gameinwhichagaintoone
playerisalosstotheother.Allinformationconcerningthegameisknownto
bothplayers;i.e.,thereiscompleteinformation.Theplayersaresaidtoberational
andintelligent.Arationalpersonisonewhoactsinsuchawayastomaximize
hisorherexpectedpayofforutilityaseconomistswouldsay.Anintelligent
personisonewhocandeducewhathisorheropponentwilldowhenacting
rationally.

24.1 B
BasicModels

Withagametheorymodel,weprovideamathematicaldescriptionofasocial
situationinwhichtwoormoreindividuals,orplayers,interact.Suchabroad
scopeallowsmanykindsofmodels.Theremaybetwoplayersormany.The
playersmaybecompetitiveorcooperative.Withmorethantwoplayersthere
maybecollusionamongsubsetsoftheplayers.Gamesmayinvolveseveral
sequentialstepsoronestepforeachplayer.
Competitivesituationsmayberepeatedorbefacedonlyonce.Information
concerningtherulesofengagementandthepayoffsmaybeknowntoallplayers
orimperfectlyknowntosome.Inanintroductorydiscussion,wecanonlytouch
onthisimportantandvaluablesubject.Werestrictattentiontothesimplest
model--thetwo-person,zero-sum game.

TheTwo-Person,Zero-Sum Game

Consideracompetitivesituationwithtwoplayersandarbitrarily
assumethatplayerIisawomanandplayerIIisaman.Thegameis
specifiedbythesetsofstrategiesavailabletothetwoplayersand
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ofstrategiesforplayerIisindexedfrom 1throughm.Thesetof
strategiesforplayerIIisindexedfrom 1throughn.Thepayoff
matrix(seeTable1)specifiesthegainorprofittoplayerIforevery
strategypair(i,j).

Table1.PayoffMatrix

PlayerII

1 2 ... n

1

PlayerI 2

m

Thetwoplayersselecttheirstrategiessimultaneously,and
whenplayerIusesstrategyiandplayerIIusesstrategyj,playerI
receivesthepayoffpijfrom playerII.Apositivenumberisagainfor
playerIandanegativenumberisaloss(againforplayerII).Again
tooneplayerisalosstotheother,thusprovidingthezero-sum
feature.Thepayoffobtainedwhenthetwoplayersselecttheir
strategiesisthevalueofthegame.Eachplayerknowallstrategies
availabletotheother,andtheybothagreeonthepayoffmatrix.

Wewillseethatthisisnotaveryinterestinggamebecause
theoptimalstrategiesforbothplayerscanbedeterminedinadvance
andneitherplayercanimprovehisorherpositionbychangingthe
prescribedstrategy.Solutionsareeitherpureormixedstrategies.
Withapurestrategyaplayerchoosesonlyonestrategyinaplayof
thegame.Inamixedstrategy,aplayerchoosesoneofseveral
strategiesaccordingsomeprobabilitydistribution.

Tic-Tac-Toe

Toillustrate,considerthisverysimpleexampleofatwo-person
game.Asmostreaderswillknow,thegameisplayedonthe
diagram showninFig.1a.ThefirstplayerbeginsbyenteringanXin
oneofthenineavailablespaces.ThesecondplayerplacesaOin
oneoftheeightremainingplaces.Thetwoplayerscontinuetaking
turnsinthisfashion(firstXandthenO)untileitherallsquaresare
filled,itbecomesclearthatoneplayerhaswon,oritisclearthat
neitherplayercanwin.Thegameiswonifthreeofoneplayer's
symbolsarearrangedinastraightlineeitherhorizontally,vertically
ordiagonally.Figure1showsanexamplewherethesequenceof
playsbthroughhresultsinawinforX.Thegamefrequentlyendsin
atiewithnoplayerwinning,asshowninFig.1i.
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Figure1.Thetic-tac-toegame

Toanalyzethisgame,onemightuseadecisiontreeas
describedinChapter23.Asallexperiencedplayersofknow,the
resultofthegameiscompletelydeterminedafterthefirstXandthe
firstOhavebeenplayed,assumingneitherplayermakesamistake.
RepresentingawinforXasthevalue1,atiewitha0,andawinfor
Oasa–1,Fig.2showsthedecisiontreebasedonthefirsttwo
plays.Becausethegameissymmetricitisonlynecessaryto
considersquares1,2and3forplayerIandareducednumberof
squaresforplayerII.Anymovesleftoutaresymmetrictooneof
thoseshown.BecauseplayerIgoesfirst,herthreepossibleplays
areinsquare1,2and3.GiventhechoiceofplayerI,playerIIhas
theseveralremainingsquaresasapossibleresponse.

3 4 5

2 1 6

9 8 7
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Figure2.Thedecisiontreeshowingthepossibleresultsoftic-tac-toe

Theresultsofthegamegiventhefirsttwoplaysareshownin
thefigure.ThegameshowninFig.1b-Fig.1hfollowsthetoppath
ofthedecisiontreewhereplayerIusessquare1,thecenter,and
playerIIfollowswithsquare2.Theultimateresultisawinforplayer
I.ThecompletegameinFig1iistheresultobtainedwhenplayerI
startswithsquare2andplayerIIcounterswithsquare3.Thegame
isalwaysatiewhenthesuccessiveplaysaremadeintelligently.

ThetreeshowninFig.2isamodelofthegameandiscalled
theextensiveform.Itdepictsthesequentialnatureofthegame.
Evenforthissimplesituation,theextensiveform canbeverylarge.
Ifwehadnotrecognizedthesymmetryofthegameandthefact
thatonlythefirsttwomovesareimportant,thetreewouldbe
impossibletoshowonasinglepage.

TheStrategicForm

Gametheoryusesanalternativemodelcalledthestrategicform
whichrepresentsthegameasamatrix.Theassumptionofthe
strategicform isthatbothplayersselectstrategiesbeforethegame
isplayedandsimplyactoutthosestrategiesinturn.Astrategy
mustdescribeaplanofactionforeverypossiblesituation.

Asafirstattempt,wemightdefineastrategyforplayerIas
herfirstplayandthestrategyforplayerIIashisresponse.This
definitiondoesnotworkforplayerII.Itdoesnotprescribewhat
playerIIshoulddoifplayerIusesthesquarethathewasintending
touse.
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definethefollowingstrategiesregardingthefirstmovesforthetwo
players.
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PlayerI:Selectoneoftheninesquaresonthegameboard.

PlayerII:Selectoneoftheninesquaresonthegameboard.If
playerIusestheselectedsquare,

•putanOinsquare3,5,7,or9ifanXisinsquare1(center)

•putanOincell1IfanXisincellj.

Thesearecompletestrategies.Theplayerscanselectthem before
thegamebeginsandfollowthem throughthefirsttwoplays.The
strategicform ofthegameisrepresentedinTable2.Theentriesin
thetablearethevaluesofthegameforeverypossibleselectionof
strategies.

Table2.StrategicForm oftheTic-Tac-ToeGame

StrategyforPlayerII,O

Strategyfor

PlayerI,X

Conceptually,everygamethatcanbedescribedbyan
extensiveform likethatinFig.2hasanequivalentstrategicform
similartotheoneshowninTable2.Forconvenience,wewilluse
thestrategicform forfurtheranalysis.Itisequivalenttothepayoff
matrixintroducedearlier.Thepayoffmatrixtogetherwiththe
descriptionsofthestrategiesconstitutethemodelforthetwo-
person,zero-sum game.

1 2 3 4 5 6 7 8 9

1 0 1 0 1 0 1 0 1 0

2 0 0 0 1 1 0 1 1 0

3 0 1 0 1 1 1 1 1 1

4 0 1 0 0 0 1 1 0 1

5 0 1 1 1 0 1 1 1 1

6 0 0 1 1 0 0 0 1 1

7 0 1 1 1 1 1 0 1 1

8 0 1 1 0 1 1 0 0 0

9 0 1 1 1 1 1 1 1 0
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24.2 S
olutionMethods

Wesolvethegamebyprescribingtheoptimalstrategieseachplayershouldadopt.
Thegameisplayedbytheplayersfollowingthestrategies.Solutionsmayinvolve
purestrategies,inwhicheachplayerusesonlyoneplay,ormixedstrategies,in
whichplaysareselectedrandomlyaccordingtosomeprobabilitydistribution.The
valueofthegameisthepayoffobtainedwhenbothplayersfollowtheiroptimal
strategies.

DominatedStrategies

Adominatedstrategyisastrategythatyieldsapayoffforoneofthe
playersthatislessthanorequaltothepayoffforsomeother
strategyforallactions
oftheopponent.ForplayerI,strategyiisdominatedbystrategykif

pijpkjforj=1,...,n (1)

Inotherwordsiisdominatedbykifeveryelementofrowiinthe
payoffmatrixislessthanorequaltoeverycorrespondingelement
ofrowk.

ForplayerII,astrategyisdominatedifeveryelementofa
columnisgreaterthanorequaltoeverycorrespondingelementof
someothercolumn.
Strategyjisdominatedbystrategykif

pijpikfori=1,...,m. (2)

Itshouldbeclearthatdominatedstrategieswillnotbeused
inthesolutionofthegame.Ifadominatedstrategyisused,abetter
solutionisalwaysobtainedbyreplacingitwiththedominating
strategy.Thefirststepinthesolutionprocessistofindand
eliminatethedominatedstrategiesfrom thegame.

Usingthetic-tac-toepayoffmatrixinTable1,weobservethat
column1issmallerthaneveryothercolumn.Strategy1forplayerII
dominateseveryotherstrategy.Wecan,therefore,eliminateall
othercolumns.Theresultingmatrixhasonecolumnwithallzeroes.
ForplayerI,allstrategiesareequal,andthegamewillalwaysendin
atie.Theoptimum strategyis

PlayerI:Selectoneoftheninesquaresofthegameboard

PlayerII:AlwaysusethecentersquareunlessplayerI

choosesitIfplayerIusesthecentersquare,putanOinsquare3,

5,7,or9.

Thedominanceargumentshowswhatmanyhavediscovered
bytrialanderror,tic-tac-toeisnotaveryinterestinggamefor
intelligentplayers.
Onecanwinonlyifoneoftheplayersmakesamistake.

Weusethemoreinterestinghypotheticalpayoffmatrixin
Table3foranotherillustration.Todescribethesequenceof
operationsinasolutionwecallrowiandcolumnjofthecurrent
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payoffmatrixchangeswiththeeliminationofstrategies.Then

•rowiisdominatedbyrowkifrirk,and
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•columnjisdominatedbyrowkifcjck.

Table3.PayoffMatrixwithDominatingStrategies

PlayerII

1 2 3 4

1 5 4 –3 –2

PlayerI 2 2 –1 –2 0

3 2 4 –1 0

4 1 3 2 1

WestartwithplayerIandfindanydominatedstrategies.To
dothiswemustcompareeverypairofrowstoseeifthecondition
identifiedbyEquation(1)issatisfied.Dominatedstrategiesare
eliminatedbydeletingtheassociatedrowsfrom thepayoffmatrix.
ForplayerII,wefindandeliminatedominatedstrategiesby
comparingallpairsofcolumnstoseeiftheEquation(2)issatisfied.
Theassociateddominatedcolumnsarethendeleted.Sincedeleting
rowsandcolumnsmayuncovernewdominatedstrategies,we
continuetheprocessuntilnodominatedstrategiesremainforeither
player.Ifonlyonestrategyremainsforbothplayers,thesestrategies
arethesolutiontotheproblem.

Wesolvetheexampleproblem byfirstnotingthat

r2r3,c1c4,andc2c3.

Strategy2isdominatedforplayerIandstrategies1and2are
dominatedforplayerII.Deletingtheassociatedrowsandcolumns
ofthedominatedstrategiesweobtainanewpayoffmatrix.

PlayerII

3 4

1 –3 –2

PlayerI 3 –1 0

4 2 1

Now

andthenewmatrix
is

r1r3,r3r4

PlayerII

3 4

PlayerI 4 2 1

Whenonlyonerow(orcolumn)remains,itisalwayspossible
toreducethenumberofcolumns(orrows)toonebydominance.
Wethenfindthesolutiontothegamewithbothplayersusing
strategy4.Thevalueofthegameisequalto1.
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Saythegamewassequentialratherthanbothplayers
selectingtheirplayssimultaneously.Table4givesthepayoffmatrix
whenplayerIgoesfirst.OnemightsuspectplayerIIhasthe
advantagesincehisplayisobviousgiventheselectionofplayer1.

Table4.PayoffMatrixwhenPlayerIGoesFirst

PlayerII Best

1 2 3 4 forII Value

1 5 4 –3 –2 3 –3

PlayerI 2 2 –1 –2 0 3 –2

3 2 4 –1 0 3 –1

4 1 3 2 1 1or4 1

WhenplayerIselectsanystrategyexcept4,playerIIwilldobetter.
ButknowingthepayoffmatrixandassumingplayerIIisrational,
whyshouldsheuseanystrategyexcept4?Theonlyrationalsolution
isforplayerItousestrategy4andplayerIItocounterwithstrategy
1or4.

SaddlePointSolutions

Usingdominance,astrategyiseliminatedifitisinferiorto(oratbest
nobetterthan)someotherstrategyinallrespects.Thisuseswhat
mostwouldconsiderasareasonablecharacteristicofrationality,itis
bettertoreceivealargerpayoffthanasmallerpayoff.Whatif
dominancecannotbeusedtoeliminateallbutonestrategyasinthe
matrixofTable5?

Table5.PayoffMatrixforSaddlePointExample

PlayerII

1 2 3

1 5 1 0

PlayerI 2 0 2 7

3 4 3 4

Considerthedecisionproblem ofplayerI.Intheworstcase
assumethatheropponentknowsherdecision.Ifshechooses
strategy1,hewillchoosestrategy3foravalueof0.Ifshechooses
strategy2,hewillchoosestrategy1foravalueof0.Ifshechooses
strategy3,hewillchoosestrategy2foravalueof3.This
informationisobtainedbyselectingtheminimum valueforeach
rowandtheassociatedbeststrategyforplayerII.

UsingasimilaranalysisforplayerII.Ifhechoosesstrategy1,
shewillchoosestrategy1foravalueof5.Ifhechoosesstrategy2,
shewillchoosestrategy3foravalueof3.Ifhechoosesstrategy3,
shewillchoosestrategy2foravalueof7.Thisinformationis
obtainedbyselectingthemaximum valueforeachcolumnandthe
associatedbeststrategyforplayer
I.Table6summarizestheinformationforbothplayers.
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Table6.PayoffMatrixwithSaddlePointStrategies

1

Player

II2 3

Minimu

mof

row

Strateg

yfor

II1 5 1 0 0 3

PlayerI 2 0 2 7 0 1

3 4 3 4 3 2

Maximum forcolumn 5 3 7

StrategyforI 1 3 2

Ifbothplayersassumetheiropponentsarerationaland
intelligent,theobviousconclusionisthatplayerIshouldselect
strategy3andplayerIIshouldselectstrategy2,andthevalueofthe
gameis3.WhenplayerIselectsstrategy3,anyotherchoicebeside
strategy2forplayerIIwillresultinagreaterlossforplayerII.When
playerIIselectsstrategy2,anyotherchoiceexceptstrategy3for
playerIresultsinasmallerreturnforplayerI.

Thecell(3,2)iscalledthesaddlepointofthegame.Thetwo
playersareusingtheminimaxcriterionforstrategyselection.Not
everygamehasasaddlepoint,butwhenitdoesthesaddlepointis
thesolutionofthegame.

Ingeneralterms,thepureminimaxstrategyforplayerIis
thestrategythatmaximizesherminimum gain.Thepayoffforthis
strategyisvLwhere

vL=Maxi=1,...,m{Minj=1,...,npij}=Max{0,0,3}=3The

rowthatdeterminesthemaximum isthepureminimaxstrategy

for
playerI.Thisisrow3fortheexample.Thepureminimaxstrategyfor
playerIIisthestrategythatminimizesthemaximum gainforplayerI.
ThepayoffforthisstrategyisvU where

vU =Minj=1,...,n{Maxi=1,...,m pij}=Min{5,3,4}=3

Thecolumnthatobtainstheminimum ishispureminimax
strategyforplayerII.Thisiscolumn2fortheexample.

ThequantitiesvLandvUdefinedabovearecalledthelower
anduppervalueofthegame,respectively.Whenthesetwovalues
arethesame,thecommonresult,v=vL=vU iscalledthevalueof
thegame.Whenthesameelementofthepayoffmatrixdetermines
theminimaxstrategiesforbothplayers,theupperandlowervalues
areequal,andthatelementiscalledthesaddlepoint.Astable
gameisagamewithasaddlepoint.Inthisgame,bothplayerscan
adoptthepureminimaxstrategyandcannotimprovetheirpositions
bymovingtoanyotherstrategy.

Becausebothplayersareintelligent,theybothknowthe
payoffmatrix.Becausetheyarebothrational,theonlypossible
solutionforthisgameisthesaddlepoint.

Anunstablegameisagamewithnosaddlepoint.Inthiscase
upperandlowervaluesarenotequal.Aplayercannotadoptthepure
minimaxstrategywithoutprovidingtheopportunityfortheopponent
togainan
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improvedreturn.Thenextsectiondescribeshowthissituationis
handledwithmixedstrategies.

MixedStrategies

ConsiderthepayoffmatrixinTable7.Weseeforthismatrix

vL=Maxrows{Mincolumnspij}=Maxrows{–2,1}=1

ThepuremaximinstrategyforplayerIisstrategy2.

vU=Mincolumns{Maxrowspij}=Min{4,4,6,7}=4.

ThepureminimaxstrategyforplayerIIisstrategy1.Thus,the
lowerandupperboundsonthevalueofthegamearenotthesame
sonosaddlepointexists.Ifbothplayersusedtheirpureminimax
strategy,thepayoffforthegamewouldbe2;however,thisisnot
thesolution.Ratherthesolutionisoneinwhichbothplayersusea
mixedstrategy.

Table7.PayoffMatrixforExampleUsingMixedStrategies

PlayerII Minimum Strategy

1 2 3 4 ofrow forII

PlayerI 1 4 0 6 –2 –2 4

2 2 6 1 7 1 3

Maximum forcolumn 4 6 6 7

StrategyforI 1 2 1 2

Amixedstrategyisprocedureforplayingthegamebywhich
eachplayerchoosesthestrategyusingadiscreteprobability
distribution.For
playerI,theprobabilitiesare(x1,x2,...,xm),wherexiisthe

probabilitythatstrategyiwillbechosen.ForplayerII,the
probabilitiesare(y1,y2,

...,yn),whereyjistheprobabilitythatstrategyjwillbechosen.Bothsets
ofprobabilitiesmustsum to1.Theexpectedvalueofthepayoffof
thegamewhentheplayersuseamixedstrategy.

m n

Expectedpayoff=pijxiyj.
i1j1

m

xi=1,
i1

n

yj=1
j1

Eachplayerwillusethemixedstrategythatwillminimizehis
orhermaximum expectedloss.Intermsofthepayoff,playerIwill
adoptamixedstrategythatwillmaximizetheminimum expected
payoff,andplayerIIwilladoptamixedstrategythatwillminimizethe
maximum expectedpayoff.Ifbothplayersfollowtheirminimax
strategies,thevalueofthegame,v,isequaltotheexpectedpayoff.

Todescribethelogicofthemixedstrategy,considerthe
problem ofplayerIwhensheisselectingtheprobabilities(x1,x2,...,
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thattheexpectedpayoffofthegametoplayerIwhenplayerII
usespurestrategyjis

m

pijxi

i1

forj=1,…,n

Asanintelligentandrationalperson,playerIIselectsastrategythat
willassurethatthevalueofthegameforplayerI,vI,islessthanor
equaltotheexpectedvalueforanypurestrategyj.Thenwecan
writeforeachjtheconstraint

m

pijxivIforj=1,…,n.
i1

NowplayerIwillselectvaluesfortheprobabilitiesthatwillmaximize
herreturn.Togetherthislogicleadstothelinearprogramming
solutionforplayerI'sstrategy.

MaximizevI

subjectto

m

pijxivI,j=1,…,n (3a)
i1

m

xi=1 (3b)
i1

xi0,i=1,…,m (3c)

Thelasttwoconstraintsetsassurethatthedecisionvariablesxi
defineanacceptableprobabilitydistribution.

Itisnothardtoshowthatthedualofthismodelsolvesthe
selectionproblem forplayerII.Assigningthedualvariablesyjtothe
constraintsintheset(3a),weobtainthedualproblem.

MinimizevII

subjectto

n

pijyjvII,i=1,…,m. (4a)
j1

n

yj=1 (4b)
j1

yj0,j=1,…,n (4c)

Solvingeitheroneoftheselinearprogramsyieldstheoptimal
solutionforoneplayer.Thedualvaluesprovidethesolutionforthe
otherplayer.

WerepeatthepayofffortheexamplematrixinTable8so
thatwecanconstructthelinearprogrammingmodel.
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Table8.PayoffMatrixinTable7

PlayerII

1 2 3 4

PlayerI 1 4 0 6 –2

2 2 6 1 7

ThelinearprogrammingmodelforplayerIis

Maximizev

subjectto4x1+2x2v

6x2v

6x1+1x2v

–2x1+7x2v

x1+x2=1

x10,x20

andthedualmodelforplayerIIis

Minimizev

subjectto4y1 +6y3–2y4v

2y1+6y2+1y3+7y4v

y1+y2+y3+y4=1

y10,y20,y30,y40

Solving,wegetthesolution

(x1,x2)=(5/11,6/11)withv=

32/11fortheprimalproblem and

(y1,y2,y3,y4)=(9/11,0,0,2/11)

forthedualproblem.

AModifiedTac-Tac-ToeGame

Asanotherexamplewemodifythetic-tac-toegamesothatthe
playersselecttheiropeningmovesbeforethegamebegins.Togive
playerIIabetterchance,wesaythatplayerIIwinsifbothplayers
selectthesamesquarefortheinitialmove.Otherwiseweproceedto
playthegameasbefore.ThenewpayoffmatrixisshownasTable9.
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Table9.StrategicForm oftheTic-Tac-ToeGamewhenXgoesfirst.

PlayerII:FirstplayforO

1 2 3 4 5 6 7 8 9 Min

1 –1 1 0 1 0 1 0 1 0 –1

2 0 –1 0 1 1 0 1 1 0 –1

3 0 1 –1 1 1 1 1 1 1 –1

PlayerI: 4 0 1 0 –1 0 1 1 0 1 –1

Firstplay 5 0 1 1 1 –1 1 1 1 1 –1

forX 6 0 0 1 1 0 –1 0 1 1 –1

7 0 1 1 1 1 1 –1 1 1 –1

8 0 1 1 0 1 1 0 –1 0 –1

9 0 1 1 1 1 1 1 1 –1 –1

Max 0 1 1 1 1 1 1 1 1

Wenoticefrom thistablethat

vL=–1andvU=0.

Thisgamedoesnothaveasaddlepointsolution.Usingthetheory
ofthissection,wecanconstructalinearprogrammingmodelto
findtheoptimalstrategies:

PlayerI(Xplayer):Useamixedstrategywithx2=0.5,x3=0.25and

x5=0.25

PlayerII(Oplayer):Usepurestrategy1

Theexpectedvalueofthegameis0.AlthoughplayerIIcanadopta
purestrategy,itisimportantthatplayerIadoptamixedstrategy,
notincludingtheactionofputtinganXinthecenter.Therearea
numberofalternativeoptimalsolutionsforplayerII,butallinvolve
amixedstrategy.AnypurestrategyadoptedbyplayerIwillresult
inasurewinforplayerII.
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24.3 W
hatMakesGamesInteresting

Alltheexampleswehavedescribedhavesimplesolutions.Theoptimalstrategies
forboth players are determined entirelybythe payoffmatrixand maybe
describedbeforethegameisplayed.Wemightrankthethreecasesintermsof
simplicityofanalysisandplay.

•Thesolutionisdeterminedbydominance.Hereallbutonestrategyfor
eachplayerisdeterminedbyobservationandelimination.Onemight
suggestthattheeliminatedstrategieswereredundantinthefirstplace
sincetheyaddnothingtotheopportunitiesavailabletotheplayers.The
gamereallyhasonlyonerationalstrategyforeachplayer.

•Minimaxstrategiesdetermineastablesolution.Herethestrategiesare
beneficialiftheopponentmakesthewrongplay.Intelligentandrational
players,however,willalwaysselectthesaddlepointstrategy.Thegame
couldbeplayedsequentiallywitheitherplayergoingfirstandrevealinghis
orherselection.Theopponentcan'timprovetheresultwiththeadded
information.

•Minimaxstrategiesdonotdetermineastablesolution.Heretheplayers
mustselectastrategyfrom severalpossibilitiesusingaprobability
distribution.Theresultsofasingleplayareuncertainbuttheexpected
valueisfixed.Itisimportantthatthefirstplayer'sselectionbehidden
becausethesecondplayercouldtakeadvantageoftheresult.

Gamesofthistypearereallynotveryinterestingbecauseoncetheanalysis
iscomplete,thereisnopointinplayingthegame.Foravarietyofreasons,
competitivesituationsfoundinpracticedonothavethischaracteristic.

•Therearetoomanystrategiestoenumerate.Thisistypicalofboard
gamessuchaschess.Astrategymustdescribeallpossibleactionsinall
possiblesituations.Forchessasformostinterestinggames,thenumber
issimplytolargetoimagineorevaluate.

•Playersarenotalwaysintelligentorrational.Onceweassumethisforone
player,theotherplayermighttrytotakeadvantageofthiscircumstance.

•Thereareoftenmorethantwoplayers.Nowwehavethe
possibilitiesforcooperationorcollusionbetweenplayers.

•Real-lifesituationsarenotzero-sum games.Inpractice,itmaybemore
appropriatetospecifyforeachstrategytheutilityoftheresultsforboth
players.Insuchcases,cooperationmaybeabetterpolicythancompetition.

Thesubjectofgametheoryhassomethingtosayabouteachofthesesituations,
butthesolutionsarenotsimpleenoughtodescribeinthisintroductorydiscussion.
Certainly,continuedstudyofthissubjectisjustifiedsincesomanyrealdecision
situationsinvolvetheinteractiontwoormoreindividuals.
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24.4 E
xercises

ForExercises1through4usethegivenpayoffmatrixforplayerItofindthe
optimalminimaxstrategiesforbothplayers.

1.
PlayerII

1 2 3 4

1 –1 0 4 –1

2 5 1 3 1

PlayerI 3 –2 0 –1 4

4 –3 –2 4 5

2.
PlayerII

1 2 3 4

PlayerI 1 –2 3 5 2

2 5 –1 –2 0

3.
PlayerII

4.

5. Twocompanies,AandB,arebiddingonacontractforthegovernment.
Threebidsarepossible:low,medium,andhigh.Thelowestbidplacedbythe
twocompanieswillbechosen,butifthebidsareequal,thegovernmentwill
choosecompanyAover
B.Bothcompanieshavethesamedataregardingthecostoftheproject.Ifa
companywinswiththelowbid,thecostswillequaltheincomeandnoprofit
ismade.Ifacompanywinswithamedium bidaprofitof5isrealized.Ifa
companywinswithahighbid,aprofitof10isearned.Thetablebelowshows
thepayoffmatrixforcompanyA.Ifthecompanylossesthebidtoits
opponent,thisiscountedasaloss

1 2 3 4

1 5 3 6 1

PlayerI 2 4 2 2 4

3 3 4 3 5

PlayerII

1 2 3 4 5

1 –7 –3 0 4 6

2 1 –5 –2 0 2

PlayerI 3 5 0 –5 –8 –6

4 –3 –2 4 0 2

5 –5 –2 1 5 0
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withrespecttotherelativepositionofthetwocompanies.Thebidsare
sealedandthecompanieshavenoinformationabouteachotherexceptthat
theybothuseaminimaxpolicy.Whatistheoptimum biddingpolicyforthe
twocompanies?Whowillwinthecontract?Whatprofitwillbemade?

CompanyBstrategy

Low Med.High

CompanyA Low 0 0 0

strategyMed. 0 5 5

High 0 –5 10

6. Ataparticularpointinafootballgame,theoffensiveteam andthedefensive
team mustselectastrategyforthenextplay.Bothteamshavethesame
statisticalinformationthatpredictstheexpectedyardagetobegainedfor
variouscombinationsofoffensive anddefensivestrategies.The
informationisgiveninthetable,whichshowsyardsgainedfortheoffensive
team foreverycombination.Determinetheminimaxpolicyforbothteams.
Whatistheexpectedgaininyardage?

PayoffMatrixforOffense(yardsgained)

Defensivestrategy

1 2 3 4 5

1 –2 0 2 4 5

Offensive 2 –2 –4 0 5 10

strategy 3 10 0 –3 5 10

4 20 15 5 –5 0

5 30 20 8 0 –10




