ADVANCED
HIGHER ALGEBRA

CompLEX NUMBERS

i,j. Definitions.

_ The system of real numbers is not sufficient to solve all the

aleebraic equations. There are no real numbers which satisfy the

suation x*+1=0 or x?=~1. In order to solve such equations, we

axtend the system of numbers and introduce a new class of numbers

 known as imaginary or complex numbers.

E _: To cope with this idea, we introduce the symbol i to denote V-1

gothati’=-1.

This !? is not a real number. It is called the fundamental imaginary

 unit. We suppose that it combines with itself and with real nun_wbers.

" Any expression of the form (a + ib), where 2 and b are both real, is

called 2 complex number. Here the sign ‘+’ does not indicate addition

~ asusually . It is a mere symbol.

" The real part of the complex number (4 + i) is a and is written as
e(a + ib), while its imnaginary part is b and is wr;t:nasln;g (a;-i:h) .

e eda st number (a + ib) becomes ib, W

E , If =0, then ﬂ;;:no‘l’:‘:n mecomglex xzuinber (a + ib) becomes

B e exisa - 0 and b=, then the complex number becomes

"’ . YWWF real numbers are particular cases of complex

numpers. :
: g comp umbers be the same and their
o ko4 P8 £ nite signs, then the two numbers

te numbers. Thus (a +ib) and (a —ib) are
.'If;be a complex number (a + ib), thex_\
oted by z. It is evident that conjugate of z
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+b’, which is real.
ow directly from the definition of complex
e .,*ﬂie"ddiﬂonefcmnplex numbers is
d the multiplication of complex numbers is
ibutive. If the product of two complex
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" Now | z1+2 |
=1 (€089 +72c088;) +i (ry5in 6, + 1, sin p,) |
=(r; cos 8, + r; cos 6,) + (r15in 6, + r,
=Vr?+ 1’ +2r 1, cos (6, - 0,)

sin B,)’

2 2 1
<\n skl rnn.1, since cos (6, -6, <1.
Hence l Z,+22 l Srl+r2
or, ‘|zl+22|5|21|+|22|.

Similarly, | 21+2z;+2; | = | Zit(Za+23) | <1z | 4+ 1 294251
- Or, lzl+z2+23|S|Z||+ | z, | + | z3 I.

 Proceeding in this way, we can prove that
B | zZy 4224234+ --. +2, |
F slzll+lzzl+lz3l+ ------ + |z, l.
 (b) The modulus of the difference of two complex numbers is greater
‘than or equal to the difference of their moduli.

Let z, and z; be two complex numbers.

Letz, =1, (cos 0, +isin 8,) and z, =, (cos 8, +i sin 6,),
goﬂ\at | Z |=r1and | 2> | =nr.
Now | z;-2, |

=) (r1c0s 8, — 1,05 8,) +i (71 5in 6, — 7, 5in 6;) |

= V(11 cos 8; — r,:¢0p 8,)? + (11 5in 6, — 1 sin 6,)?

= '\[fl-z Tzz —~2?"1 r; COS (61 - 04),

2Vr2+r242nn(-1)
. 3 [ since cos (8: —9,) <1, we have —cos (6, —6;) 2—1].
'j Hence | z; -2, | 2'1”{{
21zl ~ | z, I , ‘ )
() The modulus of the product of any number of complex numbers is
: - )to the product ¢{f their moduli and the amplitude of the product is
to the sum of their ampli

 Letz, 25 23, ...... , ZnbEN complex number§ given by |

" zy=1(cos 0, +isin6y), z2=r2(cos B, +isin ), ......,
othat |z, | =ry;, |22 =r2, aMp 2= 6, ayps =0z, wune.

~ Now 2,2, = 11 (cos 0y + i sin 6;) (cos 8; +15in 6,)

" =, |(cosB; cOs O, ~Sin By sin @)

E +i (sin 6, cos 8, + cos 6, sin 62))

: =nry{cos (6, + @,) +i sin (8, + 92)‘
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' the value of (x* - 4x?+13x+1).
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