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Syllabus for Unit-I: Hyperbolic functions, higher order derivatives, Leibnitz rule 

and its applications to problems of type e
ax+b

sinx, e
ax+b

cosx, (ax+b)
n

sinx, 

(ax+b)
n

cosx, concavity and inflection points, envelopes, asymptotes, curve 

tracing in cartesian coordinates, tracing in polar coordinates of standard 

curves, L’Hospital’s rule, applications in business, economics and life 

sciences.  
 

HIGHER ORDER DERIVATIVES 

(SUCCESSIVE DIFFERENTIATION) 

 

Let a function of x  is given as follows and we are to differentiate that function. 

3)( xxfy  . Then 23x
dx
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 . This is called differential co-efficient of first order of the 

function 3)( xxfy   with respect to x . It it is also denoted by  y
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d
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differentiate the function in (i) once again with respect to x , we get 
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Differential co-efficient given by (i) is known as first order differential co-efficient of the 

given function 3)( xxfy  . 

Differential co-efficient given by (ii) is known as second order differential co-efficient of the 

given function 3)( xxfy  . 

If we differentiate the function in (ii) once again with respect to x , we get the third order 

differential co-efficient of the given function 3)( xxfy   and so on.  

So, the higher order differential co-efficient of a function can be obtained and all the 

differential co-efficients of order greater than 1 are known as higher order differential co-

efficients or higher order derivatives. 



nth ORDER DERIVATIVE OF SOME STANDARD FUNCTIONS 
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Let us consider the first one, i.e.,  
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Similarly, if we consider the second one, i.e., )log( axy  then we get 
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(6)   )sin( baxy  ,           or         )cos( baxy   

 

Let us consider the first one, i.e.,  
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Similarly, if we consider the second one, i.e., )cos( baxy  then we get 









 bax

n
ay n

n
2

cos


 

 

(7)   22

1

ax
y


       






















axaxaaxaxax
y

11

2

1

))((

11
22        

V
a

U
aaxaaxa 2

1

2

11

2

11

2

1






















 where 

ax
U




1
 and

ax
V




1
 

Therefore, )1()1( )(

!)1(

2

1

)(

!)1(

2

1

2

1

2

1
 









n

n

n

n

nnn
ax

n

aax

n

a
V

a
U

a
y  


















 )1()1( )(

1

)(

1

2

!)1(
nn

n

n
axaxa

n
y  

 



(8)   22

1

ax
y


       






















iaxiaxiaiaxiaxax
y

11

2

1

))((

11
22        

V
ia

U
iaiaxiaiaxia 2

1

2

11

2

11

2

1






















   

where 
iax

U



1

 and    
iax

V



1

 

Therefore, )1()1( )(

!)1(

2

1

)(

!)1(

2

1

2

1

2

1
 









n

n

n

n

nnn
iax

n

iaiax

n

ia
V

ia
U

ia
y  

That is, 
















 )1()1( )(

1

)(

1

2

!)1(
nn

n

n
iaxiaxia

n
y  

                 )1()1( )()(
2

!)1(  


 nn
n

n iaxiax
ia

n
y       Let cosrx   and 

sinra  .   

Then  )1()1( )sincos()sincos(
2

!)1(  


 nn
n

n irrirr
ia

n
y   

                     )1()1(

)1(
)sin(cos)sin(cos

2

!)1( 





 nn

n

n

ii
iar

n
  

                           

     )1sin()1cos()1sin()1cos(
2

!)1(
)1(







ninnin
iar

n
n

n

 

   * applying D’ Moiver’s theorem, that is,  nini n sincos)sin(cos  ] 

  )1sin()1cos()1sin()1cos(
2

!)1(
)1(







ninnin
iar

n
n

n

 

 )1sin(2
2

!)1(
)1(







ni
iar

n
n

n

 





 )1sin(

sin

!)1(
)1sin(

!)1(
)1()1(



















n

a
a

n
n

ar

n
n

n

n

n

     sinra   



 )1sin(sin
!)1( )1(

2



 


n

a

n n

n

n

.   That is,  

 )1sin(sin
!)1( )1(

2



 


n

a

n
y n

n

n

n  

 

Now let us try to find nth derivative of different types of functions 

using the experience of the above functions.  

EXAMPLE (1):  Find ny  when  xy 2sin .  

Solution : xxy 2cos
2
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EXAMPLE (2):  Find ny  when  xxy cos2cos .  
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That is,   
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EXAMPLE (3):  Find ny  when  
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EXAMPLE (7):  Find ny  when  
16

1
2 


x

y .  

Solution : 




















4

1

4

1

8

1

)4)(4(

1

16

1
2 xxxxx

y        

VU
xx 8

1

8

1

4

1

8

1

4

1

8

1






















 where 

4

1




x
U  and

4

1




x
V  

Therefore, )1()1( )4(

!)1(

8

1

)4(

!)1(

8

1

8

1

8

1
 









n

n

n

n

nnn
x

n

x

n
VUy  


















 )1()1( )4(

1

)4(

1

8

!)1(
nn

n

n
xx

n
y  

[ using function no (7)] 

EXAMPLE (8):  Find ny  when  
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Solution :  Use function no (8). 
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In order to find the nth derivative of product of two or more than two 

functions we need the following theorem which is known as LEIBNITZ’S 

THEOREM  

LEIBNITZ’S THEOREM : 

THEOREM(Leibnitz’s) : If u and v  be two functions of x , both derivable at least upto n

times, then the nth derivative of their product, that is, nuv)(  is given by  
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where the suffixes denote the order of differentiation. 

 

EXAMPLE (10):  Find ny  when  
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Solution : Given function is 
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EXAMPLE (11):  Find ny  when  xxy sin2 .  

Solution : Given function is xxy sin2 .   

Let    xU sin                                                                 and       
2xV  .  Then   
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Now by Leibnitz’s theorem, we have 
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EXAMPLE (12):  Find ny  when  xxy log2 .  

Solution : Given function is xxy sin2 .   
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EXAMPLE (13):  Find ny  when  xey x log .  

Solution : Given function is 
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EXAMPLE (14):  Find ny  when  xey bax sin .  

Solution : 
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EXAMPLE (15):  Find ny  when  xey bax cos .  

Solution : 
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baxaeU 1         and         








 xxV

2
cossin1


 

          
baxeaU  2

2       and         
















 xxV

2
2cos

2
sin2


 

           
baxeaU  3

3       and         
















 xxV

2
3cos

2
2sin3


 

                                              
                                              and proceeding in a similar manner, we have 

     
baxn

n eaU 

  2

2  and    
















 xnxnVn

2
)2(cos

2
)3(sin2


 

       
baxn

n eaU 

  1

1   and    
















 xnxnVn

2
)1(cos

2
)2(sin1


 

        
baxn

n eaU            and    
















 xnxnVn

2
cos

2
)1(sin


 

Now by Leibnitz’s theorem, we have 
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EXAMPLE (16):  Find ny  when  xbaxy n sin)(  .  

Solution : 
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Now by Leibnitz’s theorem, we have 
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EXAMPLE (17):  Find ny  when  xbaxy n cos)(  .  

Solution : 
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Now by Leibnitz’s theorem, we have 
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APPLICATIONS OF  LIEBNITZ’S THEOREM 
 

 

EXAMPLE (18):  If  xy 1tan , then show that  
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Solution :    Given function is xy 1tan . Then  differentiating both sides with respect 
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get 

    0000221 11

2

2 321 nCnCnCn ynynxynxy  

                                                                                   000012
11  nCn ynxy . 

  0222
!2

)1(
21 11

2

2 


  nnnnn nyxyy
nn

nxyxy  

  0)1()1(21 1

2

2   nnn ynnxynxy  

  0)1()1(21 12

2   nnn ynnxynyx  

 



EXAMPLE (19):  If   21sin xy  , then show that  

  0)12(1 2

12

2   nnn ynxynyx  

Solution : Given function is  21sin xy  . Then  differentiating both sides with respect 

to x , we get 

 
2

1

1

1

sin2

x

x
y






. Therefore,  xxy 12

1 sin21  . Squaring 

both sides, we get     yxxy 4sin41
2122

1  
.  That is,   yxy 41 22

1    

Differentiating both sides once again, we get   1

2

1

2

21 4212 yxyxyy  . That is, 

  021 1

2

2  xyxy . Then applying Leibnitz’s theorem, we get 

    00)2()2(1 11

2

2 321 nCnCnCn ynynxynxy  

                                                                        000001
11  nCn ynxy  

  0)2(
!2

)1(
21 11

2

2 


  nnnnn nyxyy
nn

nxyxy  

  0)12(1 2

12

2   nnn ynxynyx  

  0)12(1 2

12

2   nnn ynxynyx  

 

 

EXAMPLE (20):  If   xmy 1sinsin  , then show that  

  0)()12(1 22

12

2   nnn ynmxynyx  

 

Solution :    Given function is  xmy 1sinsin  .  Then  differentiating both sides 

with respect to x , we get  
2

1

1

1
sincos

x

m
xmy


 

 Differentiating both sides 

once again, we get 

   
2

2

1

2

12

2
1

12

2
sincos

1
sinsin1

x

x

x
xmm

x

m
xmxm

y














 



   
2

1122

2

1
sincossinsin)1(

x

m
xmxxmmxy


 

 

1

22

2 )1( xyymxy   

0)1( 2

1

2

2  ymxyxy . Then applying Leibnitz’s theorem, we get 

    00)2()2(1 11

2

2 321 nCnCnCn ynynxynxy                                                                            

                                                              00001 2

1 1
 nnCn ymynxy  

  0)2(
!2

)1(
21 2

11

2

2 


  nnnnnn ymnyxyy
nn

nxyxy  

  0)()12(1 22

12

2   nnn ynmxynyx  

  0)()12(1 22

12

2   nnn ynmxynyx  

 

EXAMPLE (21):  If   xmy 1sincos  , then show that  

  0)()12(1 22

12

2   nnn ynmxynyx  

 

Solution :   Left for exercise. ( Hints – same as example 20 ). 

 

EXAMPLE (22):  If     xbxay logsinlogcos  , then show that  

0)1()12( 2

12

2   nnn ynxynyx  

Solution :    Given function is    xbxay logsinlogcos  .  Then  

differentiating both sides with respect to x , we get  

   
x

xbxa
y

logcoslogsin
1


 . Differentiating both sides once again, we get 

   
   

22

logcoslogsin
logsinlogcos

x

xbxa
x

xbxa
x

y






  

         xbxaxbxaxy logcoslogsinlogsinlogcos2

2   

1

2

2 xyyxy   

01

2

2  yxyxy .    Then applying Leibnitz’s theorem, we get 



   0022 11

2

2 321 nCnCnCn ynynxynxy  

                                                         nnCnCn yynynxy   001 11 21
 

  nnnnnn ynyxyy
nn

nxyyx 










  112

2 2
!2

)1(
2

 

0)1()12( 2

12

2   nnn ynxynyx  

0)1()12( 2

12

2   nnn ynxynyx  

 

EXAMPLE (23):  If  
xmey

1sin , then show that  

  0)()12(1 22

12

2   nnn ynmxynyx  

Solution :   Left for exercise. 

 

EXAMPLE (24):  If  xyy mm 2

11




, then show that  

  0)()12(1 22

12

2   nnn ymnxynyx  

Solution :    Given that xyy mm 2

11




.   

Now 
444)2(4 22

11
2

11
2

11


































xxyyyyyy mmmmmm

 

Therefore, 12 2

11




xyy mm
 

                      xyy mm 2

11




 ( given).  Adding we get 12

1

 xxy m
.  Hence 

 




















12

2
1

1

11
1loglog

1

22

12

x

x

xxy

y

m
xxy

m
 

1

1

1

1

1

11

22

2

2

1




























xx

xx

xxy

y

m
 



0)1(
)1(

1 2222

1222

2

1 


 ymxy
xym

y
.   

That is,  0)1( 2222

1  ymxy .  Differentiating both sides with respect to we get 

022)1(2 1

22

1

2

21  yymxyxyy  

0)1( 2

1

2

2  ymxyxy  Then applying Leibnitz’s theorem, we get 

    00)2()2(1 11

2

2 321 nCnCnCn ynynxynxy    

                                              00001 2

11 21
  nnCnCn ymynynxy   

  nnnnnn ymnyxyy
nn

nxyxy 2

11

2

2 2
!2

)1(
21 


     

  0)()12(1 22

12

2   nnn ymnxynyx                                                                                                                    

  0)()12(1 22

12

2   nnn ymnxynyx  

 

EXAMPLE (25):  If  ,logcos 1

n

n

x

b

y


















 then prove that  

02)12( 2

12

2   nnn ynxynyx  

 

Solution :    Given that  

n

n

x

b

y
















 logcos 1

So, 


























n

x
nby logcos . 

Then  differentiating both sides with respect to x , we get  

x

n

x
nbn

nx

n
n

n

x
nby





































logsin
1

logsin1  

22

logsin
1

logcos

x

n

x
nbn

nx

n
n

n

x
nbnx

y



































  

2

2

2

logsinlogcos

x

n

x
nbn

n

x
nbn

y



































  



2

1

2

2
x

xyyn
y


  

02

1

2

2  ynxyxy .   Then applying Leibnitz’s theorem, we get 

   0022 11

2

2 221 nCnCnCn ynynxynxy  

                                                           0001 2

11 11
  nnCnCn ynynynxy  

02)12( 2

12

2   nnn ynxynyx  

02)12( 2

12

2   nnn ynxynyx  

 

 

EXAMPLE (26):  If 1 yx , prove that the nth derivative of 
nn yx  is 

      nnn

C

n

C

n

C

n xxynxynxynyn )1(! 33222212

321
 

    

Solution : The nth derivative of 
nn yx  is      nnnnnn xxDyxD )1(  . 

Let 
nxU     and  

nn xyV )1(    1 yx .      Then 

 
1

1

 nnxU  

2

2 )1(  nxnnU  

3

3 )2)(1(  nxnnnU   

                                       

                                       and proceeding in a similar manner, we have 

   2)2(

2
2

!
)2)(1( x

n
x1-2-n-n nnnU nn

n  

  

   xnx1-1-n-n nnnU nn

n !)2)(1( )1(

1  



   nn

n x1-n-n nnnU  )2)(1( .  That is 

!123)2)(1(123)2)(1( n nnnx nnnU nn

n  

 

Similarly,  

1

1 )1()1(  nxnV  



22

2 )1)(1()1(  nxnnV  

33

3 )1)(2)(1()1(  nxnnnV   

                                       

                                       and proceeding in a similar manner, we have 

   )1(1

1 )1()2)(1()1( 

  nnn

n x1-1-n-n nnnV

   nnn

n x1-n-n nnnV  )1()2)(1()1( .   

That is 
nnn

n x nnnV  )1(123)2)(1()1(  

                        !)1(123)2)(1()1( n nnn nn   

Therefore, the nth derivative of 
nn yx  is    

     UVDxxDyxD nnnnnnn  )1( . 

nnCnCn UVVUnVUnVU   2211 21
(by Liebnitz’s theorem) 

2221 )1)(1()1(
2

!
)1()1(!)1(!

21

  n

C

n

C

n xnnx
n

nxnxnnxn  

                                                                                        !)1( nx nn   

    nnn

C

n

C

n xxxnxxnxn )1()1()1()1(! 22212

21
 

 

      nnn

C

n

C

n

C

n xxynxynxynyn )1(! 33222212

321
 

 

 

 

EXAMPLE (27):  Show that the nth derivative of 
x

xlog
 is 












 n

x
x

n
n

n
1

4

1

3

1

2

1
1log

!)1(
1

 

 

Solution :  Left as an exercise for students. 

 

 



EXAMPLE (28):  If xxy n log1 , then prove that  x

n
yn

)!1( 


 is 

Solution :    )log()log()( 111 xxDDxxDyDy nnnnn

n

   

   2121
1

21 log)1(log)1( 


 







 nnnn

n
nn xDxxDn

x

x
xxnD  

  0log)1( 21   xxDn nn
    021  nn xD  

  xxDDn nn log)1( 22   














x

x
xxnDn

n
nn

2
32 log)2()1(

 

   3232 log)2)(1(   nnnn xDxxDnn  

  0log)2)(1( 32   xxDnn nn   032  nn xD  

 xxDnn nn log)2)(1( 32   

                                      

                                        

   xxDnnnn nnnn log)1()2)(1( )11()1(   

 xDnn log1)2)(1(   

x
nn

1
1)2)(1(   

x

n )!1( 
  

 

EXAMPLE (29):  If )log( xxDP nn

n  , then prove that )!1(1   nPnP nn  

Hence show that 









n
xnPn

1

4

1

3

1

2

1
1log!   

 

Solution:  Given  )log()log( 1 xxDDxxDP nnnn

n

  

 xxDnxDxnx
x

xD nnnnnnn log.)()log.
1 111111  









  



Therefore,  1)!1(  nn PnnP  or, )!1(1   nPnP nn  (first part proved) 

Next from first part, we have )!1(1   nPnP nn . Dividing both sides by !n  we get, 

!

)!1(

!!

1

n

n

n

Pn

n

P nn 



 

 or,  
nn

P

n

P nn 1

)!1(!

1 


 
.  

Replacing successively, n  by 2,3,,3,2,1  nnn we get 

1

1

)!2()!1(

21











nn

P

n

P nn
 

2

1

)!3()!2(

32











nn

P

n

P nn
 

  

  

  

3

1

!2!3

23 
PP

 

2

1

!1!2

12 
PP

 

Adding these we get 
nn

P

n

Pn 1

1

1

4

1

3

1

2

1

!1!

1 


  

Or, 
nn

P
n

Pn 1

1

1

4

1

3

1

2

1

!
1 


  

Or,  
nn

x
n

Pn 1

1

1

4

1

3

1

2

1
1log

!



  

                       







 1log

1
log)log(1 x

x
xxxxDP  











n
xnPn

1

4

1

3

1

2

1
1log! . 

 

EXAMPLE (30):  If 
 n

n

x xaxaxaaey 2

210

tan 1

then prove 

that 
2

1

2



 


n

naa
a nn

n   and hence show that 


 432tan

24

7

6

1

2

1
1

1

xxxxe x
 



Solution:  Given 
xey

1tan

 . Then 2

tan

1
1

11

x
ey x






.   

Then    22

tan

22

tan

2

tan2

2

1

)21(

1

2
1

1
)1( 1

11

x

xe

x

xe
x

ex

y
x

xx



















 

Or,  
  12

tan

2

2 )21(
1

)21(1

1

yx
x

e
xyx

x








 

Or,   12

2 )21(1 yxyx  ……………………………..(1) 

Now from the given reation we have 

 







 2

2

1

1

3

3

2

210

tan 1 n

n

n

n

n

n

x xaxaxaxaxaxaaey  

Or, 

 



 1

21

12

3211 )2()1(32 n

n

n

n

n

n xanxanxnaxaxaay  

Or, 

 





 n

n

n

n

n

n xannxannxannxaaay 2

1

1

2

3212 )2)(1()1()1(62

Putting the values of  1y   & 2y  in (1), we get 

 





 n

n

n

n

n

n xannxannxannxaaax 2

1

1

2

321

2 )2)(1()1()1(62)(1(

))2()1(32)(21( 1

21

12

321  



 n

n

n

n

n

n xanxanxnaxaxaax

Comparing the co-efficients of  
nx from both sides of the above relation, we get 

nnnn naanannann 2)1()1()2)(1( 12    

Or, 
2

1

2



 


n

naa
a nn

n . ( first part proved )…………………..(2) 

Next from the given relation 
 n

n

x xaxaxaaey 2

210

tan 1

 

we get 0

0tan

0

1

)( aey 


. So 10 a . 

Again,   2

tan

1
1

11

x
ey x






 

Therefore, 1)( 01 y  

Also from the relation  

 



 1

21

12

3211 )2()1(32 n

n

n

n

n

n xanxanxnaxaxaay  

We have 101)( ay   So, 11 a  

Now putting ,.......3,2,1,0n in the relation (2), we get 



2

1

2

01
2 




a
a ,      

6

1

3

1
2

1

21

1 12
3 









aa
a , 

24

7

4

6

7

4

2

1
2

6

1

4

2 23
4 











aa

a ,  and so on.  

Hence from the given reation we have 
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3

3

2

210

tan 1 n

n

n

n

n

n

x xaxaxaxaxaxaae  

 432
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7

6

1
.

2

1
11 xxxx (proved) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



CONCAVITY AND INFLECTION POINTS 
 

                                                                                                              T 

       

                                P                       T                                                P 

                                                                                                                  A 

                          A                                                                                       

                                  Fig-1                                                                   Fig-2 

 

DEFINITION ( Concavity & Convexity of a curve with respect to a point ) :   Let PT  be the 

tangent to a curve at  P . Then the curve at P is said to be concave or convex with 

respect to a point A not lying on PT , according as a small portion of the curve in the 

immediate neighbourhood of P ( on both sides of P ) lies entirely on the same side of PT

as  A  or on opposite sides of PT  with respect to the point A . 

Figure (1) shows that the curve at P is concave with respect to the point A . Whereas 

Figure (2) shows that the curve at P is convex with respect to the point A . 

 

 

       

                                                                                                                      Q      

 

                         C 

   R                                              P            

   B 

                                                        A        

                                                                         Fig-3 

 

Figure (3) shows that the curve at  P is convex with respect to the point A and concave 

with respect to the points B and C . The curve at R is convex with respect to the point B 

and concave with respect to the points C and A.  

 

 

 

 



                                     B         K 

                             T              

 

                                                          

                                                P 

                      S 

                                          A                R 

                                       Fig-4 

 

DEFINITION ( Concavity & Convexity of a curve with respect to a line ) :   A curve at a point 

P on it is convex or concave with respect to a given line according as it is convex or 

concave with respect to the foot of the perpendicular from the point P  to the given line. 

 

Figure (4) shows that the curve at P is convex with respect to the line SR  and is convex 

with respect to the line TK . 

 

 

 

 

POINT OF INFLEXION 

 
 

    

                                 P                                T 

 

                                 A 

 

DEFINITION ( Point of inflexion ) :   If at any point P on a curve the tangent crosses the 

curve, then with respect to any point A not lying on the tangent line the curve, on one 

side of P is convex and on the other side of P it is concave. Such a point P on the curve is 

defined to be a point of inflexion. Point of inflexion is also known as point of 

contrary flexure.  

 

 



TEST OF CONVEXITY AND CONCAVITY 

If  0
2

2


dx

yd
y  at P, the curve is convex to the axisx  . That is, the curve is convex to 

the foot of the ordinate of the point P.  

 

If  0
2

2


dx

yd
y  at P, the curve is concave  to the axisx  . That is, the curve is concave 

to the foot of the ordinate of the point P.  

 

NOTE : At a point where the tangent is parallel to the axisy  , 
dx

dy
is infinite. At such a 

point, instead of considering with respect to the axisx  , we investigate convexity or 

concavity of the curve with respect to the axisy  . 

If  0
2

2


dy

xd
x  at P, the curve is convex to the axisy  . 

If  0
2

2


dy

xd
x  at P, the curve is concave to the axisy  . 

 

 

 

TEST OF POINT OF INFLEXION 
 

 

 

The condition that the point P is a point of inflexion on the curve )(xfy   is that, at P, 

0
2

2


dx

yd
 and 0

3

3


dx

yd
.  

NOTE :  If 
dx

dy
is infinite then the condition that the point P is a point of inflexion on the 

curve )(xfy   is that, at P, 

0
2

2


dy

xd
 and 0

3

3


dy

xd
.  

 



IN GENERALIZED FORM : 

 A curve )(xfy   be such that  0)()()( 1   xfxfxf n
 and  

0)( xf n
 for cx  then if  

(1)  if n is odd, the curve has a point of inflexion at cx  . 

(2)  if n is even, then  

       (i)   if  0)( xf n
 the curve is concave upwards ( that is, convex downwards ). 

       (ii)  if  0)( xf n
 the curve is concave downwards ( that is, convex upwards ). 

 

 

PROBLEMS 

 

EXAMPLE-1 :   Examine the convexity and concavity to the axis of the curve  xy sin . 

Find the points of inflexion(if any). 

SOLUTION :   Given curve is xy sin .   Then   x
dx

dy
cos  and    x

dx

yd
sin

2

2

 . 

Hence    0sin2

2

2

 x
dx

yd
y  for all values of x  except those which make 

0sin x , ie., for kx  ,  where k  is an integer. 

Thus the curve is concave to the axisx  at every point except at points where it crosses 

the axisx  . At these points, ie., at kx  ,   0
2

2


dx

yd
  and   0cos

3

3

 x
dx

yd
. 

Hence the points where the curve intersects the axisx  are the points of inflexion. 

 

 

EXAMPLE-2 :   Prove that the curve  xy log is convex with respect to axisx   if   

10  x  and concave with respect to axisx   if   1x . 

SOLUTION :   Given curve is xy log .   Then   
xdx

dy 1
  and    22

2 1

xdx

yd
 .  We 

know that  0log x  if 10  x  and 0log x  if 1x . Therefore, 

0
log

22

2


x

x

dx

yd
y  if 10  x   and  0

log
22

2


x

x

dx

yd
y   if 1x . So, the 

given curve is convex with respect to axisx   if   10  x  and concave with respect 

to axisx   if   1x . 



EXAMPLE-3 :   Prove that the curve  
xey  is convex to the axisx  at every point. 

OR 

Show  that the curve  
xey  is at every point convex to the foot of the ordinate of the 

point. 

OR 

Show  that the curve  
xey  is  everywhere concave upward. 

SOLUTION :   Given curve is 
xey  .   Then   

xe
dx

dy
  and    

xe
dx

yd


2

2

. Therefore, 

xe
dx

yd
y 2

2

2

 . Clearly, 0
2

2


dx

yd
y   for all values of x .  

Hence the given curve  
xey  is convex to the axisx  at every point. 

 

 

EXAMPLE-4 :   Show that the curve  
3xy  has a point of inflexion at the origin. 

SOLUTION :   Given curve is 
3xy  . Then   

23x
dx

dy
 ,    x

dx

yd
6

2

2

  and  

06
3

3


dx

yd
  Therefore, at origin 0

dx

dy
, 0

2

2


dx

yd
 but 0

3

3


dx

yd
 . At origin an 

odd differential co-efficient is non-zero. Hence )0,0( is the point of inflexion of the given 

curve. 

 

 

EXAMPLE-5 :   Show that the curve  
4xy  is concave upward at the origin. 

SOLUTION :   Given curve is 
3xy  . Then   

34x
dx

dy
 ,    

2

2

2

12x
dx

yd
 ,   x

dx

yd
24

3

3

  

and 024
4

4


dx

yd
. So, at origin 0

dx

dy
, 0

2

2


dx

yd
, 0

3

3


dx

yd
, 0

4

4


dx

yd
and 0  

. Therefore, at origin all the differential co-efficients upto order 3 are zero and the even 

differential co-efficient of order 4 is non-zero and 0 . Hence the given curve  
4xy  is 

concave upward at the origin. 

 

 

 

 



EXAMPLE-6:   Find the ranges of the values of x  for which  

353610 234  xxxxy  is concave upward or downward. Fin also its points 

of inflexion, if any. 

SOLUTION :   Given curve is  353610 234  xxxxy . 

                                               572304 23  xxx
dx

dy
 

                               )3)(2(12)65(12726012 22

2

2

 xxxxxx
dx

yd
 

For 2 x  and  x3   0
2

2


dx

yd
and for 32  x  0

2

2


dx

yd
, ie., 0 . 

Hence the curve is concave upward for all  ),3()2,( x  and concave  

downward for all  )3,2(x .  

SECOND PART : We have 726012 2

2

2

 xx
dx

yd
. So, 6024

3

3

 x
dx

yd
.   

At 2x ,  0
2

2


dx

yd
 and  012

3

3


dx

yd
. So at the points whose abscissa are 2 and 

3 , odd differential co-efficients are non-zero. Hence the points of inflexions are )93,2(  

and )153,3( . 

 

EXAMPLE-7 :   Show that the curve  203403 35  xxxy is concave upwards in 

02  x  and  x2 but concave downwards in 2 x and 

20  x and at 2x , 0x , 2x there are points of inflexion. 

 

SOLUTION :   Given curve is  203403 35  xxxy  

 312015 24  xx
dx

dy
,  )4(6024060 23

2

2

 xxxx
dx

yd
.   Therefore, 

)2))(2(60
2

2

 xxx
dx

yd
. Then for  02  x  and  x2 ,  0

2

2


dx

yd
 

and for 2 x and 20  x , 0
2

2


dx

yd
. Hence the given curve is concave 

upwards in 02  x  and  x2  and concave downwards in 2 x

and 20  x . 



Now xx
dx

yd
24060 3

2

2

 .    240180 2

3

3

 x
dx

yd
. 

At  2x ,   0
2

2


dx

yd
  but  0240720

3

3


dx

yd
 

At  0x ,   0
2

2


dx

yd
  but  0240

3

3


dx

yd
 

At  2x ,   0
2

2


dx

yd
  but  0240720

3

3


dx

yd
.  Thus the given curve has 

points of inflexion at 2x , 0x , 2x . 

 

 

EXAMPLE-8 :   Show that the curve  
2xey  has points of inflexion at 

2

1
x . 

 

SOLUTION :   Given curve is  
2xey  .  

Therefore, 

2

2 xxe
dx

dy  ,   12242 22

2

2
222

  xeexe
dx

yd xxx

.   That 

is,      12122122
22 2

2

2

  xxexe
dx

yd xx

.   So, 

   232

3

3

2348128124
22222

xxeexxexexxe
dx

yd xxxxx  

. 

So, at 
2

1
x ,      

0
2

2


dx

yd
  but  0

2

4
)23(

2

1
4 2

1

3

3




e
e

dx

yd
. Hence the given 

curve has points of inflexion at 
2

1
x . 

 

 

 

 



EXAMPLE-9 :   Show that origin is a point of inflexion of the curve  22222 xaxya   

SOLUTION :   Given curve is   22222 xaxya  .    That is, 
22 xaxay  . Then 

22

22

22

222 2

xa

xa

xa

xxa

dx

dy
a









 . 

)(

)2()4(

22

22

2222

2

2

xa

xa

x
xaxxa

dx

yd
a






  

2

3

22

3222

2

2

)(

2)4)((

xa

xxaxxa

dx

yd
a




  

2

3

22

23

2

2

)(

32

xa

xax

dx

yd
a




 . 

Also  322

2

1

2223222

3

22

3

3

)(

2))(32(
2

3
)36()(

xa

xxaxaxaxxa

dx

yd
a





  

 
322

22422222

1

22

3

3

)(

96)36)(()(

xa

axxaxxaxa

dx

yd
a




  

2

5

22

224224422

3

3

)(

963636

xa

axxaxxaax

dx

yd
a






 

2

5

22

4

3

3

)(

3

xa

a

dx

yd
a






.    Clearly, at 0x , 0
2

2


dx

yd
   but  0

3
23

3





adx

yd
 

Hence at 0x , the curve has its point of inflexion. 

 

 

EXAMPLE-10 :   Find if there is any point of inflexion of the curve 
5)2(63  xy . 

SOLUTION :   Given curve is 
5)2(63  xy . Then  

4)2(30  x
dx

dy
, 

3

2

2

)2(120  x
dx

yd
, 

2

3

3

)2(360  x
dx

yd
, )2(720

4

4

 x
dx

yd
, 

0720
5

5


dx

yd
.     At 2x , 0

dx

dy
, 0

2

2


dx

yd
, 0

3

3


dx

yd
, 0

4

4


dx

yd
  and   



0720
5

5


dx

yd
. So, all the differential co-effcients upto order 4 are zero but the 5th 

order (odd) differential co-effcient is non-zero. Hence 2x , i.e., the point )3,2( is the 

point of inflexion of the given curve. 

 

 

TASK: 

EXAMPLE-11 :   Show that the curve )1()1( 2 xyx   has three points of inflexion 

and that they lie on a straight line.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



ENVELOPE 
                                                                                                                       Y  

DEFINITION (FAMILY OF CURVES) :  

Let us consider the equation  pyx   sincos  .  

This equation represents a straight line. By giving different          p  

values to  , we shall obtain the equations of different                  

straight lines having one characteristic feature common to                                       X  

them. The common feature is ---- each line is at same distance p from the origin. On 

account of this common property these straight lines are said to form a family, called, 

“family of straight lines”. Here  , which is constant for one line but different for 

different lines, and whose different values give the different members of the family, called 

the “parameter” of the family. The position of any straight line member varies with  . 

 

Similarly, let us consider the equation  
222)( ryx  . This equation represents a 

family of circles.  

 

 

 

 

For the moment fixed, if we hold r and allow  to take a series of values, then we have  

a series of circles of equal radii r . In this case   is the parameter and r is fixed . 

Again if we hold   and allow r  to take a series of values, then we have  a system of 

circles with common centre )0,( . In this case r  is the parameter and is fixed . 

In both the cases we get families of circles.  

A system of geometric figures (straight lines or curves) formed in this way is called a 

family of curves 

In the above cases, we find a family of one-parameter curve,  

Similarly, a family of two or more than two-parameters curves can be described. 

 

The equation of one-parameter family of curves cab be expressed as 0),,( yxf  

where   is parameter. 

The equation of two-parameters family of curves cab be expressed as 0),,,( yxf  

where   and    are parameters. 

DEFINITION (ENVELOPE) : If each of the members of the family of curves 0),,( yxf

touches a fixed curve E , then that fixed curve E is called the envelope of the given 

family of curves. 



DEFINITION (SINGULAR POINT) : A point ),( baP is said to be a singular point of a curve 

0),,( yxf (  is fixed ) if it satisfies, the equation of the given curve and other two 

equations 0




x

f
 and  0





y

f
. 

DEFINITION (ORDINARY POINT) : A point ),( baP is said to be an ordinary point of a curve 

0),,( yxf if at least one of the quantities 
x

f




 and 

y

f




is not equal to zero at 

),( ba .  

DEFINITION (CHARACTERISTIC POINTS) : Characteristic points are the ordinary points of a 

family of curves 0),,( yxf  at which 0),,( yxf  and 0






f
. 

 

MATHEMATICAL DEFINITION OF ENVELOPE : The locus of the characteristic points of a 

family of curves 0),,( yxf is called the envelope of that family.  

 

NOTE :  (1) Characteristic points may not exist. For example, the family of concentric    

              circles 
222  yx , there is no characteristic point and hence there is no    

              envelope. 

              (2) If 0),,( yxf  and  0






f
both holds for a point where 0





x

f
 and     

              0




y

f
, then the point is a singular point and therefore, not a characteristic point 

 

METHOD OF FINDING THE EQUATION OF AN ENVELOPE WHEN IT 

EXISTS. 
CASE OF SINGLE PARAMETER : 

If there exists an envelope, its equation may be obtained by either of the following 

process.  

(1) Eliminating   from 0),,( yxf and 0






f
, we obtain the equation of the 

envelope.  

(2)   Solving for x and y in terms of  fro the equations 0),,( yxf and 0






f
, 

we get the parametric representation of the envelope. 

(3)    If 0),,( yxf  can be expressed as 



       ),(),(),(),,( 2 yxCyxByxAyxf   and if two values of   are equal   

then the equation of the envelope is given by 042  ACB . 

 

CASE OF TWO  PARAMETERS :  

For a fixed point ),( yx  of the envelope, we have from the equations 0),,,( yxf  

…………(i)   and 0),(  ………….(ii)  by differentiation 0













 d

dff
 and 

0





















d

d
. Eliminating 





d

d
 from the above two relations we get 

























 ff

………….(iii). Then eliminating  and  from equations (i), (ii), (iii), 

we obtain the equation of the envelope.  

 

 

PROBLEMS 
 

PROBLEM OF SINGLE PARAMETER 

 

EXAMPLE 1 :  Find the equation of the envelope of the family of straight lines 

222 bmamxy  .  Where m  is the parameter. 

 

SOLUTION :   Given family of straight lines is  
222 bmamxy  .  Then  

2222)( bmamxy   

Or, 02)( 22222  byxymaxm  0),,(  myxf ………………….(i). 

Differentiating with respect to m , we get xyaxm
m

f
2)(2 22 




.  Let 0





m

f
. That 

is, xyaxm 2)(2 22  …………..(ii).  From (ii) we get 22 ax

xy
m


 . Putting the value of 

m  in equation (i), we get 0
)(

2

)(

22

22

22

22

22







by
ax

yx

ax

yx
,   or  1

2

2

2

2


b

y

a

x
. 

Hence the require d envelope is 1
2

2

2

2


b

y

a

x
. 



EXAMPLE 2 :  Find the equation of the envelope of the family of straight lines 

                       4sincos   yx , where   is the parameter. 

 

SOLUTION :   Given family of straight lines is  

                       0),,(4sincos   yxfyx ……………(i). Differentiating 

with respect to  , we get 


cossin yx
f





.  Let 0





m

f
. That is, 

0cossin   yx ………….(ii). Squaring (i) and (ii) , we get  

                       16cossin2sincos 2222   xyyx    and 

                       0cossin2cossin 2222   xyyx . Adding these two  

equations, i.e., eliminating  , we get the required envelope as 1622  yx  

 

PROBLEM OF TWO OR MORE THAN TWO PARAMETERS : 

 

EXAMPLE 3 :  Find the equation of the envelope of the family of straight lines 

1
b

y

a

x
, where the parameters a  and  b are connected by the relation kba  . 

SOLUTION :   Given family of straight lines is 1
b

y

a

x
………………(i) 

                                               Given relation is  kba  ………………(ii) 

From (ii) we have akb  . Putting the value of b in (i) we get 01



ak

y

a

x

…….(iii)  Here we see that the given family of straight lines becomes a family of straight 

lines of single parameter  a  i.e.,  0),,( ayxf . Differentiating both sides of (iii) with 

respect to a  we get 222 )(
0

)( ak

ya

a

x

ak

y

a

x

a

f










…(iv). Putting this 

value in (iii) we get kyak
ak

y

ak

ya






)(1

)( 2 . From (iv) 

kxa
yk

ya

a

x
 . Putting the values of )( ak   and  a  in  (iii) we get  

01
ky

y

kx

x
 or kyx  . Hence the required envelope is 

kyx  . 

 



ALTERNATIVE METHOD(TWO PARAMETERS METHOD)  

Given family of straight lines is 1
b

y

a

x
………………(i) 

                                               Given relation is  kba  ………………(ii)  Differentiating both 

sides of (i) with respect to a  assuming b  as function of a  , we get 0
22


da

db

b

y

a

x

………(iii) . Similarly, differentiating both sides of (ii) with respect to a  assuming b  as 

function of a  , we get 01 
da

db
…………..(iv). Eliminating  

da

db
from (iii) and (iv) we get 

0)1(
22


b

y

a

x
 or 

k

yx

ak

y

a

x 



 or 

yx

xk
a


 . Therefore, 

yx

yk

yx

xk
kakb





 . Now putting the values of a  and b in (i) 

we get  
1





 yx

yk

y

yx

xk

x

 

                                                                or kyx  . Hence the required envelope is 

kyx  . 

 

EXAMPLE 4 :  Find the equation of the envelope of the family of straight lines 

1
b

y

a

x
, where the parameters a  and  b are connected by the relation 

2kab  . 

SOLUTION :   Given family of straight lines is 1
b

y

a

x
………………(i) 

                                               Given relation is  
2kab  ………………(ii) Differentiating both 

sides of (i) & (ii) with respect to a  assuming b  as function of a  , we get 

0
22


da

db

b

y

a

x
………(iii) and  0

da

db
ab …………..(iv). Eliminating  

da

db
from (iii) 

and (iv) we get 0
22











a

b

b

y

a

x
 or 

ab

y

a

x


2  or 22 k

y

a

x
  or 

y

x
ka  . From   



(ii)  
a

k
b

2

  or 

y

x
k

k
b

2


  or x

y
kb  .  Putting the values of  a   &  b in (i) we 

get 
1

x

y
k

y

y

x
k

x

  or kxyxy   or  
24 cxy  . Hence the required 

envelope is 
24 cxy  . 

EXAMPLE 5 :  Find the equation of the envelope of the family of straight lines 

1
b

y

a

x
, where the parameters a  and b  are connected by the relation 

nnn kba  . 

SOLUTION :   Given family of straight lines is 1
b

y

a

x
………………(i) 

                                               Given relation is  
nnn kba  ………………(ii) Differentiating 

both sides of (i) & (ii) with respect to a  assuming b  as function of a  , we get

0
22


da

db

b

y

a

x
………(iii) and  011  

da

db
nbna nn

…………..(iv). Eliminating  
da

db

from (iii) and (iv) we get  0
1

1

22















n

n

b

a

b

y

a

x
 or 11 


nn b

y

a

x
 or 

b

y

a

x nn 1

1

1

1



  

or n

n

n

n

n

nn

n

n

n

n

n

n

n

n

n

n

k

yx

ba

yx

b

y

a

x 111111  





 or 

11

1









n

n

n

n

n

n

n
n

yx

xk
a  or 

n
n

n

n

n

n

yx

kx
a

1

11

1

1






















    and    
11

1









n

n

n

n

n

n

n
n

yx

yk
b     or  

n
n

n

n

n

n

yx

ky
b

1

11

1

1






















Putting 

the values of a  and b  in (i)  we get 
1

1

11

1

1

1

11

1

1
































 







n
n

n

n

n

n

n
n

n

n

n

n

yx

ky

y

yx

kx

x

   



 

 Or    kyxyyxx
n

n

n

n

n

n

nn
n

n

n

n

n

n






























 

1

111

1

111
 

Or   kyxyx n

n

n

nn
n

n

n

n






























  11

1

11
 

Or  kyx
n

n

n

n

n

n





















1

11
 

Or   
111  














 n

n

n

n

n

n

kyx .  Hence the required envelope is
111  














 n

n

n

n

n

n

kyx  

EXAMPLE 6 :  Find the equation of the envelope of the family of curves 

1
2

2

2

2


b

y

a

x
, where the parameters a  and b  are connected by the relation 

kba  . 

SOLUTION :   Given family of straight lines is 1
2

2

2

2


b

y

a

x
………………(i) 

                                               Given relation is  kba  ………………(ii)  Differentiating both 

sides of (i) & (ii) with respect to a  assuming b  as function of a  , we get

0
22

3

2

3

2


da

db

b

y

a

x
………(iii) and  01 

da

db
…………..(iv).  Eliminating  

da

db
 from  

(iii) and (iv) we get  0)1(
22

3

2

3

2


b

y

a

x
  or,   3

2

3

2

b

y

a

x
    or,   

b

y

a

x 3

2

3

2

 . 

or, 
k

yx

ba

yx

b

y

a

x 3

2

3

2

3

2

3

2

3

2

3

2







     or,    

3

2

3

2

3

2

yx

kx
a



   and   
3

2

3

2

3

2

yx

ky
b



 . 

Putting the values of a  and b  in (i)  we get 
1

2

3

2

3

2

3

4

2

2

2

3

2

3

2

3

4

2

2

































 yx

yk

y

yx

xk

x

 



or,   
2

2

3

2

3

2

3

2
2

3

2

3

2

3

2

kyxyyxx 




























    or,    

23

2

3

2
2

3

2

3

2

kyxyx 




























  

or,  
2

3

3

2

3

2

kyx 













   or,  

3

2

3

2

3

2

kyx 













 .  Hence the required envelope is

3

2

3

2

3

2

kyx 













 . 

EXAMPLE 7 :  Find the equation of the envelope of the family of curves 

1
2

2

2

2


b

y

a

x
, where the parameters a  and b  are connected by the relation 

1
2

2

2

2


m

b

l

a
. 

SOLUTION :   Given family of straight lines is 1
2

2

2

2


b

y

a

x
………………(i) 

                                               Given relation is  1
2

2

2

2


m

b

l

a
………………(ii)  Differentiating 

both sides of (i) & (ii) with respect to a  assuming b  as function of a  , we get

0
22

3

2

3

2


da

db

b

y

a

x
………(iii) and  0

22
22


da

db

m

b

l

a
…………..(iv).  Eliminating  

da

db
 

from (iii) and (iv) we get  0)(
2

2

3

2

3

2


l

m

b

a

b

y

a

x
  or, 

4

22

4

22

b

my

a

lx
  or, 

1
1

1

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2









m

b

l

a

a

y

a

x

m

b

b

y

l

a

a

x

  or, 
224 lxa  ,  

224 myb   or, xla 2
, ymb 2

. 

Putting the values of 
2a  and 

2b  in (i)  we get  1
22





 ym

y

xl

x
. Hence the required 

envelope is   1
m

y

l

x
. 

 

 

 

 

 



EXAMPLE 8 :  Find the equation of the envelope of the family of curves 

1
2

2

2

2


b

y

a

x
, where the parameters a  and b  are connected by the relation 

2cab  . 

SOLUTION :   Given family of straight lines is 1
2

2

2

2


b

y

a

x
………………(i) 

                                               Given relation is  
2cab  ………………(ii)  Differentiating both 

sides of (i) & (ii) with respect to a  assuming b  as function of a  , we get

0
22

3

2

3

2


da

db

b

y

a

x
………(iii) and  0

da

db
ab …………..(iv).  Eliminating  

da

db
 from 

(iii) and (iv) we get  0
2

2

3

2


ab

y

a

x
    or,   2

2

2

2

b

y

a

x
     or,   4

22

2

2

c

ay

a

x
  

or,  
y

x
ca  . Putting this value of a  in (ii) we get 

x

y
cb  . Putting the values of 

a  and b  in (i)  we get  . 1
2

2

2

2



x

yc

y

y

xc

x
.   or, 

2cxyxy   or, 
22 cxy  . Hence 

the required envelope is   
22 cxy  . 

 

EXAMPLE 9 :  Find the equation of the envelope of the family of curves 

1
2

2

2

2


b

y

a

x
, where the parameters a  and b  are connected by the relation 

cba  . 

SOLUTION :   Given family of straight lines is 1
2

2

2

2


b

y

a

x
………………(i) 

                                               Given relation is  cba  ………………(ii)  

Differentiating both sides of (i) & (ii) with respect to a  assuming b  as function of a  , we 

get 0
22

3

2

3

2


da

db

b

y

a

x
………(iii) and  0

2

1

2

1


da

db

ba
…………..(iv).  Eliminating  

da

db
 from (iii) and (iv) we get  0

3

2

3

2


a

b

b

y

a

x
   or,   

bb

y

aa

x
2

2

2

2

   



or,  
cba

b

y

a

x

b

b

y

a

a

x

12

2

2

2

2

2

2

2


























.   or, 
22

5

xca   and 
22

5

ycb   

or,  
5

4

5

1

xca  and  
5

4

5

1

ycb  .  Putting the values of a  and b  in (i)  we get 

1

5

8

5

2

2

5

8

5

2

2



yc

y

xc

x

 or, 
5

2

5

2

5

2

cyx 













 . Hence the required envelope is  

5

2

5

2

5

2

cyx  . 

 

EXAMPLE 10 :  Find the equation of the envelope of the family of curves 

1
2

2

2

2


b

y

a

x
, where the parameters a  and b  are connected by the relation 

mmm cba  . 

SOLUTION :   Given family of straight lines is 1
2

2

2

2


b

y

a

x
………………(i) 

                                               Given relation is  
mmm cba  ………………(ii)  Differentiating 

both sides of (i) & (ii) with respect to a  assuming b  as function of a  , we get

0
22

3

2

3

2


da

db

b

y

a

x
………(iii) and  011  

da

db
mbma mm

…………..(iv).  Eliminating  

da

db
 from (iii) and (iv) we get  0

1

1

3

2

3

2






m

m

b

a

b

y

a

x
   or,   2

2

2

2




mm b

y

a

x
  

or,  mmmmm cba

b

y

a

x

b

b

y

a

a

x

12

2

2

2

2

2

2

2


























.   or, 
22 xca mm 

 and 
22 ycb mm 

 

or,  
2

2

2  mm

m

xca and  
2

2

2  mm

m

ycb .  Putting the values of a  and b  in (i)  we 

get 
1

2

4

2

2

2

2

4

2

2

2



 mm

m

mm

m

yc

y

xc

x

 or, 
2

2

2

2

2

2

 













 m

m

m

m

m

m

cyx . Hence the required 

envelope is  
2

2

2

2

2

2

  m

m

m

m

m

m

cyx . 



SOME PROBLEMS WHERE ENVELOPE OF A FAMILY OF CURVE OF TWO 

PARAMETERS IS GIVEN AND WE ARE TO FIND THE RELATION BETWEEN THE 

PARAMETERS 

 

 

EXAMPLE 11 :  The envelope of the family of straight lines 1
b

y

a

x
, where a  and b  

are parameters, is given by kyx  . Find the relation between a  and b .  

 

SOLUTION :   Given family of straight lines is 1
b

y

a

x
………………(i) 

Envelope of the given family of straight lines  is  kyx  ………………(ii)  

Differentiating both sides of (i) & (ii) with respect to x , we get  

0
11


dx

dy

ba
………….(iii)  and 0

2

1

2

1


dx

dy

yx
…………(iv). Eliminating 

dx

dy
from 

(iii) and (iv) we get 
a

b

x

y
 .  Let ax   and by  . Then from (ii) we get  

kba    or 
)( ba

k


 .  From (i) 1

2222


b

b

a

a 
 or, 1)(2  ba   

or,  1)(
)( 2




ba
ba

k
 or kba  . Hence the relation between the parameters 

a  and b  is kba  . 

 

 

EXAMPLE 12 :  The envelope of the family of straight lines 1
b

y

a

x
, where a  and b  

are parameters, is given by 
3

2

3

2

3

2

cyx  . Find the relation between a  and b .  

 

SOLUTION :   Given family of straight lines is 1
b

y

a

x
………………(i) 



Envelope of the given family of straight lines  is  
3

2

3

2

3

2

cyx  ………………(ii)  

Differentiating both sides of (i) & (ii) with respect to x , we get 0
11


dx

dy

ba

………….(iii)  and 0
3

2

3

2
3

1

3

1




dx

dy
yx …………(iv). Eliminating

dx

dy
from (iii) and (iv) we 

get a

b

x

y


3

1

3

1

.  Let ax 3

1

 and by 3

1

.     Then from (ii) we get   

3

2

2222 cba    or, 
3

2

222 )( cba  ……(v) Again from (i), we get 

1
3333


b

b

a

a 
 or, 1)( 223  ba ……..(vi). Cubing (v) &  squaring (vi) and then 

dividing, we get  
1)(

)( 2

2226

3226 c

ba

ba









 or, 

222 cba  . Hence the relation between 

the parameters a  and b  is 
222 cba   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

ASYMPTOTES 
 

A straight line is said to be a rectilinear asymptote of an infinite branch of a curve if as 

a point P of the curve tends to infinity along the infinite branch, the perpendicular 

distance of the point P from that straight line tends to zero.  

 

 

 

                           P               

 

 

NOTE :- (i)  Asymptotes may be parallel either to axisx   or  to  axisy  .  

Asymptotes parallel to axisx   are called horizontal asymptotes and asymptotes 

parallel to axisy   are called vertical asymptotes otherwise they will be called 

oblique asymptotes.  

(ii)  For a curve lying wholly in a finite region, asymptotes cannot obviously exist. A circle 

or an ellipse has no asymptote.  

But it does not necessarily mean that a curve having an infinite branch must have 

asymptote. Asymptote may or may not exist. For example, parabola is a curve extending 

to infinity but it has no asymptote. 

 

 

 

 

RULES OF FINDING ASYMPTOTES OF AN ALGEBRAIC CURVE 
 

 

An algebraic curve of the nth degree can have at most n  asymptotes. 

 

(1) RULES OF FINDING HORIZONTAL/VERTICAL ASYMPTOTES OF AN ALGEBRAIC CURVE 

  

Asymptotes parallel to axisx  exist only when the co-efficient of the highest power of 

x  is zero and in this case equating the co-efficient of the next highest available power of 

x  is to zero, we get the equation of horizontal asymptote. Similarly, Asymptotes parallel 



to axisy  exist only when the co-efficient of the highest power of y  is zero and in this 

case equating the co-efficient of the next highest available power of y  is to zero, we get 

the equation of vertical asymptote. 

 

(2) RULES OF FINDING OBLIQUE ASYMPTOTES OF AN ALGEBRAIC CURVE 

 

The most general form of the equation of an algebraic curve of the nth degree can be 

written as  

  )()( 123
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1

1
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n
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nnnn

n

nnn ybyxbyxbxbyayxayxaxa  

0)( 224
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0   n
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nnn ycyxcyxcxc  
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Or,  
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Oblique asymptotes are given by    cmxy  , where m  is any of the real roots of 

the equation 0)( mn  and for each value of  m , c  is given by 

0)()( 1 
 mmc nn   if  0)(  mn  

If for any value of  m ,  0)(  mn  then  values of c  are  given by 

0)()(
!1

)(
!2

21

2


 mm

c
m

c
nnn   and so on. 

 

PROBLEMS ON RECTILINEAR ASYMPTOTES 
 

EXAMPLE 1 :   Find the asymptotes of the curve    

0148422 23223  xxyxyxyyxx . 

 

SOLUTION : This is an algebraic curve of degree 3 . So, it can have atmost 3  asymptotes. 

As the co-efficient of the highest power of x  is )0(2  , the given curve has no horizontal 

asymptote.  Similarly,  as the co-efficient of the highest power of y  is )0(1  , the given 

curve has no vertical asymptote. So, all the asymptotes (if exist) are oblique. 

The equation of the given curve can be written as  



01)4(8422 2

3
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2
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Or, 01)(12
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y
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y
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  32

3 22 mmmm     2

3 341 mmm     mmm 643   

  mm 842     82  m    02  m  

  41 m    01  m    01  m  

Oblique asymptotes are given by    cmxy  , where m  is any of the real roots of the 

equation 0)(3 m  and for each value of  m , c  is given by 0)()( 133 
 mmc 

. 

Therefore,   32

3 22 mmmm  .  Let   03 m , i.e., 022 32  mmm  

or,  1m  , 1 , 2 .  

For 1m ,   0)()( 23  mmc    or,      084341 2  mmmc  

Or,     018413141 2 c or, 2c . 

1m , 2c  

For 1m ,   0)()( 23  mmc    or,      084341 2  mmmc  

Or,     0184)1(3141 2 c or, 2c . 

1m , 2c  

For 2m ,   0)()( 23  mmc    or,      084341 2  mmmc  

Or,     028423241 2 c or, 4c . 

2m , 4c  

 

Hence the required asymptotes are    

2 xy ,   2 xy ,  42  xy  

  

EXAMPLE 2 :   Find the asymptotes of the curve    022 2223  xyxxyyxx . 

 

SOLUTION : This is an algebraic curve of degree 3 . So, it can have atmost 3  asymptotes. 

As the co-efficient of the highest power of x  is )0(1  , the given curve has no horizontal 

asymptote.  The co-efficient of the highest power of y  is 0 . The co-efficient of next 

highest available power of y  is x . Hence the equation of the only vertical asymptote is 



0x . So, the remaining two asymptotes are oblique. The equation of the given curve 

can be written as  

02121 2
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Or, 022
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y
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  122

3  mmm    223  mm    23  m  

  mm 12    12  m    02  m  

  01 m    01  m    01  m  

Oblique asymptotes are given by    cmxy  , where m  is any of the real roots of the 

equation 0)(3 m  and for each value of  m , c  is given by 0)()( 133 
 mmc 

. 

 

Therefore,   122

3  mmm .  Let   03 m , i.e., 0122  mm  or,  1m  , 1 .  

For 1m ,   0212223  mm   

To obtain c  let us consider the following relation. 

0)()(
!1

)(
!2

23133

2


 mm

c
m

c
  

Or, 00)1(
1

)2(
2

2


cc

, or 02  cc , or 0)1( cc or, 0c ,

1c .  

The two pair of values are  

1m , 0c  

and  

1m , 1c  

So, the oblique asymptotes are  xy  , 1 xy .  

Hence the required asymptotes are       

0x , xy  , 1 xy ,  

 

EXAMPLE 3 :   Find the asymptotes of the curve    012222  yxxyyxyx . 

SOLUTION : This is an algebraic curve of degree 4 . So, it can have atmost 4  asymptotes. 



The co-efficient of the highest power of x  is 0 .  The co-efficient of next highest available 

power of x  is yy 2
.   Let  02  yy . 0y , 1y . Hence equations of 

horizontal asymptotes are 0y , 1y . 

The co-efficient of the highest power of y  is 0 .  The co-efficient of next highest available 

power of y is xx 2
.   Let  02  xx . 0x , 1x . Hence equations of vertical 

asymptotes are 0x , 1x . 

Hence the equations of required asymptotes are 

0y , 1y , 0x , 1x  

 

 

ALTERNATIVE METHOD OF FINDING OBLIQUE ASYMPTOTES 
 

(1)  If the equation of the given curve is expressed as  0)( 111   nn PFxmy ,  
     where     

     1nF  contains the terms of degree )1( n  and 1nP  contains the terms of degree not  

     higher than )1( n  then the equation of the asymptote parallel to 01  xmy is  

     given by  0
1

1
1 






n

n

x F

P
Limxmy  where 1m

x

y
Lim
x




. 

 

(2)  If the equation of the given curve is expressed as ,  

     0)()( 2212

2

1   nnn QPxmyFxmy where 2nF  & 2nP contain the  

       terms of  Degree  )2( n  and 2nQ  contains the terms of degree not higher than  

       )2( n  then the equation of the asymptotes parallel to 01  xmy are given by  

        0)()(
2

2

2

2
1

2

1 










n

n

x
n

n

x F

Q
Lim

F

P
Limxmyxmy  where 1m

x

y
Lim
x




. 

       

 

 

Now let us try to find asymptotes of the curve given in example-(1) & 

example-(2) using the alternative method described above.  

 

 

 

 



EXAMPLE 4 :   Find the asymptotes of the curve    

0148422 23223  xxyxyxyyxx . 

 

SOLUTION : This is an algebraic curve of degree 3 . So, it can have atmost 3  asymptotes. 

As the co-efficient of the highest power of x  is )0(2  , the given curve has no horizontal 

asymptote.  Similarly,  as the co-efficient of the highest power of y  is )0(1  , the given 

curve has no vertical asymptote. So, all the asymptotes (if exist) are oblique. 

 

ALTERNATIVE METHOD ( for oblique asymptotes ): The given equation can be written as 

01484)2)(( 222  xxyxyxyx  

Or, 0)41()48()2)()(( 2  xxxyxyxyxy  

Therefore, asymptote parallel to 0 xy  is given by        

0
2

2 





n

n

x F

P
Limxy  where )41()48( 2

2 xxxyPn    and  

)2)((2 xyxyFn  .   Also    1
 x

y
Lim
x

.  Hence asymptote 

parallel to 0 xy  is  0
)2)((

)41()48( 2







 xyxy

xxxy
Limxy
x

 

or, 
0

21

41
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Limxy
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or,  
   

  
0
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x
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1

x

y
Lim
x

  

or, 02  xy . 

Again, asymptote parallel to 0 xy  is given by        

0
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n

n

x F

P
Limxy  where )41()48( 2

2 xxxyPn    and  

)2)((2 xyxyFn  .   Also    1
 x

y
Lim
x

.  Hence asymptote 

parallel to 0 xy  is  0
)2)((

)41()48( 2







 xyxy

xxxy
Limxy
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or, 
0

21

41
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or,  
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x
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1

x

y
Lim
x

  

or, 02  xy . 

Similarly, asymptote parallel to 02  xy  is given by        
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n

x F

P
Limxy  where )41()48( 2

2 xxxyPn    and  

))((2 xyxyFn  .   Also    2
 x

y
Lim
x

.  Hence asymptote 

parallel to 02  xy  is  0
))((
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 xyxy

xxxy
Limxy
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or, 
0
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41
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Limxy
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or,  
   

  
0
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004)2(8
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x
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2

x

y
Lim
x

  

or, 042  xy . 

Therefore, oblique asymptotes are 02  xy , 02  xy and 042  xy  

Hence the required asymptotes are    

2 xy ,   2 xy ,  42  xy  

 

EXAMPLE 5 :   Find the asymptotes of the curve    022 2223  xyxxyyxx . 

 

SOLUTION : This is an algebraic curve of degree 3 . So, it can have atmost 3  asymptotes. 

As the co-efficient of the highest power of x  is )0(1  , the given curve has no horizontal 

asymptote.  The co-efficient of the highest power of y  is 0 . The co-efficient of next 

highest available power of y  is x . Hence the equation of the only vertical asymptote is 

0x . So, the remaining two asymptotes are oblique.  



ALTERNATIVE METHOD ( for oblique asymptotes ): The given equation can be written as 

02)()( 2  xyxxyx  

Equation of the given curve is expressed as ,  

0)()( 232323

2   QPxyFxy where xF 23  & xP 23 contain the 

terms of  Degree )23(   and 23Q  contains the terms of degree not higher than )23( 

, then the equation of the asymptotes parallel to 0 xy are given by  

0)()(
23

23

23

232 









 F

Q
Lim

F

P
Limxyxy

xx  where xF 23 , xP 23  and 

223 Q .  Also,  1
 x

y
Lim
x

. That is, the equation of the asymptotes parallel to 

0 xy  are  0
2

)()( 2 



 x

Lim
x

x
Limxyxy

xx
. 

Or,  00)()( 2  xyxy  

Or,    01)()(  xyxy  

Or, 0 xy , 01)(  xy  

Therefore, oblique asymptotes are 0 xy  and 1 xy . 

Hence the required asymptotes are    

0x ,   0 xy ,  1 xy  

 

 

ASYMPTOTES BY INSPECTION 
 

If the equation of a curve be of the form 02  nn FF  where nF  is a polynomial of 

degree n  and 2nF  is a polynomial of degree not higher than )2( n  and if nF  can be 

broken up into n  distinct linear factors then all the asymptotes of the curve are given by 

0nF .  

 

EXAMPLE 6 :   Find the asymptotes of the curve    

0765)654)(432)(2(  yxyxyxyx . 

SOLUTION : This is an algebraic curve of degree 3 . So, it can have atmost 3  asymptotes. 

As the co-efficient of the highest power of x  is not equal to 0 , the given curve has no 

horizontal asymptote.  Similarly,  as the co-efficient of the highest power of y  is not 



equal to 0 , the given curve has no vertical asymptote. So, all the asymptotes (if exist) are 

oblique. 

The equation of the given curve can be written as 0233  FF . Hence by the method of 

inspection asymptotes are given by 03 F .  

That is, 0)654)(432)(2(  yxyxyx . Therefore required asymptotes 

are  

0)2(  yx , 0)432(  yx , 0)654(  yx  

 

 

THEOREM : Any asymptote of an algebraic curve of  nth degree intersects the curve at 

)2( n points. 

 

COROLLARY : The n  asymptotes of an algebraic curve of  nth degree intersects the curve 

at )2( nn points. 

 

IMPORTANT NOTE 

We know that if the equation of a curve be of the form 02  nn FF  where nF  is a 

polynomial of degree n  and 2nF  is a polynomial of degree not higher than )2( n  and 

if nF  can be broken up into n  distinct linear factors then all the asymptotes of the curve 

are given by 0nF .  

Now equation of the given curve is )1...(..........02  nn FF  and equation of all the 

asymptotes of the curve are )2...(..........0nF . So points of intersection of the curve and 

the asymptotes will satisfy both the equations (1) & (2). Again as 0nF , points of 

intersection of the curve and the asymptotes will satisfy the equation 02 nF . Hence all 

the points of intersection of the given curve and the asymptotes will lie on the curve 

02 nF . 

 

EXAMPLE 7 :   Show that  the four asymptotes of the curve 

0132356)4)(( 232232222  xyxyxyyxxxyyx  intersect 

the curve in eight points which lie on the circle 122  yx  

SOLUTION : This is an algebraic curve of degree 4  . So, it can have atmost 4  asymptotes. 

As the co-efficient of the highest power of x  is not equal to 0 , the given curve has no 

horizontal asymptote.  Similarly,  as the co-efficient of the highest power of y  is not 



equal to 0 , the given curve has no vertical asymptote. So, all the asymptotes (if exist) are 

oblique. 

Now the equation of given curve can be written as  

0132356)2)(2)()(( 23223  xyxyxyyxxxyxyyxyx

 

So,  the equation of the asymptote parallel to 0)(  yx  is  
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)2)(2)((14 xyxyyxF  , 132356 23223
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The equation of the asymptote parallel to 0)(  yx  is  
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The equation of the asymptote parallel to 0)2(  xy  is  
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)2)()((14 xyyxyxF  , 132356 23223
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The equation of the asymptote parallel to 0)2(  xy  is  
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)2)()((14 xyyxyxF  , 132356 23223
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Or,   

012  xy  

Therefore, equations of all the four asymptotes(oblique) are  

0 yx  01 yx  

02  xy  012  xy  

The joint equation of the asymptotes of the given curve is  

     01221  xyxyyxyx  

Or, 0322356)4)(( 2232232222  yxyxyxyyxxxyyx  

4F (say) 

Now the equation of the given curve can be written 

    01322356)4)(( 222232232222  yxyxyxyxyyxxxyyx

or, 024  FF     02  nn FF  

Where 4F  represents the joint equation of four asymptotes of the given curve. Also four 

asymptotes cut the given curve in 8)24(4  (eight) points. Hence the eight points of 

intersection of the given curve and the asymptotes must lie on 02 F , i.e., on 

122  yx . 

 



EXAMPLE 8 :   Show that the eight points of intersection of the curve 

0145 224224  yxyxyyxx  and its asymptotes lie on a rectangular 

hyperbola. 

SOLUTION : This is an algebraic curve of degree 4  . So, it can have atmost 4  asymptotes. 

As the co-efficient of the highest power of x  is not equal to 0 , the given curve has no 

horizontal asymptote.  Similarly,  as the co-efficient of the highest power of y  is not 

equal to 0 , the given curve has no vertical asymptote. So, all the asymptotes (if exist) are 

oblique. 

Now the equation of given curve can be written as  

0144 22422224  yxyxyyxyxx   

Or,     0144 22222222  yxyxyxyyxx  

Or,    014 222222  yxyxyxyx  

Or,      0122 22  yxyxyxyxyxyx  

Therefore, the equation of the given curve is expressed as 0244  FF . Hence by the 

method of inspection joint equation of the asymptotes of the given curve is 04 F . i.e., 

     022  yxyxyxyx . 

That is, 044 422224  yyxyxx  

              4F  

The equation of given is 0145 224224  yxyxyyxx  

                                           Or,     0144 22422224  yxyxyyxyxx  

                                            Or,    0244  FF . Where 4F  represents the joint equation 

of four asymptotes of the given curve. Also four asymptotes cut the given curve in 

8)24(4  (eight) points. Hence the eight points of intersection of the given curve and 

the asymptotes must lie on 02 F , i.e., on   0122  yxyx . 

                                                                          i.e., on 1
2

1

2

1
22


















 xy which is a 

rectangular hyperbola.  

 

 

 



ASYMPTOTES IN POLAR CO-ORDINATE IN SYSTEM 

Let the equation of the given curve be )(fr  . Let us change 
r

1
 to u . Then the given 

curve becomes )(Fu  . Let us find )(


F
d

du
 . If  r  then 0u  & 

  (say). Let us find )(F  , that is 
d

du
 at    . Then the required asymptote is 

)(

1
)sin(




F
r


 .  

 

EXAMPLE 9 :  Find the asymptotes of the polar curve tanar  . 

SOLUTION :  Let 
r

u
1

 . Then the  given curve becomes )(
cot

tan

1





F

aa
u  . 

Then 
a

ec
F

d

du 




2cos
)(


 .  If  r   then 0u  & 0cot  . Therefore, 

2
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  n  {    say },   ,3,2,1n .  So, 
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F 2
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)(

2 




 . 

Therefore,  the required asymptotes are  
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1
)sin(




F
r


  

Or,  ananr 
2

)12(sin)
2

)12(sin( 2 
  

Or,   anr  )
2

)12sin( 


 

Or,  ar  cos  

Or,  ar cos . 

 

EXAMPLE 10 :  Find the asymptotes of the polar curve   
nn anr )sin(  . 



SOLUTION : Let 
r

u
1

 . Then the given curve becomes )(
)sin(




F
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n
u

n

n  (say). 

Then annun log)sin(loglog   .  Differentiating, we get  
)sin(
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 . 
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.  If  r   then 0u  & 0)sin( n . 

Therefore,  kn  , i.e.,  
n

k
  {    say },   ,3,2,1k . 

So,  
 

)c o s (
)s i n (
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F
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. Therefore, the required asymptotes are 

)(

1
)sin(




F
r


 ,  or, 

)(

1
)sin(






Fn

k
r


 .  If 1n  then 1

1


n
, i.e., 

01
1


n

 then 
 




nka

n
F

1
1

)sin(

)cos(
)(




 . In that case asymptotes are 

0
1

)sin( 



n

k
r


   or,  0)sin( 

n

k
  or, 

n

k
   or, 

 kn   

. Again If 1n  then 1
1


n
, i.e., 01

1


n
 then 0)(  F . That is, 

 )(

1

F

and in that case no asymptote will exist. 

 

EXAMPLE 11 :  Find the asymptotes of the polar curve    tansin2ar  . 

SOLUTION : Let 
r

u
1

 . Then the given curve becomes )(
sin2

cot





F

a
u  (say). 

Then 



 sin2

1
)(

a
F

d

du 
 .  If  r   then 0u  & 0cot  . Therefore, 

2
)12(


  n  {    say },  Then  aa
na

F
2

1

)1(2

1

2
)12sin(2

1
)(

















 .  



Then the required asymptotes are 
)(

1
)sin(




F
r


  or, 

1

2

2

1

1

2
)12(sin




















a

a

nr



  

or, )2(
2

)12(sin anr 







 


 or, ar 2cos     or,  ar 2cos  . 

The required asymptotes are 

ar 2cos   

 

EXAMPLE 12 :  Find the asymptotes of the polar curve   5sin)32(  r . 

SOLUTION : Let 
r

u
1

 .  Then the given curve becomes )(
sin35

sin2





Fu 


 (say). 

Then 22 )sin35(

cos10

)sin35(

cos3sin2cos2)sin35(
)(










 





 F

d

du
. If  r   

then 0u  & 0sin  . Therefore,  n  {    say },  Then  

5

2

25

cos10

)sin35(

cos10
)(

2












n

n

n
F .  

Then the required asymptotes are 
)(

1
)sin(




F
r


  or, 

 
2

5

5

2

1
sin 



  nr
  

or,  
2

5
sin  nr  or, 

2

5
sin  r   or,  

2

5
sin r . The required 

asymptotes are 

2

5
sin r  

 

EXAMPLE 13 :  Show that there is an infinite series of parallel asymptotes to the curve 

b
a

r 
 sin

. 



SOLUTION : Let 
r

u
1

 .  Then the given curve becomes )(
sin

sin





F

ba
u 


 (say). 

Then 2)sin(

)cossin(sin)cos)(sinsin(
)(






 ba

bbba
F

d

du




  

        Or, 2)sin(

)cos(sin
)(






 ba

a
F

d

du




  .  

If  r   then 0u  & 0sin  . Therefore,  n  {    say }. Then  

a

n

nbna

nnna
F






 






2)sin(

)cos(sin
)( .  Then the required asymptotes are 

)(

1
)sin(




F
r


  or, 

 



n

a

a

n
nr







1

sin
 or, 

 



n

a
nr


 sin  or, 




n

a
r


 sin)1(   or,  




n

a
r sin . Giving 

different values of n , we get an infinite series of parallel asymptotes. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



INDETERMINATE FORMS 
 

We know that 
)(

)(

)(

)(

xgLim

xfLim

xg

xf
Lim

ax

ax

ax






 . That is, limiting value of the quotient of two 

functions )(xf  and  )(xg is , in general, quotient of their individual limits )(xfLim
ax

and 

)(xgLim
ax

.  But if both the limits )(xfLim
ax

and )(xgLim
ax

 are equal to zero then this 

rule is no longer applicable because in that case the limit will be of the form 
0

0
 




















 0

0

)(

)(

)(

)(

xgLim

xfLim

xg

xf
Lim

ax

ax

ax
  which is clearly, meaningless. For example, if we 

consider the limit 
0

0sinsin

0

0

0






 xLim

xLim

x

x
Lim

x

x

x
.  So, this limit 

x

x
Lim
x

sin

0
 takes the 

indeterminate form 
0

0
 .  But we know that 1

sin

0


 x

x
Lim
x

. In this article we shall 

consider the cases where given limit takes the indeterminate forms like 
0

0
, 



, 0 , 

 . We w shall consider also the cases where given limit takes the indeterminate 

forms like 
00 , 

0 , 
1 , 

1 .  

 

 

L’ HOSPITAL’S RULE 
 

 

L’ Hospital’s Theorem :  If two functions )(xf  and  )(xg as also their derivatives  )(xf   

and  )(xg  are continuous at ax   and if )(0)( xgLimxfLim
axax 

  then 

)(

)(

)(

)(

xg

xf
Lim

xg

xf
Lim

axax 





 provided 0)( 


xgLim

ax
.  

 

Generalization :  If 0)()( 


xgLimxfLim
axax

 then  

)(

)(

)(

)(

)(

)(

xg

xf
Lim

xg

xf
Lim

xg

xf
Lim

axaxax 










 provided 0)( 


xgLim

ax
 and so on. 



LIMITS WHICH TAKE 
0

0
 form 

 

EX-1:  Evaluate the limit 
x

x
Lim
x

sin

0
. 

SOLUTION :  Given limit is 
0

0sinsin

0

0

0






 xLim

xLim

x

x
Lim

x

x

x
  








form

0

0
. 

Therefore, given limit   
x

x
Lim
x

sin

0
  

                                          
1

cos

0

x
Lim
x

  * Applying L’ Hospital’s Rule+ 

                                          1  

 

EX-2:  Evaluate the limit  
ax

ax
Lim

nn

ax 




. 

SOLUTION :  Given limit is  0

0

)(

)(















 axLim

axLim

ax

ax
Lim

ax

nn

ax

nn

ax
  








form

0

0
 

Therefore, given limit  
ax

ax
Lim

nn

ax 





  

                                        
1

1




n

ax

nx
Lim   * Applying L’ Hospital’s Rule+ 

                                         
1 nna . 

 

EX-3:  Evaluate the limit 3
0

cossin

x

xxx
Lim
x




. 

SOLUTION :  Given limit is 
0

0)cossin(cossin
3

0

0

3
0











 xLim

xxxLim

x

xxx
Lim

x

x

x
 . 

  So, the given limit is of   
0

0
 form. 

Therefore, given limit  3
0

cossin

x

xxx
Lim

x





 



2

22

0 3

cossin1

x

xx
Lim

x





* Applying L’ Hospital’s Rule we see again it is of 

0

0
form ] 

x

xxxx
Lim

x 6

sincos2cossin2

0





 

x

xx
Lim

x 6

cossin4

0
    * Applying L’ Hospital’s Rule we see again it is of 

0

0
form ] 

6

)sin(cos4 22

0

xx
Lim

x





 

6

4

0


x
Lim  

3

2
  

TASK :       (i)   
xx

ee
Lim

xx

x sin

sin

0 




           (ii)   

)sin1log(

)1log(sin

0 x

x
Lim
x 




 

 

 

LIMITS WHICH TAKE 



 form 

 

EX-4:  Evaluate the limit x

x
Lim
x tan

5tan

2




. 

SOLUTION :  Given limit is 








 xLim

xLim

x

x
Lim

x

x

x tan

5tan

tan

5tan

2

2

2 



   











form . 

Therefore, given limit   x

x
Lim
x tan

5tan

2




  

                                          x

x
Lim
x 5cot

cot

2




  [Now it is of 
0

0
form] 

                                          xec

xec
Lim
x 5cos5

cos
2

2

2






  * Applying L’ Hospital’s Rule+ 



5

1

5

1





  

EX-5:  Evaluate the limit 

x

x
Lim
x 1

1
1log

0











 . 

SOLUTION :  Given limit is 
































x
Lim

x
Lim

x

x
Lim

x

x

x 1

1
1log

1

1
1log

0

0

0   











form . 

Therefore, given limit   

x

x
Lim
x 1

1
1log

0












  

                                        











































2

2

0 1

1

1
1

1

x

x

x
Lim
x  

                                          
x

x
Lim
x 


 10

 

                                          0  

TASK :       (i)   
x

x
Lim
x

2

2

0 cotlog

log


           (ii)   x

n

x e

x
Lim


[ n being positive ] 

 

 

LIMITS WHICH TAKE 0  form 

 

EX-6:  Evaluate the limit  
22

0
log xxLim

x
. 

SOLUTION :  Given limit is 


0loglog 2

0

2

0

22

0
xLimxLimxxLim

xxx
. 

                                                                                      form0  



Now the given limit can be written as  
22

0
log xxLim

x
    

                                                                          












2

2

0 1

log

x

x
Lim

x   















2
0

2

0

1

log

x
Lim

xLim

x

x













form  

Therefore, given limit   
22

0
log xxLim

x
  

                                               












2

2

0 1

log

x

x
Lim

x   











form  

                                                







 






3

2

0 2

2
1

x

x
xLim

x  

                                                 )( 2

0
xLim

x



 

                                                 0  

 

 

EX-7:  Evaluate the limit    xxLim
x

2

0
sinlog


. 

SOLUTION :  Given limit is     


0sinlogsinlog 2

00

2

0
xLimxLimxxLim

xxx
. 

                                                                                      form0  

Now the given limit can be written as   xxLim
x

2

0
sinlog


   

                                                     

 













x

x
Lim

x 1

sinlog 2

0   

 















x
Lim

xLim

x

x

1

sinlog

0

2

0













form  

Therefore, given limit    xxLim
x

2

0
sinlog


  

                                               

 













x

x
Lim

x 1

sinlog 2

0   











form  

 



                                                   















2

2

0 1

cossin2
sin

1

x

xx
xLim

x  

                                                     xxLim
x

cot2 2

0
     form0  

                                                      
x

x
Lim

x tan
2

2

0
    [Now it is of 

0

0
form] 

                                                        
x

x
Lim

x
2

0 sec

2
2


  * Applying L’ Hospital’s Rule+ 

                                                        0  

TASK :       (i)   
2

0
logsin xxLim

x
           (ii)   

xxLim
x

7cos5sec

2




 

 

 

LIMITS WHICH TAKE   form 
 

EX-8:  Evaluate the limit   
 xxLim

x

tansec

2



  

SOLUTION :  Given limit is   xLimxLimxxLim
xxx

tansectansec

222




  

                                                                            form  

Therefore, given limit    xxLim
x

tansec

2



    form  

                                        









 x

x

x
Lim
x cos

sin

cos

1

2

  

                                        






 


 x

x
Lim
x cos

sin1

2

  [Now it is of 
0

0
form] 

                                        













 x

x
Lim
x sin

cos

2

       * Applying L’ Hospital’s Rule+ 

                                                  
1

0
 0  



TASK :       (i)    









 xx
Lim
x

22
0 sin

11
             (ii)    












 2

1

4

4
2

0 xx
Lim
x

 

 

 

 

LIMITS WHICH TAKE 
00 , 

0 , 
1 , 

1  forms 
 

 

EX-9:  Evaluate the limit   
x

x
xLim 2

0
 

SOLUTION :  Given limit is  
x

x
xLim 2

0
    form00  

Let  
xxxf 2)(  .    Then xxxf log2)(log   

                                       Or,    xxLimxfLim
xx

log2)(log
00 

  

                                        Or,   xxLimxfLim
xx

log2)(log
00 

  

                                        Or, 

xxLim

x

xexfLim
log2

0

0)( 


. 

      That is, given limit 

xxLim
x

x

xexLim
log2

2

0

0


……………………(1) 

Now let us consider the limit xxLim
x

log2
0

which clearly takes the form 0 . 

 Therefore, 












x

x
LimxxLim
xx 1

log
2log2

00    











form  

                                                        














2

0 1

1

2

x

xLim
x  

                                                         )(2
0

xLim
x




 

                                                          0  

Hence from (1), the given limit 10
log2

2

0

0  


eexLim

xxLim
x

x

x

 

 



 

EX-10:  Evaluate the limit   
x

x
xLim

2cot

0
)(cos


 

SOLUTION :  Given limit is  
x

x
xLim

2cot

0
)(cos


    form1  

Let  
xxxf

2cot)(cos)(  .    Then xxxf coslogcot)(log 2  

                                       Or,    xxLimxfLim
xx

coslogcot)(log 2

00 
  

                                        Or,    xxLimxfLim
xx

coslogcot)(log 2

00 
  

                                        Or, 

 xxLim

x

xexfLim
coslogcot

0

2

0)( 


. 

      That is, given limit 

 xxLim
x

x

xexLim
coslogcot

cot

0

2

0
2

)(cos 


…………(1) 

Now let us consider the limit  xxLim
x

coslogcot2

0
  which clearly takes the  

form 0 . 

Therefore,  
 x

x
LimxxLim
xx

2
0

2

0 tan

coslog
coslogcot


    








form

0

0
 

                                                         xx

x

x

Lim
x

2
0 sectan2

cos

sin








   * Applying L’ Hospital’s Rule+ 

                                                         xLim
x

2

0
cos

2

1


  

                                                          2

1


 

Hence from (1), the given limit

 xxLim
x

x

xexLim
coslogcot

cot

0

2

0
2

)(cos 


 

                                                                                                                   
2

1


 e  

 

 

 

 



EX-11:  Evaluate the limit   
x

x
xLim 



1

1

1
 

SOLUTION :  Given limit is  
x

x
xLim 



1

1

1
   form1  

Let  
xxxf  1

1

)( .    Then x
x

xf log
1

1
)(log


  

                                       Or,   












x

x
LimxfLim
xx

log
1

1
)(log

11
 

                                        Or,   












x

x
LimxfLim
xx

log
1

1
)(log

11
 

                                        Or, 

















x
x

Lim

x

x
exfLim

log
1

1

1

1
)( . 

      That is, given limit 

















x
x

Lim
x

x

x
exLim

log
1

1

1

1

1

1

……………………(1) 

Now let us consider the limit 









x

x
Lim
x

log
1

1

1
which clearly takes the form 0 . 

 Therefore, 



















  x

x
Limx

x
Lim

xx 1

log
log

1

1

11
   








form

0

0
 

                                                         1

1

1 




xLim
x

  * Applying L’ Hospital’s Rule+ 

                                                         1                                     

Hence from (1), the given limit e
eexLim

x
x

Lim
x

x

x 11
log

1

1

1

1

1

1
 
















 

EX-12:  Evaluate the limit   

x

x x
Lim 











2

1
1

 

SOLUTION :  Given limit is  

x

x x
Lim 











2

1
1

   form1  



Let  

x

x
xf 










2

1
1)( .    Then 










2

1
1log)(log

x
xxf  

                                       Or,   


















2

1
1log)(log

x
xLimxfLim

xx
 

                                        Or,   


















2

1
1log)(log

x
xLimxfLim

xx
 

                                        Or, . 

      That is, given limit 

































2

1
1log

2

1
1 x

xLim
x

x

x

e
x

Lim
……………………(1) 

Now let us consider the limit 


















2

1
1log

x
xLim

x
which clearly takes the form 

0 . 

Therefore, 
















































x

x
Lim

x
xLim

xx 1

1
1log

1
1log

2

2    







form

0

0
 

                                                        








 








 















2

3

2

1

2

1
1

1

x

x

x
Lim
x   * Applying L’ Hospital’s Rule+ 

                                                         
1

2
2 


 x

x
Lim
x

       











form    

                                                          
x

Lim
x 2

2


       

                                                          0                

Hence from (1), the given limit 
0

1
1 0

2












e

x
Lim

x

x  
























2

1
1log

)( x
xLim

x

x

exfLim



EX-13:  Evaluate the limit   

x

x x

x
Lim

1

0

sin









  

SOLUTION :  Given limit is  

x

x x

x
Lim

1

0

sin









    form1  

Let  

x

x

x
xf

1

sin
)( 








 .    Then 










x

x

x
xf

sin
log

1
)(log  

                                       Or,   









 x

x

x
LimxfLim
xx

sin
log

1
)(log

00
 

                                        Or,  
x

x

x

LimxfLim
xx













sin
log

)(log
00

 

                                        Or, 
x

x

x

Lim

x

xexfLim














sin
log

0

0)( . 

      That is, given limit 
x

x

x

Limx

x

xe
x

x
Lim






















sin
log1

0

0
sin

……………………(1) 

Now let us consider the limit 
x

x

x

Lim
x












sin
log

0
which clearly takes the form 

0

0
. 

Therefore,    
x

x

x

Lim
x












sin
log

0
     








form

0

0
                                                

                      
1

sincos

sin

1
2

0








 














x

xxx

x

x

Lim
x

  * Applying L’ Hospital’s Rule+ 

                      
xx

xxx
Lim
x sin

sincos

0





       








form

0

0
   



                   
xxx

xxxx
Lim
x cossin

cossincos

0 





    * Applying L’ Hospital’s Rule+  

                   
xxx

xx
Lim
x cossin

sin

0 





          








form

0

0
 

                   
xxxx

xxx
Lim
x sincoscos

cossin

0 





    * Applying L’ Hospital’s Rule+   

                    
2

0
  

                    0  

Hence from (1), the given limit 
1

sin 0

1

0












e

x

x
Lim

x

x  

 

 

 

TASK :       (i)    

2

1

0

tan x

x x

x
Lim 










             (ii)    

2

1

0

sin x

x x

x
Lim 









  

 

 

 

EX-14 :   If 
x

xxa
Lim
x

3
0 tan

2sinsin 


is finite, find the value of a and hence find the limit. 

 

 SOLUTION :  Given limit is  
x

xxa
Lim
x

3
0 tan

2sinsin 










form

0

0
. 

Therefore, given limit 
x

xxa
Lim

x
3

0 tan

2sinsin 











form

0

0
  

                                      
xx

xxa
Lim

x
22

0 sectan3

2cos2cos 



* Applying L’ Hospital’s Rule+ 

As the given limit is finite and the denominator 0sectan3 22 xx as  0x , the 

numerator xxa 2cos2cos  must tend to 0  as  0x . 

That is,  002cos20cos a . 

Or, 2a [ First part solved ].        



 Putting 2a , the above 

limit becomes     
xx

xx
Lim
x

22
0 sectan3

2cos2cos2 










form

0

0
  [ 002cos20cos a ] 

x

xxx
Lim
x

2

4

0 sin3

cos)2cos2cos2( 



 








form

0

0
 

xx

xxxxxxx
Lim
x cossin6

)sincos2cos8cos2sin4sincos2( 344

0





 

[ Applying  L’ Hospital’s Rule+ 

xx

xxxxxx
Lim
x cossin6

)4sincos2cos2sin42sincos5( 243

0





 

x

xxxxxxx

xxxxxxx

Lim
x 2cos6

)4coscos84sinsincos42sinsincos16

cos2cos22coscos102sinsincos15(

23

432

0








 

* Applying  L’ Hospital’s Rule+ 

          
6

8810 
  

          1    [ Second part solved ].  

 

 

EX-15 :    If    1
sin)cos1(

3
0




 x

xbxax
Lim
x

  then find the values of a  &  b . 

SOLUTION :  Given limit is  3
0

sin)cos1(

x

xbxax
Lim
x




 








form

0

0
  

                                               2
0 3

cos)sincos1(

x

xbxaxxa
Lim

x





 

* Applying  L’ Hospital’s Rule+ 

As the value of the given limit is 1  ( that is, finite) and the denominator 03 2 x as  

0x , the numerator xbxaxxa cos)sincos1(  must tend to 0  as  0x . 

That is,  00cos)0sin00cos1(  baa .  

           Or, )1(1 ba  

Therefore, the given limit 2
0 3

cos)sincos1(

x

xbxaxxa
Lim

x













form

0

0
 



                                         
x

xbxaxxaxa
Lim

x 6

sin)cossinsin(

0













form

0

0
 

* Applying  L’ Hospital’s Rule+ 

                                    
6

cos)sincoscos2(

0

xbxaxxaxa
Lim

x





 

* Applying  L’ Hospital’s Rule] 

As per given condition the value of the given limit is 1 .   Therefore,  

                                     1
6

0cos)0sin00cos0cos2(


 baaa
 

                               Or,    )2(63  ba  

Solving  )1(  &  )2( ,  we get  2

5
a  &  2

3
b . 

 

 

EX-15 : Determine the values of a , b & c so that   2
sin

cos


 

xx

cexbae xx

as 

0x . 

 

SOLUTION :  Given that    2
sin

cos


 

xx

cexbae xx

 as 0x . 

 

That is,      2
sin

cos

0


 

 xx

cexbae
Lim

xx

x
. 

Now   
xx

cexbae
Lim

xx

x sin

cos

0






 is finite and the denominator 0sin xx  as  

0x   the numerator  
xx cexbae  cos  must tend to  0   as   0x .   That is,  

00cos 00  cebae  or,   )1(0  cba .  So, in that case, the 

above limit   
xx

cexbae
Lim

xx

x sin

cos

0






 








form

0

0
 [ 0cos  xx cexbae ] 

* Applying  L’ Hospital’s Rule+ 

                      
xxx

cexbae
Lim

xx

x cossin

sin

0 







 

Since the above limit is finite and the denominator 0cossin  xxx  as  0x   

the numerator  
xx cexbae  sin  must tend to  0   as   0x .   That is,  



00sin 00  cebae  or,   )2(0  ca .  So, in that case, the above 

limit   
xxx

cexbae
Lim

xx

x cossin

sin

0 















form

0

0
  [ 0sin  xx cexbae ] 

               
xxxx

cexbae
Lim

xx

x sincoscos

cos

0 







 

[ Applying  L’ Hospital’s Rule+ 

                
0sin00cos0cos

0cos 00






cebae
 

              
011 




cba
 

              
2

cba 
 .  

According to given condition 2
2


 cba

 

     Or,  )3(4  cba .   

Solving  )1( , )2( &  )3( , we get   1a , 2b , 1c  

 1a , 2b , 1c  

 


