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Maxwell’s Stress Tensor (Based on D. J. Griffiths, Introduction to electrodynamics, Chapter-8): 

Total electromagnetic force on a distribution of charge in a volume 𝜏: 

𝑭ሬሬ⃗ = න 𝜌

ఛ

𝑑𝜏൫𝑬ሬሬ⃗ + 𝒗ሬሬ⃗ × 𝑩ሬሬ⃗ ൯ = න 𝜌൫𝑬ሬሬ⃗ + 𝒗ሬሬ⃗ × 𝑩ሬሬ⃗ ൯𝑑𝜏

ఛ

= න൫𝜌𝑬ሬሬ⃗ + 𝑱⃗ × 𝑩ሬሬ⃗ ൯𝑑𝜏

ఛ

= න 𝒇ሬ⃗ 𝑑𝜏

ఛ

… … … … (1) 

Where the integrand 

𝒇ሬ⃗ = 𝜌൫𝑬ሬሬ⃗ + 𝒗ሬሬ⃗ × 𝑩ሬሬ⃗ ൯ = 𝜌𝑬ሬሬ⃗ + 𝑱⃗ × 𝑩ሬሬ⃗ … … … … (𝟐) 

can be identified as the force per unit volume. We can express 𝒇ሬ⃗  in terms of fields 𝑬ሬሬ⃗    and  𝑩ሬሬ⃗  only, by 

replacing 𝜌  and  𝑱⃗ with the help of Maxwell’s 1st and 4th equations: 

𝜌 = 𝜖଴൫𝛁ሬሬ⃗ ∙ 𝑬ሬሬ⃗ ൯        and    𝜌𝒗ሬሬ⃗ = 𝑱⃗ =
1

𝜇଴
𝛁ሬሬ⃗ × 𝑩ሬሬ⃗ − 𝜖଴

𝜕𝑬ሬሬ⃗

𝜕𝑡
 

Thus: 

𝒇ሬ⃗ = 𝜌𝑬ሬሬ⃗ + 𝑱⃗ × 𝑩ሬሬ⃗ = 𝜖଴൫𝛁ሬሬ⃗ ∙ 𝑬ሬሬ⃗ ൯𝑬ሬሬ⃗ + ቆ
1

𝜇଴
𝛁ሬሬ⃗ × 𝑩ሬሬ⃗ − 𝜖଴

𝜕𝑬ሬሬ⃗

𝜕𝑡
ቇ × 𝑩ሬሬ⃗  

= 𝜖଴൫𝛁ሬሬ⃗ ∙ 𝑬ሬሬ⃗ ൯𝑬ሬሬ⃗ +
1

𝜇଴
൫𝛁ሬሬ⃗ × 𝑩ሬሬ⃗ ൯ × 𝑩ሬሬ⃗ − 𝜖଴

𝜕𝑬ሬሬ⃗

𝜕𝑡
× 𝑩ሬሬ⃗  

Now, using Maxwell' s 3rd eqn.: 

 
𝜕𝑩ሬሬ⃗

𝜕𝑡
= −𝛁ሬሬ⃗ × 𝑬ሬሬ⃗   

We can write 

𝜕

𝜕𝑡
൫𝑬ሬሬ⃗ × 𝑩ሬሬ⃗ ൯ = 𝑬ሬሬ⃗ ×

𝜕𝑩ሬሬ⃗

𝜕𝑡
+

𝜕𝑬ሬሬ⃗

𝜕𝑡
× 𝑩ሬሬ⃗ = −𝑬ሬሬ⃗ × ൫𝛁ሬሬ⃗ × 𝑬ሬሬ⃗ ൯ +

𝜕𝑬ሬሬ⃗

𝜕𝑡
× 𝑩ሬሬ⃗     

⇒
𝜕𝑬ሬሬ⃗

𝜕𝑡
× 𝑩ሬሬ⃗ =

𝜕

𝜕𝑡
൫𝑬ሬሬ⃗ × 𝑩ሬሬ⃗ ൯ + 𝑬ሬሬ⃗ × ൫𝛁ሬሬ⃗ × 𝑬ሬሬ⃗ ൯ 

Then: 

𝒇ሬ⃗ = 𝜖଴൫𝛁ሬሬ⃗ ∙ 𝑬ሬሬ⃗ ൯𝑬ሬሬ⃗ +
1

𝜇଴
൫𝛁ሬሬ⃗ × 𝑩ሬሬ⃗ ൯ × 𝑩ሬሬ⃗ − 𝜖଴ ൤

𝜕

𝜕𝑡
൫𝑬ሬሬ⃗ × 𝑩ሬሬ⃗ ൯ + 𝑬ሬሬ⃗ × ൫𝛁ሬሬ⃗ × 𝑬ሬሬ⃗ ൯൨ 

= 𝜖଴ൣ൫𝛁ሬሬ⃗ ∙ 𝑬ሬሬ⃗ ൯𝑬ሬሬ⃗ − 𝑬ሬሬ⃗ × ൫𝛁ሬሬ⃗ × 𝑬ሬሬ⃗ ൯൧ −
1

𝜇଴
𝑩ሬሬ⃗ × ൫𝛁ሬሬ⃗ × 𝑩ሬሬ⃗ ൯ − 𝜖଴

𝜕

𝜕𝑡
൫𝑬ሬሬ⃗ × 𝑩ሬሬ⃗ ൯ 

The expression of 𝒇ሬ⃗  can look more symmetrical if we add a term 
ଵ

ఓబ
൫𝛁ሬሬ⃗ ∙ 𝑩ሬሬ⃗ ൯𝑩ሬሬ⃗ . This will not hamper 

anything since from Maxwell’s 2nd equation 𝛁ሬሬ⃗ ∙ 𝑩ሬሬ⃗ = 0. Thus: 

𝒇ሬ⃗ = 𝜖଴ൣ൫𝛁ሬሬ⃗ ∙ 𝑬ሬሬ⃗ ൯𝑬ሬሬ⃗ − 𝑬ሬሬ⃗ × ൫𝛁ሬሬ⃗ × 𝑬ሬሬ⃗ ൯൧ +
1

𝜇଴
ൣ൫𝛁ሬሬ⃗ ∙ 𝑩ሬሬ⃗ ൯𝑩ሬሬ⃗ − 𝑩ሬሬ⃗ × ൫𝛁ሬሬ⃗ × 𝑩ሬሬ⃗ ൯൧ − 𝜖଴

𝜕

𝜕𝑡
൫𝑬ሬሬ⃗ × 𝑩ሬሬ⃗ ൯ … … … (3) 
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Again, from vector identities: 

𝛁ሬሬ⃗ ൫𝑬ሬሬ⃗ ∙ 𝑬ሬሬ⃗ ൯ = 2൫𝑬ሬሬ⃗ ∙ 𝛁ሬሬ⃗ ൯𝑬ሬሬ⃗ + 2𝑬ሬሬ⃗ × ൫𝛁ሬሬ⃗ × 𝑬ሬሬ⃗ ൯ 

⇒ 𝑬ሬሬ⃗ × ൫𝛁ሬሬ⃗ × 𝑬ሬሬ⃗ ൯ =
1

2
𝛁ሬሬ⃗ (𝐸ଶ) − ൫𝑬ሬሬ⃗ ∙ 𝛁ሬሬ⃗ ൯𝑬ሬሬ⃗  

Similarly:   

𝑩ሬሬ⃗ × ൫𝛁ሬሬ⃗ × 𝑩ሬሬ⃗ ൯ =
1

2
𝛁ሬሬ⃗ (𝐵ଶ) − ൫𝑩ሬሬ⃗ ∙ 𝛁ሬሬ⃗ ൯𝑩ሬሬ⃗  

Then we can write 𝒇ሬ⃗  as: 

𝒇ሬ⃗ = 𝜖଴ ൤൫𝛁ሬሬ⃗ ∙ 𝑬ሬሬ⃗ ൯𝑬ሬሬ⃗ + ൫𝑬ሬሬ⃗ ∙ 𝛁ሬሬ⃗ ൯𝑬ሬሬ⃗ −
1

2
𝛁ሬሬ⃗ (𝐸ଶ)൨ +

1

𝜇଴
൤൫𝛁ሬሬ⃗ ∙ 𝑩ሬሬ⃗ ൯𝑩ሬሬ⃗ + ൫𝑩ሬሬ⃗ ∙ 𝛁ሬሬ⃗ ൯𝑩ሬሬ⃗ −

1

2
𝛁ሬሬ⃗ (𝐵ଶ)൨ − 𝜖଴

𝜕

𝜕𝑡
൫𝑬ሬሬ⃗ × 𝑩ሬሬ⃗ ൯ 

… … … … (4) 

Also we can replace 𝑬ሬሬ⃗ × 𝑩ሬሬ⃗  by 𝜇଴𝐒⃗, where 𝐒⃗ is the Poynting vector. Then:  

𝒇ሬ⃗ = 𝜖଴ ൤൫𝛁ሬሬ⃗ ∙ 𝑬ሬሬ⃗ ൯𝑬ሬሬ⃗ + ൫𝑬ሬሬ⃗ ∙ 𝛁ሬሬ⃗ ൯𝑬ሬሬ⃗ −
1

2
𝛁ሬሬ⃗ (𝐸ଶ)൨ +

1

𝜇଴
൤൫𝛁ሬሬ⃗ ∙ 𝑩ሬሬ⃗ ൯𝑩ሬሬ⃗ + ൫𝑩ሬሬ⃗ ∙ 𝛁ሬሬ⃗ ൯𝑩ሬሬ⃗ −

1

2
𝛁ሬሬ⃗ (𝐵ଶ)൨ − 𝜖଴𝜇଴

𝜕𝐒⃗

𝜕𝑡
   

… … … (5) 

The expression within the first bracket can be expressed in terms of a tensor through few steps as 

follows. The 𝑥-component 𝒇ሬ⃗  of can be written as: 

𝑓௫ = 𝜖଴ ቈ൫𝛁ሬሬ⃗ ∙ 𝑬ሬሬ⃗ ൯𝐸௫ + ൫𝑬ሬሬ⃗ ∙ 𝛁ሬሬ⃗ ൯𝐸௫ −
1

2

𝜕𝐸ଶ

𝜕𝑥
቉ +

1

𝜇଴
ቈ൫𝛁ሬሬ⃗ ∙ 𝑩ሬሬ⃗ ൯𝐵௫ + ൫𝑩ሬሬ⃗ ∙ 𝛁ሬሬ⃗ ൯𝐵௫ −

1

2

𝜕𝐵ଶ

𝜕𝑥
቉ − 𝜇଴𝜖଴

𝜕𝑆௫

𝜕𝑡
 

= 𝜖଴ ቆ𝛁ሬሬ⃗ ∙ ൫𝑬ሬሬ⃗ 𝐸௫൯ −
1

2
𝛁ሬሬ⃗ ∙ (𝒙ෝ𝐸ଶ)ቇ +

1

𝜇଴
ቆ𝛁ሬሬ⃗ ∙ ൫𝑩ሬሬ⃗ 𝐵௫൯ −

1

2
𝛁ሬሬ⃗ ∙ (𝒙ෝ𝐵ଶ)ቇ − 𝜇଴𝜖଴

𝜕𝑆௫

𝜕𝑡
 

= 𝛁ሬሬ⃗ ∙ ൬𝜖଴ ൤𝑬ሬሬ⃗ 𝐸௫ −
1

2
𝒙ෝ𝐸ଶ൨ +

1

𝜇଴
൤𝑩ሬሬ⃗ 𝐵௫ −

1

2
𝒙ෝ𝐵ଶ൨൰ − 𝜇଴𝜖଴

𝜕𝑆௫

𝜕𝑡
 

Also we can write: 

𝑬ሬሬ⃗ 𝐸௫ −
1

2
𝒙ෝ𝐸ଶ = ൫𝐸௫𝒙ෝ + 𝐸௬𝒚ෝ + 𝐸௭𝒛ො൯𝐸௫ −

1

2
𝒙ෝ𝐸ଶ = 𝐸௫𝐸௫𝒙ෝ + 𝐸௬𝐸௫𝒚ෝ + 𝐸௭𝐸௫𝒛ො −

1

2
𝑥ො𝐸ଶ 

= ෍ ൬𝐸௞𝐸௫𝒌෡ −
1

2
𝛿௞௫𝒌෡𝐸ଶ൰

௞ୀ௫,௬,௭

= ෍ ൬𝐸௞𝐸௫ −
1

2
𝛿௞௫𝐸ଶ൰ 𝒌෡

௞ୀ௫,௬,௭

 

Similarly: 

𝑩ሬሬ⃗ 𝐵௫ −
1

2
𝒙ෝ𝐵ଶ = ෍ ൬𝐵௞𝐵௫ −

1

2
𝛿௞௫𝐵ଶ൰ 𝒌෡

௞ୀ௫,௬,௭
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Thus: 

𝑓௫ = 𝛁ሬሬ⃗ ∙ ቌ ෍ ൜𝜖଴ ൬𝐸௞𝐸௫ −
1

2
𝛿௞௫𝐸ଶ൰ +

1

𝜇଴
൬𝐵௞𝐵௫ −

1

2
𝛿௞௫𝐵ଶ൰ൠ 𝒌෡

௞ୀ௫,௬,௭

ቍ − 𝜇଴𝜖଴

𝜕𝑆௫

𝜕𝑡
… … … (6) 

𝐎𝐫: 

𝑓௫ = ቌ𝛁ሬሬ⃗ ∙ ෍ 𝑇௞௫𝒌෡

௞ୀ௫,௬,௭

ቍ − 𝜇଴𝜖଴

𝜕𝑆௫

𝜕𝑡
… … … (7𝐴) 

𝑓௬ = 𝛁ሬሬ⃗ ∙ ቌ ෍ 𝑇௞௬𝒌෡

௞ୀ௫,௬,௭

ቍ − 𝜇଴𝜖଴

𝜕𝑆௬

𝜕𝑡
… … … (7𝐵) 

𝑓௭ = 𝛁ሬሬ⃗ ∙ ቌ ෍ 𝑇௞௭𝒌෡

௞ୀ௫,௬,௭

ቍ − 𝜇଴𝜖଴

𝜕𝑆௭

𝜕𝑡
… … … (7𝐶) 

⇒ 𝑓௟ = 𝛁ሬሬ⃗ ∙ ቌ ෍ 𝑇௞௟𝒌෡

௞ୀ௫,௬,௭

ቍ − 𝜇଴𝜖଴

𝜕𝑆௟

𝜕𝑡
, 𝑙 = 𝑥, 𝑦, 𝑧 … … … (7𝐷) 

Where, 

𝑇௞௟ = 𝜖଴ ൬𝐸௞𝐸௟ −
1

2
𝛿௞௟𝐸ଶ൰ +

1

𝜇଴
൬𝐵௞𝐵௟ −

1

2
𝛿௞௟𝐵ଶ൰ … … … (8) 

𝑇௞௟  are the elements of a 3 × 3 tensor 𝑇, given by: 

𝑇 = ቎

𝑇௫௫ 𝑇௫௬ 𝑇௫௭

𝑇௬௫ 𝑇௬௬ 𝑇௬௭

𝑇௭௫ 𝑇௭௬ 𝑇௭௭

቏ … … … (9) 

The diagonal and off diagonal elements of 𝑇 look like: 

𝑇௫௫ =
𝜖଴

2
൫𝐸௫

ଶ − 𝐸௬
ଶ − 𝐸௭

ଶ൯ +
1

2𝜇଴
൫𝐵௫

ଶ − 𝐵௬
ଶ − 𝐵௭

ଶ൯ … … … (10𝐴) 

𝑇௫௬ = 𝜖଴𝐸௫𝐸௬ +
1

𝜇଴
𝐵௫𝐵௬ … … … (10𝐵) 

Using the property of divergence operation on a tensor, equation (1) can be written as: 

𝒇ሬ⃗ = 𝛁ሬሬ⃗ ∙ 𝑻⃗⃖ − 𝜇଴𝜖଴

𝜕𝐒⃗

𝜕𝑡
 … … … (11) 

Therefore:  

𝑭ሬሬ⃗ = න 𝒇ሬ⃗ 𝑑𝜏

ఛ

= න ቆ𝛁ሬሬ⃗ ∙ 𝑻⃗⃖ − 𝜇଴𝜖଴

𝜕𝐒⃗

𝜕𝑡
ቇ 𝑑𝜏

ఛ

= න 𝛁ሬሬ⃗ ∙ 𝑻⃗⃖𝑑𝜏

ఛ

− න 𝜇଴𝜖଴

𝜕𝐒⃗

𝜕𝑡
𝑑𝜏

ఛ

 … … … (12) 
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To realize the interpretation of 𝑻⃗⃖, let us convert the first volume integralin the r.h.s of eqn. (12) to 

surface integral with the help of Gauss’s divergence theorem. Then: 

𝑭ሬሬ⃗ = ඾ 𝑻⃗⃖ ∙ 𝒅𝒂ሬሬ⃗

ௌ

− 𝜇଴𝜖଴ න
𝜕𝐒⃗

𝜕𝑡
𝑑𝜏

ఛ

… … … … … (13𝐴) 

𝑭ሬሬ⃗ = ඾ 𝑻⃗⃖ ∙ 𝒅𝒂ሬሬ⃗

ௌ

− 𝜇଴𝜖଴

𝑑

𝑑𝑡
න 𝐒⃗𝑑𝜏

ఛ

… … … … … (13𝐵) 

Where 𝑆 is the closed surface bounding the volume 𝜏. As seen from eqn. (13A), the second term 

vanishes in static case i.e. if 𝐒⃗ does not depend explicitly on time. Eqn. (13B) shows that the second 

term will vanish if the volume integral ∫ 𝐒⃗𝑑𝜏
ఛ

 is independent of time, even if 𝐒⃗ has time dependence 

at different points within the volume 𝜏. Thus in the cases, where the second term vanishes, we have: 

𝑭ሬሬ⃗ = ඾ 𝑻⃗⃖ ∙ 𝒅𝒂ሬሬ⃗

ௌ

… … … (14) 

To understand 𝑻⃗⃖, we note that it has the dimension of stress, i.e. force per unit area. Now consider a 

fluid element, having an imaginary boundary surface 𝑆, at different points on which the (normally 

acting) pressure is 𝑃. The net force on the element will be given by: 

𝑭ሬሬ⃗ = ඾ 𝑃𝒅𝒂ሬሬ⃗

ௌ

 

Comparing eqn. (14) with the above one we can interpret the tensor 𝑻⃗⃖ as a stress tensor. The elements 

𝑇௜௝  represent the force per unit area acting in the 𝑖-𝑡ℎ direction on an element of surface oriented in the 

𝑗-𝑡ℎ direction. The diagonal elements of  𝑻⃗⃖ i.e. are 𝑻𝒙𝒙, 𝑻𝒚𝒚, 𝑻𝒛𝒛 are pressures and the off diagonal 𝑻𝒙𝒚 

etc. are shears. 𝑻⃗⃖ is called Maxwell’s stress tensor. Thus we see that the electromagnetic field has 

stress associated with it, which is given by Maxwell’s stress tensor. 


