(__CONCEPT BOOSTER
InTRODUCTION

1. Matrix

A set of m»n numbers (real or complex) arranged in the form
of a rectangular array having m rows and » columns is called
an /m X n matrix. We read as m by n matrix.

An m X n matrix is usually written as

a,  dap G1n
[ ayy ™
A Az - Oy

It is also denoted as [q;],,., -

Note A matrix is not a number. It just an ordered collection
of numbers arranged in the form of a rectangular array.

1.1 Order

If a matrix has m rows and »n columns, the order of the matrix
ismbynormxn.

(i) The order of the matrix [I 2 3]is1x3.
1 2 3
(i1) The orderofthe matrix |4 3 2[i1s3x3.
5 6 4
1 4 8
(iii) The order of the matrix [2 3 5] is2x3,

2. Tyees oF MaTrices

(i) Row matrix
A matrix having only one row is called a row matrix.
For example, Let4A=[1 2 3].

Matrices and Determinants

(ii) Column matrix
A matrix having only one column is called a column matrix.

For example, B = 5|
9

(iii) Rectangular matrix
A matrix in which number of rows and number of columns
are not equal is called a rectangular matrix.

1 4 8
For example, C= .
235

(iv) Square matrix
In a matrix, in which the number of rows is equal to the num-
ber of columns, it is called a square matrix.

b 1 2 3

For example, A=|:lrI ] and B=[2 3 4
c d

8 7 6

are square matrices of order 2 and 3 respectively.

(v) Diagonal matrix

In a square matrix, if all the diagonal elements are non-zero
and rest are zero is called a diagonal matrix.

0
01, ete.
7

20
1 0
For example, A—[ ],B— 0 4
05
00

(vi) Scalar matrix
In a square matrix, if all the diagonal elements are the same
and rest of the elements are zero, it is called a scalar matrix.

2 00
4 0

For example, 4= ,B=|0 2 0
0 4

0 0 2
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7.2

(vii) Identity matrix
In a scalar matrix, if all the diagonal elements are 1, it is
called an identity matrix.

1

I o
For example, 1, = 0 1 ,43=]0
0

0
0], etc.
1

(viii) Non-zero matrix
In a matrix, if at-least one element is non-zero, it 15 called a
non-zero matrix.

1 2 00
For example, 4= and B =
3 4 0 2

are non-zero matrices.

(ix) Zero matrix
In a matrix, if every elements are zero, it is known as zero
matrix. It is denoted as O.

00 000
For example, O = ,0= , etc.
00 00O

(x) Upper triangular matrix
In a square matrix, if all the elements below the leading ele-
ments are zero, it is called a upper triangular matrix.

1 9 1 2 3
For example, 4= [0 4], B=|0 4 5| etc
00 7

(xi) Lower triangular matrix
In a square matrix, if all the elements above the leading ele-
ments are zero, it is called a lower triangular matrix.

1 00

For example, 4= [; g], B=|2 7 0],etc.
2 3 4

(xii) Strictly triangular matrix

In a square matrix, if all the diagonal matrices are zero, it is
called a strictly triangular matrix.

0 3 0 2 3
For example, 4= [2 0], B=|5 0 7]|,etc.
360

(xiii) Comparable matrices
Two matrices are said to be comparable matrices, if their or-
ders are the same.

1 2 a
Let A= and B =
|:3 4] [c

(xiv) Trace of a matrix
The sum of the diagonal elements of a matrix is known as the
trace of a matrix.

b
d ] aretwocomparablematrices.

Gy 4y
If A=|a, ay, a|,thenTr(4)=a,+a,, +a,

@y dyy ay

Algebra Booster

(xv) Equality of two matrices
Two comparable matrices are said to be equal if their corre-
sponding elements are the same.

2 3 a b
If = ,thena=2 bh=3,c=4and d= 6.
4 6 c d

(xvi) Sub-matrix
Any matrix is obtained by eliminating some rows and some
columns from a given matrix A, it is called a sub-matrix of 4.

1 3 46
1 3 4
Let A=|7 0 5 2|and B= s
7 0 5§
2590

B is a sub-matrix of 4.

3. Aooimon oF MATRICES

We can find the addition of two or more matrices if they are
comparable matrices otherwise addition is not defined.

3 2 3
and B = .
5:| Ll ]]

3 6
then A+B=
10 6

[1
Let A=
6

Properties of Addition of Matrices
(i) Matrix addition is commutative.
(ii) Matrix addition is associative.
(iii) Additive identity of a matrix exists.
(iv) Additive inverse of a matrix exists.

3.1 Scalar Multiplication

2 4 2k 4k
If 4= ,then k4 = s

6 7 6k Tk
where £ is the scalar multiple of 4.

3.2 Negative of a matrix
[2 4] {—2 —4]
If A= ,then —4=
6 7 -5 -7

4. MuLmieucanion oF MATRICES

If the number of columns of a first matrix is equal to the num-
ber of rows of a second matrix, we can find out the product,
otherwise product is not defined.

If 4= [a[j]mxn and B= [bji}
then 4B =[¢;;

i ]mxp

Thus,ifAs[a" “”]and 3=[b“ b""}

nxp?

dy dp by by

aybyy+ abyy ]
ay by, + ayby,

then AB ={allbll+al2b21
ay,by +ayby,
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Properties of matrix multiplication
(i) In general, matrix multiplication is not commutative.
(i1) Matrix multiplication is associative.
(1i1) Matrix multiplication is distributive over addition
(iv) Multiplicative identity of a matrix exists.

5. Transpose oF A Martrix

Transpose of a matrix is obtained by interchanging rows into
columns and columns into rows.
If A be any matrix, its transpose is denoted by 4" or 4".

1 2 3 1 4 7
For example, A=|4 5 6/, then AT=|2 5 8
7 8 9 3 6 9

5.1 Properlies of Transpose of Matrices
(i) A+B)=A"+5"

(i) (AN)7=4

(iii) (kA)" = k()"

(iv) (AB)'=B"A"

5.2 Symmeiric Matrix

A square matrix 4 is said to be symmetric AT= 4.

1 2 25
For example, 4= ,B= S
26 57

1 23 a h g
C=|2 4 S|landD=|h b f
357 g f c

elc., are symmelric matrices.

X x+3
Examete: If A=

J be a symmetric matrix,
ﬁnd . 6_1' - 2 10_\:

5.3 Skew-symmetric Matrix
A square matrix is said to be skew-symmetric, if 47 = —-4.

0 2 3
0 3
For example, 4 =[ 3 0} and B=|-2 0 35| areskew-
-3 50

symmetric matrices.

X x+2

Exampie: If A=
5x—2 Ox

) is a skew-symmetric matrix,

find x.

5.4 Properlies of Symmetric and Skew-symmeiric
Matrices

(1) In skew-symmetric matrix, all the diagonal elements
are zero.
Let A= aﬁ)
Given A4"=-4
= (g)=a)
Puti=j

7.3
= (a)=—a)
= 2(a)=0
= (a)=0
= a,=0=a,=a, =..=a

(i1) For any square matrix A, 4 + A is symmetric and
A— AT is skew-symmetric.
(iil) Any square matrix can be expressed uniquely as a sum
of a symmetric and a skew-symmetric matrices.
Let 4 be a square matrix.

Consider 4= %(2.4)

1 1

=—(A+A)+—(4-4

U A+ (A= )
=P+0, (say)

To prove = Pand 0'=-0

T
Now, P" = I:%(A + AT)]

1 T
=—(A+ 4
2( )

=S4T+ (A7)

1 7
:E(A +A)

.S
2

Thus P is a symmetric matrix.

(A+4T)=P

1 T
Also, O = (E(A - A")]

PV N
= 4-dT)

= 14T (A7)
=27 - 2)
=24~ A)
-0

Thus @ is skew-symmetric matrix
Hence, the result.
(iv) The sum of skew-symmetric matrices is again a skew-
symmetric matrix.
(v) The square of a skew-symmetric matrix is not a skew
symmetric.
(vi) The cube of a skew symmetric matrices is again skew-
symmetric matrix.
(vii) If 4 is symmetric matrix, then k4 is also symmetric.
(viii) If A4 is skew-symmetric matrix, then k4 is also skew-
symmetric matrix.
(ix) If A is symmetric, then A4” and 474 are symmetric ma-
trices.
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(xii) If A4 is symmetric (skew-symmetric) matrix, then B"AB
is symmetric (skew-symmetric) matrix.

6. DerermINANT

For every square matrix of order n, there is associated number
(real or complex) is called a determinant of the same order.

A determinant is a polynomial of the elements of a square
matrix. It is scalar.

It has some finite values. Determinants are defined only
for square matrices. Determinants of a non-square matrix is
not defined.

Determinant of a square matrix 4 is denoted by det 4 or

I].

a b
Let 4=
c d
a b
Then | 4| = =ad - be
c d

6.1 Minor of an Elemeni of a Mairix

The minor of an element of a matrix is obtained after deleting
the corresponding rows and corresponding columns.

1 3
Let A= .

Then

minorof 1 =8
minorof3=15
minor of 5 = 3, etc.

(1 2 3
Also,let B=|4 5 6
|7 8 9
Then
. 5 6
minor of 1= =45-48=-3
8 9
. 4 6
minor of 2= 7 9 =36—42.=—6 and so on.

6.2 Co-lactor of an Elemeni of a Matrix

The co-factor of an element of a matrix is obtained after de-
leting the corresponding rows and corresponding columns
with a proper sign. The sign scheme can be used for 2nd order

+ - -+
+ —

marrix[ ]a.nd for 3rd order matrix |— + —|.
- +

+ - +

2 3

Let 4= .
4 5

Then

co-factorof2=35
co-factor of 3 =—4

Algebra Booster

co-factor of 4 = -3
co-factorof 5=2

1 0 -2
Also,if B=| 4 -5 6 |,
-7 -3 6
the co-factor of
-5 6
1= =-30+18=-12.
-3 6

co-factor of 0 =

6)
6 =24 +42=—66 and so on.

6.3 Expansion of a Determinant

Expansion of a determinant is the sum of the product of the
elements of any one row or column with their corresponding
co-factors.

ca
Let A= .
c d

then |4l = a.d+ b.(—c) = ad - bc

a h g)
Also,if B=|h b f
g [ ¢
a h g
then |Bl=|h b f
g f c

a‘b fh|h f+gh b‘

S ¢l g ¢ g J

=albe —f) - h(ch-jf2)+ g(hf- bg)
=abc— af* - ch* + fgh+ fgh — bg®
=abc+ 2fgh - af? - bg*> - cl?

6.5 Praperiies of Determinants

1. The value of a determinant remains unchanged, if the
rows and columns are interchanged.

If A is any square matrix, then |4] = |47].

2. If any two rows or columns of a determinant are inter-
changed, the value of determinant remains same but in
opposile sign.

a b q
Let Di=la, b, o
a, by o
a, b, o
and Dy=|a, b ¢f.
a; by
Then D, =-D,

3. Ifevery element of a row or column of a determinant is

zero, the value of a determinant is zero.

0
0

=0

0
For example, D, = |0
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4. 1f any two rows (or columns) of a determinant are iden-
tical, the value of determinant is zero.

aq b q
Let Dy=la, b ¢,

a, b, o
then D, =0

5. If any two rows or columns of a determinant are pro-
portional, the value of a determinant is 0.

1 23
Let D=2 4 6|,

4 5 7
then D, =0

6. If every elements of any one row or column is multi-
plied by a non-zero constant, the value of a determinant
is multiplied by that number.

a b q
Let Dy=la, b, o,
ay by o
ka, kb ke
and Dy=|a, by o,|,thenD, =kD,
a b o
7. If every element of a row or a column as a sum of two
or more terms, the given determinant is equal to the
sum of two or more determinants.
For example,
b+ )
aj by ¢ |Fla b ojta b oo
a3 b, G ay by o |a b o
8. The value of a determinant is unchanged by adding to

the elements of any row or column with the same mul-
tiples of the corresponding elements of any other row

a, +x aqtz| | b ¢| |x ¥y =z

or column.
a b at+ecm b+dm
Let D= and D, = ,
c d d
then D =D,
9. Special determinants
(i) Symmetric determinant
a h g
h b fl=abe+2fgh—af?-bg—cl?
g f ¢
(1) Skew-symmetric determinant of odd order is
Zero, i.e.
0 b ¢
-b 0 a|=0
- —a 0

7.5

(iii) Circulant determinant

a b c
b ¢ a=—(a3+63+c3—3abc)
c a b

(iv) Some important determinants to remember

1 a b+c
I. 1 b c+al=0
1 ¢ a+b
l a & L a be
2.t b B =(a-b)(b—-c)c—a)=| b ca
l ¢ & L ¢ ab
1 a a
.0 b B =(a-b)(b-c)c—a)a+b+c)
1 ¢ ¢
1 & &
4 W ¥
1 &2 &
=(a—b)(b—c)(c—a)(ab+ bc + ca)
1 o o
5. @ 1 @*|=0,
0 o 1

where @ is the complex cube root of unity.
1 bc ca+ab

6. |l ca ab+tbe|=1
1 ab bc+ea
a-b b—c¢c c¢—a

7. \p~q g-r r—p|=0
xX—y y—z z—2Xx
sin 4 cos A4 sin(4+6)

8. |sinB cosB sin(B+6)|=0
sinC cosC sin(C+6)

7. Cramers RuLE STATEMENT

The solutions of the system of equations
ax+tby+tcz=d,
ax+by+cz=d,
ax+by+ecz=d,

are given by

D

LD
O y=le,

D,
D’

xX=

(8]

Scanned with CamScanner



7.6

where
a b ¢ d b q
D=lay by of.Di=ldy by ¢,
a; by o dy by o
a d q a b 4
Dy=lay dy c¢;|and Dy=la, b, d,
a; dy o a by dy
a b ¢
Proof: Given D=|a, b, c,

a b oo
a

b

=» xD=xla, b ¢
by
by

as o
ax )
=layx b, o
ax by o

ax+hy+ez b ¢

= =layx+b,y+ecz by ¢
ax+hy+tez b oo
(C,=C+C,+C)
d b q
= xD=\dy, b, c|=D
dy by
D,
= X=—
D
Similarly, we can proved that
= D, _D
- D y & D

Hence, the result.

Nature of solutions of the system of equaions by Camers Rule

(i) If D# 0, the system of equations has a unique solution
and is said to be consistent.

(ii) If D=0 as well as D, = 0 = D, = D,, the system of
equations has infinitely many solutions and is said to
be consistent.

(iii) If D=0 and at least one of D, D,, D, is non-zero, the
system of equations has no solution and is said to be
inconsistent.

8. Homoceneous System oF Equations

The given homogenous system of equations are
ax+by+ez=0
ax+b,y+ez=0
ax+by+ez=0.

a b q 0 b g
Let D= 1y b: Cal, 1{)] =0 bz (<18
a, by o 0 b o

Algebra Booster

a 0 ¢ a b 0
Dy=|a, 0 ¢;landDy=|a, b, 0
a; 0 ¢ ay, by 0

Nature of solutions by homogeneous system of equations
(i) If D # 0, the system of equations has only trivial solu-
tion, say x = 0 = y = z, and the system of equations is
said to be consistent.
(i1) If D=0, the system of equations has non-trivial solu-
tion, i.e. infinite solutions and the system of equations
is also said to be consistent.

9. MuLmirucarion oF Two DETERMINANTS

Two determinants can be multiplied by a variety of ways.
row-by-column, row-by-row, column-by-column and col-
umn-by-row multiplication rule.

a mon
Let A=|® Dlaap=l™ ™
ﬂ'z bz m‘! Hz

a m n

Then 4B=|" 2|x|™ ™

a, by |m, n,

10. DirrerenTiaTION OF DETERMINANT

/(x) g(x) Ax)
Let  F)=|p() q(x) r()
u(x) v(x) wx)

S'x) g'(x) Hx)

Then  F'(x)=|px) qx) rk)
ulx)  vix) wix)
fx) gk) hk)
@ @@
u(x)  vlx) wx)
fx) gx) hx)
+Hpx) glx) r)
w'(x) Vi) w(x)
@) glx) Ax)
o FE=p 9@ r®
u'(x) v(x) wx)
1) g )
+p(x) 4'() rx)
u(x) vi(x) wix)
f6) g K
+p(x) q(x) r'(x)
u(x) v(x) w'(x)
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11. InvecraTion oF DETERMINANT
f@) gl h@x)

If Fx)=| a b c |,
1 m n
then b b b
[f@ax [gdx [hE)de
iF(x) dx = a b c
a | m n

12. SummaTion oF DETERMINANTS

f(r) g(r) h(r)
let A,=| a b c

P q r
20 Xet) Xh)
r=1 r=1 r=1
Then EArZ a b c
L P q r

13. ApJoint oF A Matrix

The adjoint of a matrix is the transpose of the co-factors of
the corresponding elements of a given matrix.
If A be any square matrix, then

adjA= (Cﬁ)T
2 3
Exampee 1: Let A= S
4 5

_ (5 41]" (5 —3]
then adj (4) = = .

-3 2 -4 2
(1 23
Exampie2: Let B=|2 1 2|,
then 32 4
(2] 22 ]2 1Y
‘2 4‘ _13 4‘ Is 2|
adi (B) = |2 3| ‘1 3‘ _|1 2|
2 4 534 P2
2 3 13| |1 2
‘1 2‘ 2 2‘ !2 iy
0o 2 1Y
=|-2 -5 4]
1 4 -3
0 -2 1
=l-2 -5 4]
1 4 -3

7.7

Theorem: If 4 be any square matrix, then
A-[adj (A)]=|4]|- 1, =[ad] (4)]- 4

13.1 Properties of Adjoint of Matrix or Matrices
(1) If A be any square matrix of order n, then
ladj ()] = 41"
Proof: We know that 4-adj(4)=|4|- 1,
= |4-adj(A)=IAl-1,| 4"
= |4fadj ()] =]4]-1,| =14
(- |4B|=|4l|B])
A" -
4" _ |4
|4]
Hence, the result.
(i) 1If|4] = 0, then |adj(4)| =0
i.e. if 4 is singular, then adj(4) is also singular

(iii) adj(kd) = k"_l(adj (7))
(iv) adj(4")= (adj 4)"
() adj (4B) = (adj B)(adj 4)
Proof: We have
(AB) adj (4B) =|4B| I,
(adj B)(adj A)(AB) adj (4B)
=|4B| (adj B)(adj A)],
= (adj B)|4|I,B(adj AB) =| 4B|(adj B)(adj 4)
= |4 (adj B)B(adj AB) = |4B| (adj B)(adj 4)
= |A||B|1,(adj AB) =|AB|(adj B)(adj 4)
—1
—1

= |adj(4)=

U

| 4]|B| (adj 4B) =|45|(adj B)(adj 4)
(adj AB) = (adj B)(adj 4)
(vi) If 4 is a non-singular matrix, then

adj [adj (A)]=14""*- 4

Proof: We know that

A.adj(4) =14|d,

Replace 4 by adj4, we get
adj (4) - adj[adj (4)] = |ad] (4)] - 4,

= adj(4)- adifad (A)]=14"" 1,
= [dad)(4)]- adj (adj (4)) = | 4" (4I,)
= |- 1, adi [adj ()] = | 4" 4
= |4 adj[adj ()] = 4" A4
n—1
- adj[adj(An:"”IT"’

= adj[adj()]=]4"2 4

(vii) [adj[ad) (4] = 4"
Proof: We have |[adj(4)]] = |4]>"
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Replace 4 by adj(4), we get,
I[adj {adj (4)} 1|=adj ()"
= |[adj {adj ()} )|=[14"""]""

: H n—12
= |ladj {adj (D} ]I=4"""
(viii) If A be a square matrix of order » and B be its adjoint,
then det (4B + kl ) = (det A + k).
Proof: We have,
AB = Aladj(4)]
AB= 4|
AB+ kI = |A|I + K
(AB+ k)= (41 + K],

det (AB+ &)= det[(4]+ k) 1,]

b 4 4l

det(AB + kI,) = det[(|4] + K)"]
(- detlkl | = k7)

14. SincuLar AND Non-sincuLar MATRICES
SincuLar Matrix

If the determinant of a matrix is zero, it is called a singular
matrix.

1 2
Let 4= ,then|A|=4-4=0.
2 4

Thus A is a singular matrix.

Non-singular matrix
If the determinant of a matrix is non-zero, it 1s called non-
singular matrix.

1 2
Let A= s
s )

1
then |A4|=
3

Thus 4 is non-singular.

2
=4-6=-2%0
4

15. Inverse ofF A Martrix

For every non-singular square matrix of order n, there exists
another square matrix of the same order such that AB =1,
then B is called the inverse of 4.

As we know that, 4.[adj(4)] =|4].]

- _([adj (An] .
¥

- A_lg([adj mn]

4|
1 2
Let 4=
b3

1 2
=4-6=-2#0
3 4

Thus, its inverse exists.

[4]=

Algebra Booster

3 1

4 -2
Hence, AI=L[ )

_ [ 4 —2)
Now, adj(4)= B

2{-3 1

15.1 Properties of Inverse ol a Mairix or Malrices
(i) (@)y'=4
. &
(iiy |4 I_|A1
@[ @)'=E)

(v) If &k is non-zero and A4 is non-singular, then

a1
(k)™ = 2(47)
v) U H=1
] . o A
(vi) (adj 47 ) =(adj 4) =E
(vii) If 4 and B be two non singular matrices, then (45)"!
=(B'4MN.

(viii) Inverse of a non-singular diagonal matrix is again a di-
agonal matrix, i.e.
if 4= diag (a,,, a,,,

then 47'= diag(i, L, s L] .
ay dp a,,

-...a_)wherea,#0

For example,

a 00
If A={0 b 0],
00 ¢
Va 0 0)
then A'=| 0 b ©
0 0 1/c)
cosx sinx 0)
(ix) If A=|—sinx cosx 0|=F(x)
0 0 y

then A" = F(-x).

16. Sowmons or THE System oF Equations
BY Martrix (Inverse ) MeTHop

Consider the system of equations
ax+ bly +coz= dl
ax+by+cz=d,
ax+by+cz=d,
The given system of equations can be written in matrix
form as
a b ¢ x d,
a, b o |[x|y]|=|d,

a; b
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= AX=8B
where
a b q x d,
A= das bz s |5 X= Y s B= d2
a3 b] If.'] z d3

Nature of solutions by the matrix method
(i) If|4]# 0, the system of equations has a unique solution
and the system of equation is said to be consistent.

(i1) If|4] =0 and (adj 4)B = O, the system of equations has
infinity many solutions and the system of equations is
said to be consistent.

(iii) If|4]=0and (adj 4)B # O, the system of equations has
no solution and the system of equations is said to be
inconsistent.

17. ELementaRY TRANSFORMATIONS oF A MaTRIX

There are six operations (transformations) on a matrix, three
of which are due to rows and three due to columns, which are
known as elementary transformations.

(1) The interchange of any two rows (or columns).
Symbolically, R, & R or C, & C,

(i1) The multiplications of the elements of any one row (or
column) by a non-zero constant, say &, i.e. symboli-
cally,

Ri—)kRiur C, - ij

(iii) The addition to the elements of any one row (or col-
umn) with the corresponding elements of any other row
(or column) multiplied by a non-zero number, i.e. sym-
bolically,

Ri—>Rr,+kR} or C,— C.-+kc,-
Equivalent matrices
Two matrices are said to be equivalent, if one is obtained
from other by elementary transformations.
We generally write it as
A~B.

18. Aovance Tyres oF MaTRices

1. ldempotent matrix
A square matrix 4 is said to be an idempotent matrix if 4= A.

2 2 4
Forexample,4=(-1 3 4 [ isanidempotent matrix.
1 -2 3

2. Periodic matrix

A square matrix 4 is said to periodic with period k (where k is
a least positive integer such that 4! = 4, i.e. if ' = 4, 4= 4,
A=A, itis a periodic matrix and 4 ' = 4, so its period = 2.
3. Nilpotent matrix

A square matrix 4 is called a nilpotent matrix if there exists
k € N such that 4* =0, where k is called the index of the nil-
potent of matrix 4.

7.9

00
For example, 4 = { 2] is a nilpotent matrix.

0

4. Involutory matrix
A square matrix 4 is called an involutory matrix, if 42 =1,
ie.d1=4.

is an involutory matrix.

_—0 o

1 0
Forexample,4=|0 1
00

5. Orthogonal matrix

A square matrix 4 is said to be orthogonal matrix, if A47 =
I, where A" is the transpose of matrix 4 and J is an identity
matrix.

1 2 2
For example, 4= —|-2 1 2 | is an orthogonal ma-
trix. 2 -2 -1

Note
(i) If AAT=1I then A-'= A"
(11) Every orthogonal matrix is non-singular.
(iii) {is an orthogonal matrix.
(iv) If A and B are orthogonal, then 4B is also orthogonal
(v) If A is orthogonal, then A~' and A" are also orthogo-
nal.

6. Conjugate of a matrix

Let 4 be any matrix containing complex number as its ele-
ments, then a matrix is obtained from A on replacing its ele-
ments by the corresponding conjugate complex numbers, is
called the conjugate of the matrix 4 and it is denoted by 4.

1+2i 2430
For example, If 4= . |-
1—i 3+4i

— |1-2i 2-3i
then 4= .
L+i 3-4i
7. Complex conjugate transpose of a matrix

The conjugate of the transpose of the matrix 4 is called the
conjugate transpose of 4 and is denoted by 4°.

A= 2+ 4i 3 then A°= 2-4i 3
o4 atiff)’ el 4 a—ifi)”

8. Hermitian matrix
A square matrix 4 is called a hermitian matrix, if 4°= A.
2 o+ifi
For example, 4= . .
o—iff 3
9. Skew hermitian matrix
A square matrix A4 is called a skew-hermitian matrix, if 4% =

-A.
2i —a—iﬂ]

F le, A=
or example [OH ip ;
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10. Unitary matrix
A square matrix A is called unitary, if 44%=1.

1 1 1+
For example, 4=—

Jl-i -1

Note If A and B are unitary, then 4B is also a unitary.

11. Equivalent matrices

Let 4 and B are two matrices. If B is obtained from 4 by el-
ementary transformation, then A4 and B are called equivalent
matrices.

12. Rank of a matrix
Rank of a matrix represents the non-zero rows of an equiva-
lent matrix.

Rule to find out the rank of a matrix
Let 4 be any type of matrix

Case I: When A is a null matrix, then the rank of a matrix
is Zero.

Algebra Booster

Case II: When 4 is a square matrix, then we shall first find
the determinant of 4.
(1) If A is non-singular ( i.e. |4| # 0), then rank of the ma-
trix = order of the matrix
(11) If A 1s singular (i.e. |[4] = 0), then we shall find the mi-
nor along rows:
(a) If at-least one minor is zero and rest are non-zero,
then rank of the matrix = order of the matrix —1.
(b) If all minor is non-zero, then rank of the matrix =

0.

Case III: When 4 is a rectangular matrix of order m X n,
then we shall find an equivalent matrix of 4.
(1) If any one row is zero, then rank of the matrix = Mini-
mum of {m-1,n-1}
(i) If any two row is zero, then rank of the matrix = Mini-
mum of {m—-2,n-21}
(iii) If all rows are non-zero, then rank of the matrix = Mini-
mum of {m, n}.

Lever 1
(Problems based on Fundamentals)

ORDER OF MATRICES

1. Find the number of all possible matrices of order 2 x 2
with each entry O or 1.

2. Find the number of all possible matrices of order 3 x 3
with each entry either 1 or 2.

ADDITION OF MATRICES

2 4
3. If 4= (3 5] , find the additive inverse of 4.

. . . 2 5 316
4. Find a matrix X, if X + = .
3 -2 2 7

2 5
5. Find Xand ¥, if X +V¥ =[3 ]

-2
4 2
and X-Y= .

6. Find a matrix X such that
A+2B+X=0,
2 -1 -1 1
where 4= and B = .
G303

7. Findx and y, if

[EI|Fi2J:[i? ;;]

8. Find T(x +y), if

¥ -3x+2 2 “[0 2}
3 Y+n?-35) 3 1

9. Findx, y, z and ¢ satisfying the equations

X v 1 2 3 5
2 T |+3 =4
z t 0 4 4 6
10. Find the matrices X and Y, if

23 -1 2
2X +3Y = and 3X +2Y =
4 0 1

-5
20 1 0
1. If 4= and [ = ,
o 2)mio 1

and f{x) = 1 +x+ x>+ ... + to oo, find f4).

MULTIPLICATION OF MATRICES

2
12. LetA=[12]and B= |:3:|
Find AB and BA.
2
a

13. Letd=[abcland B= | b? |.

2
e
Find AB and BA.
1 2 2 4
14. Let A= and B= .
[3 4) (5 'J
Find AB and BA.
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15. If A be a 2 X 3 matrix and AB a 2 X 5 matrix, find the
order of the matrix 5.

16. If 4 be a (4),, matrix and B a (B),, matrix and C a
(©),,, matrix, find 20154 BC.

1 0
17 If A= ,
-1 1

prove that
A+24+1,=0
1
18. If A= 2 |and B=(2 3 4), ABand BA.
3

2 3
19. lfA=(4 l],ﬁndAz,A’,andA‘.

20 Find a 2 x 2 matrix X such that

[

1 2 2
21. If A={2 1 2|,
2 21
prove that 4> — 44 -51,= 0.
1 3 2)1
22, Fidx,if 1 x 1)) 2 5 1] 2(=0.
15 3 2ix

a 0 1 0
23, If A=1 1 and st l,thevalueofa for

which 42=B is
(a) 1 (b) -1
(c) 4 (d) No real values

o 2
24, If A= (2 J and |4°| = 125, the value of ais
o

(a) %l (b) +2 (c) 43 (d) 5
25. If 4 and B be two square matrices of order 3 x 3 which
satisfy AB =4 and BA = B, find (4 + B)".

1 2 a b .
26. Let A= and B = are two matrices such
3 4 c d

that AB = B4 and ¢ # 0, find the value of : —d .

- C

27. If 4 be a square matrix of order 2 such that 42= O, find
A+ A0,

28. If A be a square matrix and / be an identity matrix of the
same order such that 4>= I, (/- A)(I + A).

29. If A be a square matrix such that 4> = 4, find (I + 4)'
- 74.

0 s 16
30. lfA={0 Olzmdf(x)zzx"! find f{4).

n=0

31.

32.

33.

34.

7.11

If A be a square matrix such that 4% = 4 + I, where / is
the identity matrix of the same order, find 4°.
If A be a square matrix such that 4> = 4 — I, where [ is
the identity matrix of the same order, find 4”.

If A=[: i]andneN, find 4"

1 0
Let A={2 1
3 2

-0 O

If U, and U, are column matrices such that

1 0
AU =| 0 |and AU,=| 1|, find U, + U,
0 0

SYMMETRIC AND SKEW-SYMMETERIC MATRICES

35.

36.

23
Express the matrix 4 = (5 6] as a sum of a symmet-

ric and a skew-symmetric matrices.

1 3 4
Express the matrix B=|2 3 5
4 3 6

metric and a skew-symmetric matrices.

as a sum of a sym-

DETERMINANT

37.

38.

39.

40.

41.
42.
43.

44,

45.

If A be a skew-symmetric matrix of odd order, find det

(4).

If 4 be a skew-symmetric matrix of even order, find

det(4).

Ifd= (air.) be a square matrix of order » such that
0: i=j

a;= oie ) find det(4).

2 5
If A:[l 3] be a square matrix of order 2, find

det(A4201° + 24209,
If A be a square matrix such that 4> = A, find det(4).

If 4 be a square matrix of order 3 such that det(4) = 8,
find det(34).

If A be a square matrix of order » such that |4] = 2, find
|4n| forn e .

Find the maximum value of the determinant

cos’@ sin’@
2

sin’@ cos

Let P and @ be two square matrices of order 3 such that
P=0"and PPQ= QP and P Q, find

det(P*+ 0.
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46. Expand the determinant

47.

48.

49.

50.

S1.

52.

53.

54.

S5.

56.

57.

a b c
b ¢ a
a b
1 a a*
Evaluate: | b b2
1 ¢ &2
1l a b+c
Evaluate: | b c+a|.
l ¢ a+b
sin cosf cos(a+6)
Evaluate: |sin 8 cos 8 cos(f8+6))|.
siny cosy cos(y-+86)
Il bc a(b+c)
Prove that the value of || ca b(a+c)| is indepen-
dent of a, b, c. 1 ab cla+b)
Prove that
a+b+2c a b
c b+c+2a b |=2a+b+c).
c a c+a+2h
b+c¢ a a
Prove that | b cta b |=4dabe.
c c a+b
b+t a’ a’
Prove that | B> +a b |=4a%? .
c? 2 a’+b?
a a+b atbte

Prove that

Prove that

Prove that

Prove that

2a 3a+2b 4a+3b+2c|=d.

3a 6a+3b 10a+6b+3a
1+a”— b’ 2ab -2b
2ab  1-a’+b* 2a
2b —2a  l1-a-b
=(1+a+ ).
a’+1 ab ac
ab b+l be |=(1+@+P+).
ac b o+l
JrCl ICZ IC3
GG G= T (-2,
C, *C, G

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

Algebra Booster

1+a 1 1
Prove that | 1 1+b 1

1 I I+4c

=abc(l+l+l+l]zabc+bc+ca+ab.
a b ¢

Prove that
b+ c)2 a’ a’
¥ (c+a)? P
2 2 (a+h)?

=2abc(a+b+c).
¢ c
(@+)a+2) (a+2) 1

(a+2)a+3) (a+3) 1l=-2.
(@+3a+4) (a+4) 1

Prove that

b+c c+a a+b a b ¢

Provethat j@a+b b+c c+a|=2c a b

c+a a+b b+c b ¢ a

Solve the following system of equations:

2x+3y=4
3x—-2y=5.

Solve the following system of equations:
x+3y=4
2x + 6y = 10.

Solve the following system of equations:
2x+5y=6
6x+ 15y = 18,

Find the number of triplets of a, & and ¢ for which the
system of equations
ax—by=2a-b
(c+ x+ecy=10—a+3b.
has infinitely many solutions.
Solve forx, y, z:
x+y+z=1
ax+by+ez=d
ax+by+cz=d
Solve forx, y, z:

1 1 1 1

—_—t =
x y z 4

2 1 3 9

—_——— ———
x y z 4
124

x y z

Find the equation of the parabola y = ac®+ bx + ¢, which
passes through the points (2, 4), (-1, 1) and (-2, 5).
Find the value of &, for which the system of equations
2x+ky=5
Ix—-4y=7
has a unique solution.
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70. Find the value of A, for which the system of equations
Ix+4y=5
Ax+8y=10
give infinitely many solutions.

71. If the system of equations
x+2y—-3z=
(p+2)z=3
2p+)y+z=2
is inconsistent, find the value of p.
72. If the system of equations

xx—y+2z=2
x—2y+z=-4
x+2y+Az=4

has no solutions, find A.

HOMOGENEQOUS EQUATIONS
73. Solve the system of equations:
2x+3y=0
4x + 6y =0.
74. Find the number of values of 7 for which the system of
equations

(a—Ox+by+ez=0
bx+(c—t)y+az=0
ex+ay+(b-1)z=0

has non-trivial solution.

75. Find the value of 4, if the system of equations

6x+5y+Az=0
3x—y+4z=0
x+2y-3z=0

has a unique solution.

76. If the system of equations x + ay =0,y + az =0 and
z+ ax = 0 has infinite solutions, find a.

MULTIPLICATION OF DETERMINANTS
77. Prove that

a 0 Cz (.'2+02 ﬂz CZ
a b 0=| a& o+ P
0 b c c b’ b+’
78. Prove that
2 o+p+y+d6 off+vyd

oc+f+y+8  2Aa+B)y+8) af(y+8)+yd(o+p)
af+y  of(y+8)+yé(a+p) 2075
=0
79. Prove that
1 cos(f—0) cos(y—o)
cos(o— fi) 1 cos(y— B)|=0
cos(a—7) cos(f-17) 1

713

80. If o, B# 0 and f{n) = a” + B~ and
3 1+ f(1) 1+ f(2)
L+ /(1) 1+ f(2) 1+ /@)= K1 - oy (1l - fy(e— B,
I+ f(2) 1+ f(3) 1+ f(4)
find k.

DIFFERENTIATION OF DETERMINANT
1 a a’
81. If F()=| x x? 2,
X—0 X —ﬂz X —a

e & e

find the value of F'(a).
3 2 1

82. Let f(x)=|6x> 2% x*|,
1 b ¥
find 77(b)
INTEGRATION OF DETERMINANTS

.Jsin X

sin“x  log (sin x) sin x + .fcos x
83. If f(x)=| n 3 ®) e |
k=1 k=1

8 T 1 n
-  Zlog| - 2
15 2 2 4
w2
find the value of J f(x)dx.
0

r 2012 MtD

2013 A |,

n(3n-1)
2

84. If A,=|2r -1

Ir-2 2014

find A,

r=1

27! 101 (2"-1)

85. If D =[3"" 102 (3 z_lJ

51 103 (5 _1]
4

find the value of ED,

r=1

ADJOINT OF MATRICES

86. If A be a square matrix of order », find adj(4") —adj 4)".
87. If A be a non-singular matrix of order 3, find det(adj 4°).
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88.

89.

90.

91.

92.

93.

94.

95.

96.

97.

98.

99.

100.

101.

102.

103.

104.

If 4 be a square matrix of order 2 such that

] [10 0]
A-(adj 4) = .

0 10
find det(4).
If 4 be a square matrix of order 3 such that det(4) = 4,
find det(adj A4).

If A be a square matrix of order » such that |adj(adj4)|
= |4]'¢, find n.

1 4 4
If the adjoint of a matrix Poforder3is |2 1 7 |,the
1 1 3

possible values of the determinant of P is (are)

(@) -2 (b) -1 (© 1 (d) 2

Let P=|a]| be a3 x 3 matrix and let 0 = |bij|’ where
b&.=2”fab_far 1<i,j<3.

If the determinant of P is 2, the determinant of the ma-

trix Q' is

(a) 2!0 [b] 21| (c) 2|2 (d) 2[]
1 o3

If P={1 3 3| isthe adjoint of a matrix 4 of order
2 4 4

3 x3and |4 =4, find o.
Find the inverse of a skew symmetric matrix of odd
order.

If B be a non-singular matrix and 4 is a square matrix
of the same order, find |B-! 4B|.

irp=' *anag=|°
o 1Jmo-(

matrix R, such that R = (P cos 8+ O sin 8).

If 4 and B be two non-singular square matrices such
that B-'AB = A2, find B 4B,

If 4 be a non-singular matrix satisfying
I+A+ 42+ 42+ .. +4=0,

find A%,

If A be a non-singular matrix satisfying 42— A4 +1=0,
find A%,

If A be a non-singular square matrix of order 3 X 3 such
that det(4) = 5, find det(adj(4™)).

If A be a non-singular square matrix of order 3 x 3, find
|4~ adj(4)].

1
0), find the inverse of a

2 3
If A=(4 5], find the multiplicative inverse of A.
If X be a non-singular square matrix of order 2 such
13 11
that X = s
01 0 -1
find X.
3 2 31
Let 4= and B = , find the value of det
21 73

(24°B™).

105.

106.

107.

108.

109.

110.

111.

112.

113.

Algebra Booster

Let P and QO be two square matrices such that |[P|=1 =
Q. If A and B be two square matrices of the same order
such that (adjB) = 4, find adj(QBP).

If A is an 3 X 3 non-singular matrix such that 44’ = 4’4
and B = A4, find BB". [JEE Main, 2014]

1 2 3
Find the inverse of the matrix, 4= 2
3

0 —tan(g)
lf A= ]

(g

prove that (f + A)= (I - A)[

1 2|
2 4

cos —sinao
sin@ cosa J
Solve the following system of equations by matrix
method.
x+y+z=6
x—y+tz=2
2xty—-z=1
Compute A~ for the matrix
-1 2 5
A=|2 =3 1|
-1 1 1
and hence solve the following system of equations
—x+2y+5z=2
2x—-3y+z=15
—x+y+z=-3
Solve the following system of equations by matrix (in-
verse) method.
Sx+3y+7z=4
3x+26y+2z=9
Tx+2y+10z=5

The number of 3 x 3 matrices 4 whose entries are either
0 or 1 and for which the system

has exactly two solutions, is

(a) 0 (b) 22—1 (c) 168 (d) 12

Let a, b, ¢ be positive real numbers. Prove that the
system of equations

X2 +}'2 52 i ¥ y2 +zz ;
a B Tl B
2 2 2
x ye ooz
and —+—5+—5=1

a b

in x, y, z have a unique solutions.
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114. By using elementary row operation, find the inverse of

(3

RANK OF A MATRIX
1 2 3
115. Find the rank of Az[Z 4 71
3 610
2 4 3
116. FindtherankDfA=[l 2 1.
-1 =2 6

1 23
117. Find therankof |2 3 4|.
4 5 6

1 2 1 -1
118. Find therankof 4={1 1 -2 3
4 1 -5 6
ADVANCE MATRICES
[2 -3 5]
119. Prove that the matrix A=|-1 4 5
L l _3 o
is idempotent
2 2
120. Prove thatthe matrixA=|-1 3 4 | is periodic.
|1 2 -]
I 1 3
121. Showthat| 5 2 6 | isnilpotent matrix of order 3.
-2 -1 3
-5 -8 0
122. Show that the matrix4=|3 5 0
1 2 -1
is involuntary.
1 2 2
123. Prove that the matrix 4 = -;: 2 1 =2
-2 2 -1

is orthogonal matrix.

[ 3 3-4i 5+2i
124. Prove that A= [3+4i 5 ~2+i
5-2i -2-i 2

is an Hermitian-malrix,

[ 2 -2-3i 2+i
125. ProvethatA=|2-3i —i 3i

| 2+ 3i 0

is an skew-hermitian matrix.

Level Il

7.15

I-i -1

A B R T X
126. Prove that the matrix — is unitary.

V3

(Mixed Problems)

1. If a, b and ¢ are non-zero real numbers, then
b’c* be b+c
A=|?a® ca c+a|l=

a’h® ab a+b

(a) abe (b)) a*bc?
(c) ab+bc+ca (d) none of these
Va a* be

2. The value of the determinant |I/6 5> cal is

lie ¢ ab
(a) abe (b) llabc
(c) ab+bc+ca (d 0
3. The value of the determinant
b+ c? a’ a’
K C+a B |=
e? c? a’+b?
(a) abe (b) 4abc
(c) 4a’b’c (d) &bc?
4. The value of the determinant
a—b-c 2a 2a
2b b—c—a 2 |=
2c 2c c—a—b

(a) (a+b+c)

(b) (a+b+c)

(c) (atb+c)ab+ be+tca)
(d) None of these

5. The value of the determinant

a-b b-c c-a

X—y y-z z—Xx|=

P-q gq=r r=p
(a) ax+y+t)+bp+tg+n+c
(b) 0
(c) abc+xyz+gqr
(d) none of these

a b ¢

6. The value of the determinant |b ¢ a|=
(a) 3abc+a +b+c
(b) 3abc-a*-b -
(c) abce-a+b+¢
(d) abc+a-b-¢

c a b
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7. For non-zero a, b, c, if 14. If a, b, ¢ are in AP, the value of
l+a 1 1 x+2 x+3 x+a
A=l1 1+ 1 |=0 x+4 x+5 x+b|is
1 1 1+¢ x+6 x+7 x+c¢
111 (a) x-(a+b+c) (b) 9*+a+b+c
the value of —+—+—= (c) atb+e (d) 0
a b c 1 15. The value of the determinant
(a) abe (b) E a a+b a+2b
() =(a+b+0c) (d) none of these a+2b a ath|=
8. The value of the determinant atb a+2b a
a, laj+mb b (a) 9a*(a+b) (b) 94 (a+ b)
(c) a{a+b) (d) b a+b)

a, la,+mb, b is

16. The value of the determinant
a, lay+mby, by e value of the determinan

(@+a™*? (@—a*) 1

(a) 0 (b) / (c) m (d) Im ) 4
. B+ - 1=
9. If 'I;, Tq, T are respectively, the pth, gth and rth terms
Tp T:? T;' (Cx+c—:]2 (C:_C—: 2 1
fan AP. th . 1 (a) 0 (b) 2abe
ofanAf then |p g r|isequalto (c) a?b’c? {d) none of these
1 1 1
a b ¢
(a) 1 (b) -1 (© 0 (d) ptgtr 17. If b ¢ a|=ka+b+c)a+ b+ —be—ca—ab),
10. The value of the determinant c a b
2ac—b® a’ c? the value of k is
a2 2ab — ¢ » o |= (a) 1 (b) 2 (c) -1 (d =2
2 B 2be— a? 18. If the determinant
a a+d a+2d
(a) 4abc (b) —dabc a 2 2
+d +2d)°|=0
(©) 0 (d) (@ + b+ & - 3abe)? a” (atd) (a+2d))\=0,
2a+3d 2Aa+d) 2a+d
111 (a) d=0 (b) a+d=0
11. Ifa#b#cand (a b c|=0, (c) d=0ora+d=0 (d) none
g B o 19. The value of the determinant
the value of (a + b+ ) is atb a+2b a+3b
(a) 1 (b)y 0 (c) 2 (d) —a a+2b a+3b a+4bl=
1 sin o 1 a+4b a+5bh a+6b
12. Let A=|-sine 1 sin o, (@) @+ +c—3abc (b)) 3ab
. (c) 3a+5b (d) 0
-1 —sin @ 1

T
the value of A lies in the interval 20. If0< @< ) and

(@) [2,3] () [3,4] I+sin’0  cos’@  4sin 46
(© [1,4] (d) [2,4] sin’8  1+cos’@ A4sindf |=0
13. If 4, B, C are the angles of triangle, the value of
-1 cosC cosB
A=lcosC -1 ©cosd|is

?

sin’@ cos’@ 1+4sin48

@is equal to

cosB cos A -1 (a) i,s—ﬂ- (b) S—H,E
24 24 24 24
(a) cos 4 cosBcosC (b) sinA4sinBsinC 7 1lx
(© 0 (d) none of these © 5424 (d) none of these
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21. The value of the determinant
1 cos(a— f) cos(a—7)

cos(o— fA) | cos(B- )| is
cos(a—7y) cos(f—p 1

cosa sina 1f

(a) [cos B sinf 1

cosy siny 1

cosa O

cosfi 0

cosy 0

sin o
(b) [sin B
sin y
cosa sma 0 |
() |sinB 0 cos

0 cosy siny

(d) none of these.
1l a b
22. InaA4BC,if [l ¢ a|l=0,
I b c
sin’A4 + sin’B + sin’ C =
9 4
(a) 2 (b) 3

23. a#p, b#q,c#rand

(© 1 @ 33

P b c
pt+a g+b 2c/=0,
a b r
then P 4 , T _
p—-a g-b r-c

(a) 3 (b) 2

(c) 1 (d) 0
bc ca ab)

24. The value of the determinant |7 ¢4 7|, where a,
1 1 1

b, ¢ are respectively, the pth, gth, rth terms of an HP is
(b) (a+tb+c)ptgt+r)
(d) none of these

(a) ap+bg+er
(c) O
25. If \/—_1 =i and @ be non-real cube root of unity, the

1 o’ 1+i+
value of | —i -1 -l1-i+w =
1-i -1 -1
(a) 1 (b) i ©) o (d 0
n n+l1 n+2
2. Let f(m)=|"R, "B, "B,
"C, n+1C,, "?C,.,

27.

28.

29.

30.

31.

32.

33.

717

where the symbols have their usual meanings. Then

f(m) is divisible by

(@ n+nt+l b) (n+ 1)
(c) n! (d) none of these
Ifa+ b+ ¢=0, one root of
a—-x ¢ b

c bh—x a |=0is

b a c—x
(a) x=1 (b) x=2
(c) x=a+b+¢ (d) x=0
x+l o @

x+w o 1]|=3
+@ 1 0]

is an equation of x, where @, 7 are the complex cube
roots of unity, the value of x is

(a) 0 (b) 1 (c) -1
If ab + be + ca= 0 and

d 2

a—x c b
c b—-x a |=0,
b a

one of the value of x is

c— X

L
(@) (@®+b+ cﬁ)i‘ 0] [%(a2 +b+ cz)]‘

(c) I:%{az T8+ cz):rl (d) none of these

2

I+x x x
Let| x l+x x2
x? x l1+x

=a’+bx'+ex +d+ Ax+p

be an identity in x, where a, b, ¢, d, A, it are independent
of x. Then the value of x is

(a) 3 (b 2

(c) 4 (d) none of these

If the entries in a 3 x 3 determinant are either 0 or 1, the
greatest value of this determinant is

(@) 1 (b) 2 (© 3 ) 9
2 e b 2 2 B
IfA=b b a|and A'=|p* B 4%,
c a c 2 o2 2
then
(a) A=a’b’c?A (b) A’ =a’bc’A
(c) A=abcAb (d) None of these
x v z
IfA=|p q rf,
a b c
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2x+4p p+6a a
then [2v+4g q+6b b=

2z24+4r r+6c c
(a) 2A (b) 4A (c) 6A (d) A
1 0 1 0
34. IFAI:‘G b and Az:‘c e
then AA, =
(a) ac (b) bd
(c) (b-a)d-c) (d) none of these
1 n n
35. fD,=| 2r n*+n+l n'+n |and ZD,=56,
2r—1 n’ m4n+l =
the value of n is
(a) 4 (b) 6 © 7 (d) 8
cos X 1 0
6. If f)=] 1 Cos X 1|,
0 1 cosXx
then j '(%J equals
1143 53
NS by ¥
(a) 2 (b) g
(c) —_58—J§ (d) none of these
secx €OS  sec x + cot x cosec’x
37. If f(x)= cos’x cos’x cosec’x S
1 cos’x cosec’x
h xi2 dy =
then jﬂ f(x)dx =
T 8 T 8
—+— b) |-——+—
@ 4 ()(415)
(c) —(g + %] (d) none of these

38. Equationsx+y =2, 2x + 2y = 3 will have
(a) only one solution
(b) infinitely many solutions
(c) no solution
(d) none of these
39. The system of equationsx+y+z=2,3x—y+2z=6
and 3x +y +z=-18 has
(a) a unique solution
(b) no solution
(c) an infinite number of solutions
(d) zero solution as the only solution
40. x+y+z=6,x-y+z=2and2x+y-z=1,thenx,y,z
are respectively
(a) 3,2,1
(c) 2,1,3

(b) 1,2,3
(d) none of these

41.

42,

43.

44,

45.

46.

47.

48.

Algebra Booster

The value of & for which the set of equations
3x+ky-2z=0,x+kpy+3z=0and 2x + 3y -4z=0
has a non-trivial solution is

(a) 15 (b) 16 (c) 3122 (d) 3312

If the system of equations 3x —y+4z—-3=0,
x+2y—3z+2=0,6x+5y+Az+3=0

has infinite number of solutions, then A=

(a) 7 (b) -7 (c) 5 (d) -5

If the system of following equations
2x+3y+5=0,x+hky+t5=0,and kx — 12y — 14 =0
be constant, then k=

12 1
(a) 2,? (b) _l=§
17 12
(c) 45-? (d) 6,*?

i 0
If A=|::] _],nEN, then 4*" equals
i

0 i 0 0
@ 1; o ® 1o o
I 0 0 i
© 1o @ |; o
a 0 0
Let A=|{0 a 0],
0 0 a

then 4" is equal to

a” 0 0 a" 0 0
@ |0 4" 0 |0 a

|0 0 a | 0 0 a

a0 0 (na 0 0
|0 a" 0 (|0 nra 0

0 0 a" | 0 0 na

1 -1 a
lf A= ,B:
5 s

values of 4 and b are

1
l] and (4 + By = 4> + B,

(a) a=4,b=1 (b) a=1,b=4
(c) a=0,b=4 (d) a=2,b=4
1 2 2
The matrix A:l 2 1 2]is
3 -2 2 -1

(a) orthogonal
(c) idempotent

(b) involutory
(d) nilpotent

2 2 0 -1
If A= .B= ;
IR

then (B-' 4 "Y'=
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Matrices and Determinants

49.

50.

S1.

52.

53.

54.

56.

57.

58.

59.

2 -2 NER
(3)23 ()22

172 2 o A3 2
© 02 3 @ B2 2

If A be a non-singular matrix of order 3, then adj (adj 4)

is equal to
(a) |A|4 (b) |44
(c) |44 (d) none of these

. i 1-2i
Let the matrix 4= ,
-1-2i 0

then A matrix is

(a) symmetric
(c) hermitian

(b) skew-symmetric
(d) skew-hermitian

cos @sin 6
sin2@

by an odd multiple of r , then E(@)E(¢) isa

(a) null matrix (b) unit matrix

(c) diagonal matrix (d) none of these

The inverse of a symmetric matrix is

(a) symmetric (b) skew-symmetric

(c) diagonal matrix (d) none ofthese

The inverse of a diagonal matrix is

(a) asymmetric matrix

(b) a skew-symmetric matrix

(c) a diagonal matrix

(d) none of these

If A be a symmetric matrix and #» € N, then A" is

(a) symmetric (b) skew-symmetric

(c) a diagonal matrix (d) none of these

"
cos“@

cos Osin O

If E(6)= [ ] and 6 and ¢ differ

. If 4 be a skew-symmetric matrix and » a positive inte-

ger, then 4" is

(a) a symmetric matrix
(b) a skew-symmetric matrix

(c) adiagonal matrix

(d) none of these

if 4 be a skew-symmetric matrix and » odd positive
integer, then 4" is

(a) a symmetric matrix

(b) a skew-symmetric matrix

(c) a diagonal matrix

(d) none of these

If A be a square matrix of order n X »n and £ a scalar,
then adj (k4) is equal to

(a) kadjA (b) kradj 4

(c) k°-'adj 4 (d) &*'adj A

If A and B are square matrices of order 3 such that
|4]=-1,|B| =3, then |34B| equals

(a) -9 (b) 81 (c) =27 (d) 81

The number of all possible matrices of order 3 x 3 with
each entry with 1 or 0 is
(a) 27 (b) 18

() 81 (d) 512.

60.

61.

62.

63.

64.

65.

Levee

1.

2.

3.

7.19

If A be a square matrix such that 4= 4, then
(l+4y-T4is

(a) A (b) I-4 (c) ! (d) 34

If A be a square matrix of order 3 such that |4| =2, then
ladj 47| is

(a) 11 {(b) 13 () 17 (d) 19.
1 2 x 1 -2y
If A=/0 1 O|and B=|0 1 0| and AB=1,
0 01 0 0 1
thenx+yis
(@ 0 (b) -1 (© 2 ) 5
10 10 L
c, “c; ‘''c,
If the value of D= 11(:'6 “C., qu+2 is zero, then
1268 12C9 IJCM+4
niis
(a) 6 (b) 4 (c) 5 (d) 10
x 2 x
If[x2 x 6|=Ax*+ B +CxP+ Dx+ E,
x x 6
the value of 54 + 4B+ 3C+ 2D+ Eis
(a) 0 (b) -16 {c) 16 (d) none
The number of values of 1 for which the system of
equations
(@a—fOx+by+cz=0
bxt(c-y+taz=0
ex+ay+(b—-1)z=0
has non-trivial solution is
@@ 3 (b) 4 © 5 d) 6

(Problems for JEE-Advanced)

Prove that
I be be(b+c)
1 ca ca(c+ a)| isindependent of a, b, c.
1 ab abla+bd)
Prove that
b+c a a
¢ c+a a |=4abe
b a a+b
Prove that
b2+t a’ a’
b2 a’+c? b |=4a’b’ .
¢ c? at+ b
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Matrices and Determinants

5. Clearty, x=L[(% )4 [* 2
CEE A= 2) s 2
3

6. GivenA+2B+X=0
= X=-(4+2B)

G ) )
G )0 )
(o5 5)

W2 ) (<3 2
7. Given s |}’—2|_ s <4

= |<2,ly-2/<3
= -2<x<2,-3<(y-2)<3
= 2<x<2,-l1<y<S5

8. We have

X—3x+2 2 [0 2J
3 yai-35) \3 1

2-3x+2=0, Y+ -35=1
X-3x+2=0, y¥+7-36=1
Now,x!-3x+2=0
X-x2txl—x-2x+2=1
Xx-D+xx-D-2(x-1=0
(x—-D(x*+x=-2)=0
(x=DE+2)(x-1=0
(x=1Y(x+2)=0
x=1,-2
50, +7)?-36=0
P =2y +0y’ - 18y + 18y -36=1
Fir—-2)+9%(r-2)+18(yv-2)=0
= (y=2)0*+%+18)=0

Liz0000481

10.

i 20
. Given A:[ ]

7.33

= (F=-2@p+3)y+6)=0

= y=2,-3,-6

Thus,
Fx+y)=(1-2+2-3-6)=-8

We have

x y 1 -2 3 5)
2 +3 =4
z 0 4 4 6)
x y 3 5 1 -2
= 2 =4 -3
z ot 4 6 0 4)

2 2} (12 20) (3 -6)
= 2z 20) lie 24) Lo 12

H
I
g
v
I
=
3]
1
2
-
1
(=2}

=
o
N
I
Y
=)
N—
g
[s+]
n
N
— |
L
Ay ™
N

Solving, we get

X:%{SB—ZA]:de:é(SA—ZB)
(-3 6Y) (4 6
Thus, X = — -
5([3 —15] (3 o)]
e LT 0 (75 0
= “5ls 1s)T L1 =3
1f(6 9) (-2 4
Y=o -
and 5({12 0] [2 10]]
y L8 S)_(855 1
= 75l 10)7 2 2

1 0
=2 =2]
o

We have,
fxX)=1+x+x+ ... toee
1

T 1-x

N
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7.34

12. Then AB=[1x2+2x3]=[8]
13. Then AB=[axa*+bx b +cxc]
=[a+ 8+

14. Then AB= : sz 4
3 4 5 7

12+25 14427
“l32+45 34+47

12 18
26 40
2 4 y 1 2 21+43 22+47
5 7 3 4) 151+73 52+74

14 32
126 38
Thus, AB # B4

Clearly, the matrix multiplication is not commutative.

15. Given A is a 2 X 3 matrix and 4B is a 2 X 5 matrix.

Thus, B 1s a matrix of 3 x 5.
16. Clearly, the matrix multiplication is not defined.

i 1 0
17. Given A= n

Now, A2=A4.4
1 0 1 0
= X
-1 1 -1 1
_ 1 0
21
Also
1 0 1 0 1 0
A4+ 1= -2 +
-2 1 -2 1 01

it

=0
Hence, the result
18. We have,
1
AB=2|(2 3 4
3
2 3 4
=4 6 8
6 9 12

19.

20.

Algebra Booster

Also,
1

3 42
3
=(2+6+12)=(20)
We have,

AZ_AA{;! 3][2 3]
4 1)la 1
4+12 6+3) (16 9
=(8+4 12+|]=[12 13}
Now, A= A4
16 9)(2 3
=(12 13}[4 1)
32436 48+49) (68 S7
=(24+52 36+39]:[76 59)
Also, A*=4'4

(68 57)(2 3
“l76 69)la 1

(136+228 204+57) (364 ZGIJ

BA=(2

152+276 228+ 69 428 297

a b
LetX—( ]
c d
2 1\a bY (3 5
So, =
S
2a+c 2b+d) (3 5
a+tdc b+4d) |0 6
2a+c=3 2b+d=5
a+dc=% b+4d=6
= —8c+c=3,2(6-4d)+d=5

= c=—%,—?‘d=5—12=—7

U

= c=—i,d=l
7

12
Therefore, a = 7 b=2

12/7 2
Thus, the matrix X' = (_3 1 ])
We have,
1 2 2y1 2 2
A=A4A4=(2 1 22 1 2
2 2 1)2 21
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Matrices and Determinants

1+4+4 24+2+4 24442
=|2+2+4 4+14+4 44242
244+2 44242 4+44+1
9 8 8
=8 9 8
g 8 9

Now, 4% — 44 - 51,

Il
o o o e ome W e e O
o O S o0 o 00 D0\ 00
= om O D 00 00 O 00

22. We have

23.

|
a x b2 2|=0
15 3 2)\x

1+ 6+ 2x
= (1 x D] 2+10+x
15+6+2x

7+ 2x
= (1 x | 12+x |=0
21+ 2x

(7T+2)+x(124+x)+ (21 +x)=0
(7T+2)+ I 2x+x+ (21 +x)=0
X+15x+28=0

_ -5+ 225112 _ 15+ A113
N 2 2
Hence, the solution set is

{—15+Jn3 —15+«/113}

272

L4

We have

A2=A.A=a0_a0: a0
1 1 1 1 a+l 1

Given relation is
A*=B

e 6 )

= da=l,at+t1=5
= =+l,a=4
24, WehaveA AA

2 oG 2
2 o)\2 o
a’+4 g
=[ 4 a2+4]
Now, 4*= 424
o’ +4 e a 2
=[ do a2+4)(2 tz]
o +1200 6’ +8
=[6a2+8 a3+12aJ

Given |4 = 125

o +12a 627 +8

U

6a°+8 o'+12a
(@ + 120)* — (602 + 82 = 125

(a+2)(x—-2)y=125
{(a+2)(0—2))*=(5)
(at+2)(x-2)=5
o2—-4=35
ot=9
o=13
25. Given AB=AandBA=B
Now A=AB
= A’=ABA=AB=A
Similarly B*= B
We have,
(A+BY=(4*+AB+BA+ B
=(A+A+B+B)
=2(4+B)
= (A+BY=4(4+ByY=8(4+8B)
and (4 +B)*=(4+By.(4+B)

A R

=2(4+ B).(A+B)= 24 + By

=4(4A+B)
Thus,
(A+B) =(4+B)'(4+B)
=32(4+ B)*=64(A + B)

i 1 2 a b
26. Given 4= and B=
[3 4) (c d]
Now, 4B = 2\ &
3 4 d

_ a+2c b+2d
“|3a+4c 3b+4d

Scanned with CamScanner

7.35

(& + 12a+ 60+ B)(of + 1200 — 607 — 8) =125
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7.36

27.

28.

29.

30.

a b\(1 2
BA=
Also, [c d}[3 4)

a+3bh 2a+4b
“le+3d 2c+4d

It is given that
AB=B4

a+2c
3a+de

a+2c=a+3b
b+2d=2a+4b

3a+d4c=c+3d

= 3b+d4d=2c+4d
2c=3b

= 2a-2d=-3b
IR P

Now, =—2 _ 2 __2 __
3b—¢c 2c—c c

b+2d a+3b 2a+4b
3b+4d) \e+3d 2c+4d

= 2C=3b

Given42=0
A=0=2A=4=__. 42"
Now, A(I+ 4y™

, T L L L
oot 20C, - [ 4208

=A(+20094+0+0+...+0)

= A(I +20094)

=A.1+2009 42

=4+ 0

=4

Given A= F.

Now,

U-DU+A)=F+I4A—-Al-4
=J+A-4A-47
=]+A-4-1
=0

We have,

U+AP-TA=(P+3PA+3A2+A4H-T4
=(I+34+342+4%)-T4
=(I+34+34+4)-74
=1+74-74
=]

Here, A2=A.A.

0 5)o 5\ (o o o
“lo o)lo o) \o o)
Thus, 2= Q=A*=A*= ... = A%,

16
We have f(x)= z:r"
n=0
=l+x+a2+x+ .. +x'®

31.

32.

33.

34.

Algebra Booster

Now, ld) =1+ A+ A2+ A+ ., +4%
=]+4+0+0+...4+0
=I1+4

1 0 0 5
= +
01 0 0
1 5
o1
Given,

A=A4+1
= AL =A+A=A+I1+A=24+]
= A=242+A4=24+N+A=34+2
= A=342+24=3A+N+24=54+3]
Given,
A2=24-1
= A=242-A4=2Q24-N)-4A=34-21
= A'*=347-24=3(24-N-24=44-31
= A=447-34=4(24-N-34=54-4]
Thus, by symmetry, we can say that
A=nd-(n-1)1

)
S F VO o S I 7

= A =242=2024)=44=24

= A'=2242=2'24)=24
Thus, by symmetry, we can say that

An=2"14
a d
Let U,=| b |and U,=| e
c f

1

Given AU,=|0

0
1 0 0Yfa 1
= 21 0]b =[0
3 2 1)\c 0
a 1
= 2a+b = 0]
3a+2b+c 0

1

= U=|-2

1
Similarly, we can easily find that
0 3
U,=| 1
-2
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1 40. We have,
Thus U . U _ _2 + 1 -1 (A’El]lﬁ + ZAQIHS) =A2€IIS (A + 21")
» T U= = ;
-1 =A2[“525+20

0 2 3 1 3 0 2

37. Let A=| 2 0 4 _ 405 (4 5]

-3 -4 0 IS5

0 2 3 Thus,

Then|d =|-2 0 4 47016 4 24701 = 42015 45

-3 4 0 1 5

_ _ 4 5
_ 0 4_2 2 4+3 2 0 —475)

-4 0 -3 0 -3 —4 15
=0-2(0+12)+3(8-0) w54 35
=_24+24=0 =TT

Thus, the determinant of skew-symmetric matrix of . Fia
odd order is zero. B (]ls) % (20-3)
0 & 41. Given,
38. Let A[—b 0] A= 42
f = U=|4
Then |4|= =p? = [|=4F
-5 0
= |(4-1)=0
Thus, the determinant of skew-symmetric matrix of = |4|=0o0r|4 =1
even order is a perfect square. 42. We have,
a)  dp 0 1 dEt(SA] =3'x det(3A)
39. LetA=[a a }:{l 0] =3'x8=216
2 43. We have,
] An' = A | p— 2rr
P U Wl =4
Then |4 0 ) 44. We have,
= (7 — 1Y 1)1
(2 1) 1) cos’d sin’6 B
= cos* 8- sin? @
sin’  cos?@
Again, let A=| gy, a4y ay i .
= (cos? 8- sin? G)(cos” 8+ sin® )
azp  dsy = (cos® 8- sin® §)
0 1 =cos (20)
1 0 Thus, the maximum value is 1.
11 45. Given P'= @ and P’Q= O°P
We have,
011 P -po=0 - PP
Thus, [4=|1l 0 1 = PP-0)=0(0-P)
11 0 = PP-0)=-0(P-0)
Ll n e = @P+OP-0)=
=0— ¥+ =1+1=2 = (P2+Q]=O, S]-.DCC(P—Q)?EO
1 0 11 Thus, det(P*+ @) = det(0)= 0
-(3- l)(_l)J—l 46. We have,
: a b ¢
Therefore, in general : a b a 5 .o
0 1 1 b ¢ al=a - +c
a b c b c a
10 1 ¢ w b > 2 2
|4 = =a(bc—a”)— b(b"—ac)+ c(ab—¢*)

l l 0 =abc —a’ — b+ abc + abc - &

o =3abc—-a'-bH -
=(n-1)(-1) =—a+ b+ - 3abc)
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1 a &

47 The given determinant= 1 b b’
1 ¢ ¢
I a a

R,—- R, —-R
o »- 2 2 2 2~ 4y
s b-a (&—e&—R,

0 c—a c°—a°

b—a b'—d®
2

c-a c*—a
1l b+a
:(b—a](c—a)l

ct+a

=(b-a)c-a)c+ta-b-aqa)
=(b—a)(c—a)lc-b)
=(a-b)(b-c)ic-a)
1 a b+e
48. The given determinant=|1 b c+a
1 ¢ a+b
l a a+b+c
=l b b+c+a
l ¢ c+a+b
1 a1
=(a+b+c)|l b

1 ¢

(G=G+G)

1
1
=(a@at+b+c)x0
=0
49. The given determinant is
sina cosf§ cos(x+0)
sinf cosf cos(B+6)
siny cosy cos(y+8)
sine cosfi 0
=|sinff cosf 0
siny cosy 0
[C; = €3 —(C, cos 8+ G, sin 6)]
=0
1 be a(b+c)
50. The given determinant= {1 ca b(a+c)
1 ab cla+b)
| bc bec+ab+ac
=l ca ac+ab+bc
1 ab ab+ac+be
1 be 1
=(ab+bctca)x|l ca 1
L ab 1

(Cj—)C2+C3)

Algebra Booster

=(ab+bc+ca)x0
=0
51. The given determinant

at+b+2c a b
= ¢ b+tet2a b
c a c+a+2b
2{a+b+c) a b
=2{a+b+c) b+c+2a b
2(a+b+0) a c+a+2b
(C,—C+C+(C)
1 a b
=2a+b+c)x|l b+c+2a b
1 a c+a+2h
1 a b
=Ha+b+c)x[0 b+c+a 0
0 0 c+a+b

R,—= R, - R
Ry—= R, - R

1l a b
=2a+b+c’x[0 1 0
0 0 1
=2(a+b+cyx1
=2a+b+c)
52. The given determinant
b+te a a
=|b c+a b
c ¢ a+b
2(b+c) 2c+a) 2a+b)
=| b c+a b
c c a+b

(R, =R +R,+R,)
(b+c) (c+a) (a+b)
=2 b cta b
c c a+b

b+c (c+a) (a+b)

=2| —¢ 0 —a
-b —a 0
R,—> R, — R
[Rj—)R3—R1]
0 ¢ b
=2 0 -a (R,—> R +R,+Ry)

b —a 0
=2[—c(—ab - 0)+ b(ca-0)]
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= 2(abc + abc)
= dabc
53. The given determinant
b+ c? a’ a
=| B? E+at b2
c? c? a’+b?

202+ ) 2t +a®) 2Aa+ b

=| »?

A+ a

bz

2 2
c c

a*+b?

(R,—= R, +R,+R)

B +?) (P+a?) @+
=2| v a’ b

2 2
C C

2

a’+ b

b2+ (2+a?) (a2 +b7)

=2| —¢? 0 e
-b? -a’ 0
[R2 SR, — Rl)
R,— R,— R,
i 2 B
=2/ 0 -4 (R—>R+R+Ry)
b —a* 0
= 2(-E(-a’b? - 0) + B — 0))
= a2+ a*b?)
= 4a°bc

54. The given determinant

a a+b a+b+c
=|2a 3a+2b 4a+3b+2c
3a 6a+3b 10a+6b+ 3¢

a a+b a+b+c

R,— R,- 2R
=0 a 2a+b -
R,— R, -3R
0 3a TJa+3b
a 2a+b
= “Ba 7a+3b
= a(71a®> + 3ab — 6a*> - 3ab)

55. The given determinant

1+a°— B 2ab —2b
2ab 1—a® + b? 2a
2b —2a 1-a’—p*

)

56.

7.39

1 +a® - b* + 2b* 2ab — 2ab -2b
=| 2ab-2ab 1-a”+b* +24° 2a
26-b(1-a®-b*) -2ata(l-a®—b*) 1-a*-b*
(c, o ol }
C,— C,+aC,
1+a”+b° 0 ~2b
= 0 1+a’+b° 2a
b(l+a’+b") —a(l+a’+b%) 1—a’—b*
10 -2b
=(+a’+5H%0 1 2a
b —a 1-a°-p
10 -2b
=(+a’+5H0 1 2a
0 —a 1-a*+p
(R,—R,—bR))
. 2a
(1+a*+b%)? s
=(1+2+) (1 -2+ b +2a)
=(1+d+pY)
The given determinant
a®+1 ab ac
= ab B +1 be
ac ch 41
a(a2+l) a’b a’c
=a—;c ab® B P+ Be
ac? ) c(cz +1)
(a2 +1) a’ a’
=:_2Z B @+ B
c? ¢ ((:2 +1)

(+a+b*+c%) (+a* +b2+e?) (1+a® +b2+e%)

= b

2 2
[ [

(b>+1)

=(+a+b +H)p? @ +1)

=(l+a*+ b +A)p? 1
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=(l+a’+b +c%)

1
0

=(l+a+bh+A)
57. The given determinant

G
G
ZCI

x Cz
."Cz
z Cz

IC3
Gy

_C3

x(x—1)

1 ‘

x(x—-D(x-2)

2
wWy-1

6
y(y-Dy-2)

=|y 2

z(z-1)

6
z(z—-1)(z - 2)

2

6

—

(x=1) (x=D(x-2)
-bD O-Dy-2
z-1) (z-D(z-2)
I (x-1) (x—D(x—2)

(y-x) (F-x")-3(y-x)
x—x) (F-x)-3z—x)

xyz

12

|

xyz

12

1l

[=]

[=]

Ry R— R

(r-x) '-x)-30-x
(z=-x) (22 =-x)=-3(z-x)

2=
12

_xz(y—x)(z-x)
12

I y+x-3
l z+x-3
_xz(y—x)(z-x)(z-y)

12

_0zx =)y =)z =)
12

58. The given determinant

I+a 1 |
= 1 1+ 5 1
1 1 l+¢
Lt
a a a
= abc l 1+ — l
b h
1 1
P — 1_|_._
c c c

)

Algebra Booster

1 1 1 1 1 1 1 1 1
I+ —+—4+— 14+—4+—4+— l+—+—+—
a b ¢ a b ¢ a b ¢
= abc l 1+l l
b b b
1 1 f g
c [& (&
1 1 1
=abe 1+l+i+l ! 14— 1
a b cl)|b b
11,1
[ c c
1 0 0
=abc(1+l+l+l)l 1 0
a b cllb
l 01
[&
1 1 1
=abc[1+—+—+~)
a b c
59. The given determinant is
(.’J—O—c)2 a? a*
= »® (c+a? b
c? c? (|r1+b)2
(b+c)-d* 0 a’
= 0 (c+aP-bp> B
A—(a+b)? *—(a+b)? (a+b)’

(C,—)CI—CJ]
CG—-G-G
b+c—a 0 a
=(@+b+c)?| 0 cta-b b
c—a—b c—a-b (.a+b)2

2

b+c—a 0 a
=(a+b+e)P| 0 cta-b b
=2b —2a 2ab

R, =R, —(R,+R)

[=2ab(c+a) (b+c—a)+2ab(c+a-b)
=2ab(cta)(b+tc—-a)+(ct+ta-b)
=2ab[(b(ct+a)+ (c*-a’)—ac+a’—ab
=2ab(bc + * + ac)
=2abc(a+ b+ c)
=2abec(a+ b+ ¢y
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Matrices and Determinants

60. The given determinant is
(a+D@+2) (a+2)
(a+2)a+3) (a+3)
(a+3¥a+4) (a+4)

a’+3a+2

=|a*+5a+6

a’ +7a+12

a*+3a+2 (a+2)

= 2a+4 1
4a +10 2

2a+4 |1
4a +10 2|
=(da+8)—(da+ 10)
=-2
61. The given determinant is
b+c c+a a+b
a+b b+c cta
c+a a+b b+e
2a+b+c) c+a
=2(a+b+c) b+c
2a+b+c) a+h

(a+b+c)
=2l(a+b+c)
(a+b+c)

ct+a
b+
a+b
(at+tb+c) -b
=2(a+b+c)
(a+b+c) -c

a -b -c

62 Here,

Ly k2 Lh B L3 R

1
1
1

(a+2) 1
(@a+3) 1
(a+4) 1

1
0
0

R,—= R, - R

a+b
c+a
b+¢

(C,—»C+C+C)
at+b

c+a
b+e

—c
C,—= G -G
—a —b (2 2 1J

C,—=CG-C

=4

(C—=CG+G+0)

63.

64.

65.

66.

=6-6=0

6

H D 43 24-30=-6+#0
ere, D= 1= =

7.41

We know that, if D = 0 and any one of D, and D, is non-

zero, it has no solution.
So the system of equation is inconsistent.

H D 25 30-30=0
ETE, _6 15— =
D 6 S 90-90=0
g o1s) B
2 6
D,= =36-36=0
6 18

As we know that, if D =0+ D, = D,, the system of

equations has infinitely many solutions.

Lety=1k

Then .‘czg,k eR.

Since the system of equations has infinitely many solu-

tions,so D=0+ D, =D,
2a-b

Thus, _b_ , _b=
(c+1) ¢ 0-a+3h ¢
and a 2a-b _
c+1 10—a+3b
We have,
1 1 1
D=la b c|=(a-b)b-c)c—a)
a B ¢
I 1 1
Di=|ld b c|=(d-b)b-c)c—d)
N
11 1
Dy=la d c|=(@a-d)d-c)c-a)
at d* &
I 1 1
Dy=\la b d|=(a-b)b-d)d—-a)
a* b d*
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Thus,
D _(d-b)b-c)c—d)_ (d-b)c—d)
D (a-bYb-clc—a) (a—b)c—a)
_22__ (@a—d)(d—c)c—a) _(a—d)d—c)

D (a-b)b—c)c—a) (a—b)b-c)
Dy, (a-b)b-d)d—a) (b-d)d—a)

D (a—b)b—c)c—a) (b—c)c—a)

z

67- Let = l,v = l, w= %

x Yy
The given system of equations reduces to

1
i+v— u*:z,

2u—v+3w=

V=)

and -u-2vtd4w=1
1 1 -1
Here, D=|2 -1 3
-1 -2 4
=1(4+6)-1(8+3)-1(—4-1)
=2-11+5=-4
4 1 -1
Di=94 -1 3
1 -2 4

I 9
=Z-2—(9—3)—(—5+1]
17

St —6=4-6=-2
22

I 14 -1
Also, Dy;=|2 9/4 3
-1 1 4
11 9
=(9—3)—T—(2+Z]
=4-5=-1
I 1 1/4
Again, ;=2 -1 9/4

Algebra Booster

and w=&=_—2=1=>z=1
D 2
68. Given parabola is y = ax® + bx + ¢, which is passing
through (2, 4), (-1, 1) and (-2, 5), so,
4a+2b+c=4
a-btc=1
4a-2b+tc=5

From Cramers rule,
D _15_5

D 12 4
D, 1

=—and
D 12
D, 2

D 12
2

ES
6

where D= =12

|
[N
S R S e S

2 4
-1 1|=2
-2 5

— B B = B W — &R -
|
[R*]

=

Hence, the required equation of the parabola is
y=a’+bx+c

5 2 X 1

= y=-xt—+—

4 12 6

69. Since the system of equations has a unique solution, so,

2,k
3 -4
= k= —§
3

Therefore, the value of kis ke R— {— %}

70. Since the system of equations has infinitely many solu-
tions, S0

= A=6
Hence, the value of A is 6.
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Matrices and Determinants

71.

72.

73.

74.

‘We know that, the system of equations has no solution
Only when, if D = 0, but any one of D, D,, D, is non-
ZETO.

Now, D=0 gives

12 -3
0 0 (p+2)|=0
0 2+ 1

= (p+2)2p+1)=0
1

= =-2,——

) 2

Now, D, #0 givesp# 1,-1

D, #0gives p# —%

and D, # 0 gives p # —%

Hence, the value of p is —2.

Since the given system of equations has no solution, so
D=0 and at-least any one of D, D_, D, is non-zero.
Now D =0, gives

2 -1 2
D=l -2 1|=0
1 2 A
2-A-D+(A-D+22+2)=0
—31-4-1+8=0
3A=3
A=1
so D, + 0 gives

el N

2 -1 2
-4 -2 1|10
4 2 A

2(-24-2)+ 2(4A-4H#0
—41-4-81-8=0
A+120

A#-1

Again, D,# 0 gives 1% 1.
Hence, the value of A is @.

3
=12-12=0
6

LI

2
Here, D=
4

So the system of equations has infinitely many solu-
tions.

Lety=4k
Then x=—%,kER

Since the system of equations has non-trivial solution,
soD=0

75.

76.

7.43
a—1 b c
b c¢—1 a |=0
c a a—t
a+b+ec—t b c
. a+b+c—-t c—1t a (=0
at+tb+c—t a a—t

1 b c
= (a+b+c-N|l ¢—t a |=0
1 a a-t
1 b c
= (a+b+c—n|0 ¢-b—t a-c |=0
0 a-b a-c—1
c—-b-t a-c
= (a+b+c—1) =0
a-b a-c—t
c—b—t a-c
= (a+b+c—1)=0, =0
a-b a—-c—t
= t=(a+b+c),+(a+bi+Qac-cAH=0
= t(=(ath+c)
_—lath)z V(a+b)—4(2ac - )

2

Thus, the number of values of  is 3.
Since the system of equations has a unique solution, so
D #0

6 5 4
3 -1 4|20
1 2 -3
—1
= 63-8)-5(9-4)+A6+1)=#0
= =30+65+71=0
= TA+35%0
= A+5=0
= A#-5

Hence, the value of 1is R — {-5}.
Since the system of equations has infinite solutions, so

l a 0
0 1 a/=0
a 0 1
= l-al0-a)=0
= 1-a=0
= (atD@-at+t1)=0
= (atD=0,(c-a+1)=0
+ iz .
o ac_tao A 4_1+i3
2 2
Hence, the values of a are {_1, 1+ 'ﬁ}
2
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77. We have,

a 0 cf la 0 ¢ lao0c

a b 0 =la b Qxjla b 0

0 b ¢ 0 b ¢ |10 b ¢

a.a+00+cc aa+00+0.0 a0+0b+cc
=laa+b0+0c aa+bb+00 a0+bb+0.c
0.a+b0+cec Oa+bb+c0 00+bb+cce
c? + a? a’ c?
=| a* a’+b? B
c B b2+t
78. We have,

2 a+fB+y+8 off + y6
o+f+y+d 2(a+ B)(y+96) ofi(y+8)+yd(a+f)
afi+gd  ofi(y+8)+y5(a+f) 205

1 1 0 1 1 0

=la+p y+é Ox|y+8 a+p 0

off 6 0 18 af 0

=0x0

=0
79. We have

1 cos(f-a) cos(y-—a)
cos (@ —fi) 1 cos (y — )
cos(ox—y) cos(B—-7) 1
cosa singy O [cosa sina O
=lcosf sinff O|x|cosfB sinf O
cosy siny 0 |cosy siny 0
=0x0
=0
80. We have,
3 I+ (1) 1+ f(2)
I+ (1) 1+ fQ2) 1+ f(3)
1+ f(2) 1+ f(3) 1+ f(4)
3 l+a+f 1+’ +p?
= l+a+f 1+a®+p* 1+’ +
1+ +p 1++f 1+ +p*
1 1 | I O B |
=l a fAixl a« B
1 a2 ﬁ2 1 o2 ,82
L 1roap
=l a f
1 a2 ,32

Algebra Booster

1 1P

o+1 B+1

= (- 1Y(B-17(B- o)
= (1 - @F(1 - Bi(a- Py
Hence, the value of k£ 1s 1.
81. We have,

=(a-1* (-1

Fix)=| x x x

—

[~

=]
[X]

=  Flla)

Il
[
"
(9]
=]
+
R
5]
)

=\l 2a 3d°
1 1 1
=2a-3d*—a+3d+a -2a

=a-2a*+a*
3 02 1
82. Given, f(x)= 6l 2 x*
1 b B

32 1
= ['(@D)=)12x 62 4
L b #
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3 02 1
= fU()=[12 12x 12
1 b B
3 2 1
= f["B)=|12 12b 125°
1 b B
32 1
= [7®)=12]l b b=0
1 b b

mi2

83. _[ F(x)dx
1]

xi2 ni2
j sin®xdx J log (sin x)
i (i

= > (k)
8 7 (LJ
15 2 283

8 [1} z

15 2 & 2 4

> (k)

k=1

[1®
k=1

8 E,Dg[i} z
15 2 2 4

=0

84. We have,

ro 2012
A, =[22-1 2013

3r—2 2014

r=1

n n

= YA=[d@-)

r=1 r=1

3 Gr-2)
r=1
n(n+1)

= nZ

n(3n—1)

n

[1®

k=1

o e

0

By

n(n+1)
2
n’
n(3n-1)
2

n(n+1)

2012

2013 n

2014 G710

n(n+1)
2

2013 A’

n(3n-1)

2012

=0

2014

85.

gé.

87.

88.

89.

271 101 @"-1)

We have D, =[3""" 102 (32;1]

51103 (ﬁ]
4

n

> 2 101

r=1

Then iDr= i:ir—l 102 [3"2_])

r=1 r=1
103 [5 _])
4

i 51'—[
r=1

2"-1) 101 (2"-1)
=[3"—1J - [3"—1)
2 2
5] 5" 1
) o ()

=0

S Det) Xk
r=1

r=1 r=1

@"-n

Then 2 A=| a b c
r=| P q r
where a, ¢, p, g, r are constants.
We have,
adj (4") = (adj 4
= adj(4)-(adj4)=0
We know that,
[adj (4)] = |41
Replace A by 4* and n by 3, we get

ladi(A%)| =4} =|4°

We know that,
given A-adj(4)=|4]-1,

(10 0

Lo 10

0 0
= ML=y

[1 OJ
=10
01

=10-1,
= |Al =10
We know that,
[adj (4)] = |4

= |adj ()| =4 = |4F =16
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90. We know that,
o g n—1)2
I[adj {adj (A)}] = | 4"

= A =14
= (1-1p=16
= (-1)=4
= n=5
1 4 4
91. Given adj(P)=|2 1 7
11 3

1 4 4
= |adj(PN=[2 1 7|=4
I 1 3
As we know that,
|adj (PY=|PF =P
Thus, |P*= 4
= |A=2,-2
Gy G4y agy
92. Let P=|a, a, ay |,where|P|=2
@y dy 4y

2 3 Fl
2%a;; Za, 27,

=2*.2".2*(2a,, 2a,, 2a,
22031 22332 22a33

ay dp a4y
=22.2.2%2.2a,, a, ay
3 3y iy
ay 4y a4y
=2 ay Gy axn
day) dyp  ay
=212.92 =20
93. We know that,
|ladj (4)]= 141
ladj (4)] = 4P
=16
1(12-12)- o4 -6)+3(4-6)=16
2a-6=16
2a0=16+6=22
a=1

U

LRI

94,

9s.

96.

97.

98.

99.

100.

101.

Algebra Booster

Since the determinant of a skew-symmetric matrix is
zero, so the inverse does not exist
We know that,
BB'=1
= |BB'|=]]]
= |BIB =1
= |B= 1
13l
Now,
|B-'4B| = [B||4]|B]
1
= —|lI8]=|4]
15|

We have,

R=(Pcos@+Qsinb

cos @ 0 . 0 sin @
Lo cos B —sin B 0
cos@ sinf
“|—sin® cos@
adj (R) cos8 -sm#
R lsin® cos@)
Given B~' AB= A*
Now,
B2 AB*= BB AB)B?
i B-I(Az)Bz
=B(B'(4%)B)B
=B (4"B
= (AR =4"

Now, R =

Given,

I+ A+ A2+-42+ . +44=0
= AV+A+AL+ A4+ +A4)=0
= (A HI+A+ A+ +A4)=0
= A'+(-49=0
=

At=4%
Given,
ArP—-A+I=0
= A'(A-A+D=4"'0=0
= (A'A-A'TA+AN=0
= A-I+4H=0
= A'=1-4
We know that,
[adj (4)] = |4}
= 4P = 4]
= [|adj (4| =[4"P
2
= adj (4 Y)|= LJ = L
[adj (A7) [IAI AP
_ 11
|47 25

We have,

|4 "adj (4)] = |47Yad] (4)]
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1

=—|adj (4)]
4|
=Lt
14|
= x4
4|
=|4|.
102. Given,
2 3
A=
43
A= 23 =10-12=-2
Now, |4|= 4 5" =

103.

104.

Since |4] # 0, so its inverse exists.
Thus,

- adie)
|

1{5 -3
=_E[—4 z)
-5/2 32
37
Given {] 3})("[] 1)
0 1 0 -1

It can be written as AX = B, where

1 3 1 1
A= and B =
[0 ]] (0 —J

1 3
Now, |4] = =1#0
0 1
So, its iInverse exists.
Thus,
X=A"'B
1 -3y1 1
Lo 1 lo 1
e 4
=lo 1)
‘We have,
B_]_adj(B)_l 3 -1
|B] 20-7 3
251 3 -1
= 7 3
Now

det (24°B™') = det (4?2B™)
= det (1°) X det (28™)
=4 % 28|
=(1)"%(9-7)
=2

105.

106.

107.

We know that,

L _adi(B) 4

|B|
= adi(B)=|B|B"

|BI

Replacing B by OBP, we get
ad (OBF)=|QBF|(OBPY!

= adj (QBP)=|0lIB||IFIP'B'O
= adj (QBP)=|B|P'B'Q"
= adj (QBP)=P'|B|B'Q"
= adj (QBP)=P'A)Q"
We have,
B=A"4'
= AB=4'
Now,
ABB = AR’

=  ABB = (BA) = (A"44)

= BE'=1
Now,

by - b2
E N )

L
|4]= |2
3

= =(4Y=()=4

=0-2(8-6)+3(4-3)

=-4-3
=-7#0
So, its inverse exists.
We have,

‘ 1

1l

adj(4)
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5 4

4 -3
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108. We have,

1 —tan (E]
2
tan (EJ 1
2

1 tan (E)
2

-tan(g] 1
2
let/-A=B

Now, B'= M
’ 15|

1 1 —tan [%)

T (). (a
=
Thus,

(I-AYP' I+ A) =B (I + A)

(I+4)=
and

(- A)=

T (@)
sec” (—J tan(gj 1 lan(
2 2
o
2
—X
o
sec” [—) 2 tan [EJ 1— tan? (EJ
2 2 2

cos o —sin o
“|sina cosa
109. The given system of equations can be written in the
matrix form as

AX= B, where
1 1 1 x 6
A=|1 -1 1 |,X=|y|andB=|2
2 1 -1 z 1
I 1 1
Now, 4| =[l -1 1|=6%0
2 1 -1
Thus, A exists
1 adj(4)
Now, A ==
4|
0 2 2
=l 3 -3 0
6
31 2

110.

111.

Algebra Booster

Therefore, X=A4"'B

0 2 2136
113 -3 0|2
63 1 2)i1
6 1
=% 12|=|2
18 3
x 1
= yi=|2
z 3
= x=Il,y=2andz=13.
Given matrix is
-1 2 5
A= 2 -3 1
-1 1 1
-1 2 5
= |d=|2 -3 lf=11=%0
-1 1 1
= A" exists.
Thus,
_|=adj(A)
14
7 2 -6
=ﬁ 21 -3
—4 2 5

Also, the given system of equations can be written in
matrix form as

-1 2 5)x) (2

-1 1
x) (-1 2 5Y'(2
= |yl|l=|2 -3 1| |15
) =11 1) (3
x) : 7 2 —6\(2
= |y =ﬁ—2 1 -3 15
Z) —4 2 5) 3
x) 44 4
|=—| -33|=| -3
= ) T
z) 11 1

= x=4,y=-3andz=1.
The given system of equations can be written in matrix
form as

5 3 7)\(x) (4
326 2| y|=|9
7 2 1wz s
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112.

113.

= AX=B,where

5 3 7 X 4
A=|3 26 2|, X=|y|.B=|9
7 2 10 z 5
5 3 7
Now, |4]=]3 26 2|=0
7 2 10
So, inverse does not exist.
Also,
256 -16 -176
adj(4)=| 16 1 11
-176 11 121
Thus,
256 -16 -176\(4
adj(4)B=| -6 1 11 9
-176 11 121 J\5
0
= 8(=0
0

Therefore, the given system of equations have infinite-
ly many solutions.
The given system of equations can be written in matrix
form as
AX=B
It has either
(i) aunique solution, or
(1) infinite solutions, or
(1i1) no solution.
Thus, there cannot exist any matrix 4 such that
x 1

A yl=|0 has two distinct solutions.

z 0
2 2 2
Let * -y Y —yandZ -z
a’ b2 2
The given system of equations reduces to
X+Y-Z=1
X-Y+Z=1
X+Y+Z=1
It can be written in matrix form as
1 1 -I\X 1
1 -1 1Y |=|1
1 1 1 )\Z 1

Let AX’ = B, where
1 1 -l
A=|1 -1 1

X |
,X'=|Y [,B=|1
1 1 VA 1

114.

115.

116.

117.

7.49

Now,
1 1 -1

4= -1

1 1

1|=-4%0
1

Thus, the system of equations have a unique solution.
We have,

A=14
[l 2) (1 0}
= = -A
3 4/ o1
[1 2] [1 o}
= = -A
0 2) |31
(R,>R,-2R)
{1 0] [uz 1]
= = -A
0 2) |31
(R, R, +2R)

1oy (=2 1
= A
0 1] [3}2 —mJ

=2 1
Thus, A= .
32 -1/2

We have,
1 2 3
=12 4 7
3 6 10
= 1(40 — 42) - 420 - 21) + 3(12 - 12)
=2+2+0=0

Since the determinant of A is zero, so the rank of the
given matrix is 2.
We have,
2 4 3
|4={1 2 -l
-1 2 6
=2(12-2)-4(6-1)+3(-2+2)
=20-20+0
=0
Since the determinant of 4 is zero, so the rank of the
given matrix is 2.

‘We have,
1 2 3
|4=12 3 4
4 5 6
=1(18-20)—-2(12 - 12) + 3(10 - 12)
=-2-6=-8

Since the determinant of A 1s non-zero, so the rank of
the given matrix is 3.
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118. We have,

1 2 1 -1
A=1 1 -2 3
4 1 -5 6
1 2 1 -1
© |0 3 3 4
09 -9 12
(R,—R,—R,-R,—>R,—4R)
12 1 -1
e [0 1 -1 43
00 0 0

(R,— R,-9R)
Since the number of non-zero rows is 2, so the rank of

the given matrix 1s 2.
119. We have,

2 3 -5[2 -3 -5
A*=A4-4=|-1 4 5]|-1 4 5
1 -3 4|1 -3 -4
[4+3-5 —6-12+15 —10—15+20
=|-2-4+5 3+416—15 5+20-20
| 2+43-4 -3-12+412 -5-15+16
(2 -3 -5
=|-1 4 5|=4
|1 -3 4
Thus, 4 is idempotent.
120. We have,
A2=A4
(2 2 4] [2 2 -4
=[-1 3 4|x|-1 3 4
12 1] |1 =2 -1
(2 -2 —4]
=[-1 3 4|=4
1 -2 1]

Hence, A is periodic.

1 1 3
121. Letd=|5 2 6.
-2 -1 -3

1 1 31 1 3
Now,A>=A4-4=[5 2 6|5 2 6
-2 -1 3]|-2 -1 3

0o 0 0

=({3 3 9

-1 -1 3

Algebra Booster

Also, £2=4%-4

000
=0 0 0
|0 0 0
=0
Hence A is nilpotent of order 3.
-5 -8 0
122. letd=|3 5 0
1 2 -1
Now, AZ=4 -4
5 8 0[5 8 0

=3 5 03 5 0
1 2 -1 2 -1

I
(=2 =R
o - o
- o o

I

L]

Hence A is involuntary.

| 1 2 2
123. Give, A:E 1 2
-2 2 -1

For orthogonal matrix A4"= ATA =1

1122]2—2

Ad"=—2 1 -2[2 1 2
? -2 2 —1f|2 2 -1
1 00
=0 1 0f=1
00 1
Hence 4 is an orthogonal matrix.
124. We have,
3 3+4i 5-2i
AT =[3-4 5 -2-i
5+21 -2+4i 2
L 3 3-4i 5+2
= (A)=|3+4i 5 -2+i
5-2 -2-i 2
=4

Thus, A is a hermitian matrix.
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Matrices and Determinants

125 We have,

[ 2i -2-3i 247
= AT=|-2-3F i 3i
2+i 3i 0
-2i  2+3i 2-i
AN =|-2+3i - -3
-2-i -3 0

o 2% -2-3F —2+i
= (A)=-|2-3i i 3 =
24 3 0

Hence 4 is an skew Hermitian matrix.

1] 1
126. Let A=—

J3|1-1i

= A":[ 1

1—i

=1

l+:‘}
-1
1+
-1

I 1+i
X
1-i -1

e

Hence A is unitary matrix.

I 1+i
—i -1

Levee N

1. We have,

1 be be(b+c)

ca(c +a)

1 ca

1 ab abla+b)

a abc abc(b+c)
=—-Ib bca bea(c+a)
abe
¢ cab abcla+b)
2 la (b+c)
@y 1 (cva)
abe
c 1 (a+b)
a | (b+c)
=(abc)lb 1 (c+a)
1 (a+b)
a | (a+b+c)
=(abcyb 1 (b+c+a)
c | (a+bh+c)

(G- C+G)

7.51

a
=(abc)a+b+c)b

—
—

n

=0
which is independent of a, b and c.
. We have,
b+c a a 0 -2a -2a
¢ ¢+a a |=|lc c+a a
b a a+bl b a a+b
[R, =R, —(R,+R)]
0 1 1
=-2alc c+a a
b a a+b
0 0 1
=-2alc ¢ a (C,=G-C)
b -b a+b
=-2a (—bc — bc)
=-2ax-2bc
=4abc
. We have,
b2+ c? a’ a’
B a’+c? b’
c? c a’+b?

2% +c?) 2Aa+c?) 2at+ D)
a’+c? b2

&2 2 a’+ bt

(R, > R,+R,+R)

(B2+c) (@2 +c) (@ +b)
=2 » at+c? b
o c? a’+b?
B2+ (a’+c?) (P +bP)
=2| - i -a*

-’ —a’ 0

0 & B
=2-2 0 -4
- —a® 0
=2a? + aPP)
= 4(aPhP)
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65. Let Mbe a2 x 2 symmetric matrix with integer entries.
Then M is invertible if
(a) the first column of M s the transpose of the second
row of M
(b) the second row of M is the transpose of the first
column of M
(c) M is a diagonal matrix with non-zero entries in the
main diagonal
(d) the product of entries in the main diagonal of M is
not the square of an integer.
[UT-JEE, 2014]
66. Let Mand N be two 3 x 3 matrices such that M= N? and
M = N, then
(a) determinant of (A£+ MN?) is 0
(b) there is a 3 % 3 non-zero matrix U such that
(M + MN?)U is the zero matrix
(c) determinant of (M -+ MN?) > 1
(d) fora 3 x 3 matrix U, if (M® + MN*)U equals the
zero matrix then U is the zero matrix.

[IIT-JEE, 2014]

Levee

I.@d 2 (@ 3 40 5 (b
6.(b) 7. (@ & (@ 9 (¢ 10. (d)
1. (b) 12. (d) 13. (¢) 14.(d) 15. (b)
16. (a) 17. (©) 18 (&) 19.(d) 20. (c)
21 (b) 22, (a) 23. (b) 24. (¢) 25. (d)
2. (¢) 27. (d) 28 (b) 29. (a) 30. (a)
3. () 32 (d) 33 (@ 34 () 35 (o)
36. (b)) 37. (d 38 () 39. (a) 40. (b)
41. (d) 42. (d) 43. () 44. (¢ 45. (o)
46. (b) 47. (@) 48. (@ 49. (@)  S0. (d)
51. (a) 52 (@ 53.() 5S4 (a) 55. (d)
56. (b) 57. (c) 58 (@) S59. (d) 60. (c)
6l. (d) 62. (a) 63. (c) 64 (d) 65. (a)

INTEGER TYPE QUESTIONS
1. 2 2.3 3.1 4. 2 55

Algebra Booster

67. Let X and Y be two arbitrary, 3 x 3, non-zero, skew-
symmetric matrices and Z be an arbitrary 3 % 3, non-
zero, symmetric matrix.

Which of the following matrices is (are) skew-symmet-
ric?

(a) Y'Z'-
(c) X2 -

A &
z°xt

(bh) X%+ y#H
(d x2+y*»

MIT-JEE, 2015]
68. Which of the following values of « satisfy the equation
(14 2e0)*
(24 20)?
(3+2a)?

(1+3a)®
(24 3c)?|=

(3+30)?

1+ a)?
2+a)?
(G +a)’

—6480?

() 4 (b) 9 (©) -9 (d) 4

[IIT-JEE, 2015]

6. 6 7. 3 8 8 9.5 10. 2
11. 2 12. 3 13 7 14. 2 15. 3
COMPREHENSIVE LINK PASSAGES
Passgage I I. (d) 2. (b) 3. (a)
Passgagell. 1. (a) 2. (b) 3. (b)
Passgage lIl: 1. (c) 2. (a) 3. (b)
Passgage IV: |. (d) 2. (c) 3. (d)
MATCH MATRICES

3. (A= (Qr(B)= (R;E(C)=>(8); (D)= (P)
4. (A)= (R); (B) = (Q); (C) = (P); (D)—;&

L. (A) = (T); (B) = (T); (C) = (Q): (D) = (5) Q

2. (A)= (Q): (B) = (R): (C) = (P); (D) — (P) Q’Q
)04\ (d)

‘/'\ 8. (a)

ASSERTION AND REASON
() 2. (b)
5_ € 6 (d

HinTs AND SoLuT!ONS

OTus, the number of possible matrices of order 3 % 3 is

Levee / =2x2x2x__. upto9 times
1. Each element of the given matrices can =2’=512
be filled in 2 ways, i.e. either 1 or 0 3. As we know that 4 + (=4) = O, then —4 is the additive
Thus, the number uf pns :ble nrder 2x2 inverse of 4.

=2x2x2x2=
2. Each element f ICES nf order 3 x 3 can
be Flledm er 1 or 0.

Therefore, the additive inverse of A,

(2
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