- %auchy—Schwarz inequality.

If al,ag, L O bl,bz, .., b, be all real numbers, then
(a1 +ag? +-- +an2)(b1 +b2 +- - +by ) > (a1by +agby+- - +anba)’
the equality occurs when either

(i) a;=0fori=12,. norb—-Oforz—12
botha,,—oandb =Oforz—12

or (ii) ‘a; = kb; for some non-zero real kyi=1,2,...,n.
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INEQUALITIES

\~Proof. Case I Ifa; = 0 for i = 1,2,. ,n,orb = Ofor 7 =1, 2.0 . im;

or both a; = 0 and b; = 0 for § = 1, 2 3T then the equahty holds,
each side being zero.

Case II. Let not all of q; and not all of b; be 2 Z€ro.

Sub-case (i). Let a; = kb; for some non zero real k,i = 1,2, .00,
Then (a;%+ap2+- . +a,, 2) (612402 - - +bn 2) —k'~’(b +b? - -+, %)
and (a1b1 +azb + --- + g, bn)? = k%(b1% + b + -+ - + bp?)2.

Therefore the equality holds in this sub-case.

Sub-case (ii). Let (a1, a,,. .+»an) and (b1,bs,...,b,) be not propor-

tional. Let us consider the expression
(@1 — Ab1)? + (ap — /\b2)2 -+ (an —-\b,)?, where \ is real.

For all real A, the expression > 0. The equality occurs only when
,\b1_0a2—,\b2_0 BN, =0 ~

ie., when (a1, as,.. -y @n) = A(by, ba,...,b,)

Le., when (a1, az,...,a,) and (by, bo, ... ,br) are proportional.

- Therefore, in this sub-case (a; — Ab;)2 + (ag — /\bg)2 it + (an —

“Abn)2 >0 for all real \.

or, (a1 +a2 + -+ +an?) - 2A(a1b1+a2bg+ —l—anb )+ A2(b,2 +

bo? + - ++ bn )>0

or, BA2%2C’A+A>O whereA—a1 +.a2%24+---+a,%, B=

P+ b 40,2, C=aih + azbs + - - - + anby.

The roots of the equatlon Bz? — 2Cz + A = 0 must be i imaginary,
because otherwise, there would exist some real A for which the equality

B)\?2 — 2C\ + A = 0 would hold, a contradiction.
Therefore AB > 02 ;
or, (a;%+ as? +: +an?)(b1® + b2 + -

“+an n)2
ThlS completes the proof.

% bn2) >"(a1-b1 + asbs +

Note. In particular, if a1, Gz, . .30n;b1,b2,...,bn be all positive real

numbers, then 5
(a124ax%+-- +an2) (b2 +bo% - b, )> (@1b1+azby+- - -+anb,)?,

the equality occurs if —1 = Ef = ... = Ef:

Worked Examples (continued). | ,
A <ja:+y)(1—:ry) <1

2. For all real z,y, prove that 2 ST+ (11H) S 3
Let us consider ordered pairs (2,1 — z2) and (1 — ¢2, 2y).




HIGHER ALAZ==2

8
uality, , kY 2
By Cauch -Schwarzz)f?cll £2)2y)® < [(2x)2+ (1 —2°)*][(1 - y2)2 +(ay
=1 2)2(1 + y2)2. ]
[ﬂx+wu—xw1<(r+w> y
(x+y)(1-2Y) 12 <
1 ($+y)(1—my) <l
A or, =3 S{Fa?)(1+%) = 2
\/,Ifa- —-— (z-—l 2,3) anda+b+c—1 prove that
: \/3a+1+\/3b+ T+v3c+1<3vV2 :
Let us consider ordered trlplets (1 1,1) and (\/BF \/?)b\
V3c+1). ]

By Cauchy-Schwarz mequallty, _
(V3a+1+V3b+1+v3c+ 1)2 < (1+1+1)[(3a+1)+(3b+1 (3c+1)]

or, V3a 1+ V3b+1+v3c+1<3V2

Theequahtyoccurs 1f3a+1—3b+1_.3c+1 leilfa—bf"c

4. Ifa,b,c,d >0 and a+b+c+d =1, prove that 1+b+c+d + 1+a+c+d+

1+a+b+d + 1+aib+c2 g .
1+b+c+d + 1+a-l|)-c+d + 1+a+b+d + 1+aib+c :
=5t 2—b +A2—c“+ 2 a + 22b T3 +i'23d—4
=2[21a + 211;-."" 21c d] = ' oo

Let us con Uil b DRSPS GGV
suder positive numbers ~/2 Vo= 13 \/2_6 72-d.

V2-a,v2-b,v/2-¢, v2=d.
By Cauchy-Schwarz inequahty, | e AT
I+1+1+1)° <[54 togt gk + 55gl8 — (a+ b+ c+d)
or, —*'—+ 1 +_ > 16

pr - |

b d 32 _ 4 iey
1+b+c+d o+ Ttatergd T 1+a+b+d + mz 7 4,1

Therefore
> 2

The equality occy it i grhen
oS p rswhen2—a=,2—by=2.f¢=2f_d,1.e.,

N/&’S If ay,as,.. «3Qn; b15b2)

’ s u
®IS prove that b"’ €1, C2,.. 1Cn be all positive r_? ot

(a1b;c + asb 5
2 1 02 2cz + . + anbncn)2 < (0,12 = a22 = mldid +‘a"2)(b1

b
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Let d; = bic;,i =1,2,... n.

By Ca2.uchy-Schwarz inequality, (a,d; + agdy + - - - + andy,)?
S(@®+a® + - 4 a,2) (g2 4 dy2 4. +dy?).

Again, (di® +dy? + .- 4 d,2) = b,2¢,2 4 ba%co? + - + b2, 2

. <O +b% + -+ 0.2 (e 2+ e - cy2),
since b;, ¢; are all positive. ‘
Therefore (a'lblcl + 02b202 + ... + anbncn)2 < (a12 + a22 + .-+
an®)(b1® + 2% + - 4 b,.2) (12t er? 4 - .- 4 cn2).

eorem 1.3.1. If ay,ay,...,a, be n positive real numbers, not all
equal, and p, q are rational numbers, then 31 2

a)Pt94aoPtaq... g, Pt 1P+aoP4tan? a394+ar74-+an?
po >or < N ] -

according as p and ¢ have the same sign or opposite signs.

Proof. Case 1. Let p, q have the same sign. Let 7 and j be any two
of the numbers 1,2, ...,n. Since p, q are of the same sign, a;”? — a;” and
a;? — a;7 are both positive or both negative or both zero.

Therefore (a;? — a;?)(a;7 —a;7>0

or, a;Pt9 + ajp+q > aia;? + a;%;". ;

There are "C; relations of this type; not of all them are equalities.

Adding, we have '

(n — 1)(a1PT? + a2t + - .- + a,P1?) > Tafa;d,i = 1,2,..,n;5 =
1,2,...,n1 # J '

or, n(a1p+q + a2p+q 44 anP+Q) > (alp + ag? + -+ a,?)(a17 +
a2q+...+anq) '

p+a4q PH+ap.ida, Pt a1P+agP+tan? a19+ag+4-+an?
or, 2 > n e .
’ n

Case 2. Let p, g have opposite signs. Then a;? —a;® and a;7 — a;7 have
opposite signs when a; # a; and both are zero when a; = a;.
Therefore (a:? — a;7)(a:i? — a;7) < 0.
Proceeding with similar arguments as in case 1, we can prove

: q
pt+a PtagP+tan? a19+agf+--tay
ayPHI4anPta+ +ay <y +az - y = )

s f
This completes the proot.

lised. If ay,as,...,a, be n positive

. The theorem can be genera |

ngiumbers, not all equal, and p1,p2,...,Pm be m rational numbers,
all positive or all negative, such that s =p1 +p2 + - + Pm, then




a1°+ag’+-4a,? >

n
a1Pl+agPl4...4q,P1

QLPé+a2P2+...+anP2 lem‘l"a pm+'“+0:. me
= - S e —2;11 — 0y Fm
. Taking in partlcular P1=pr=---=p, =1 we have
m+a2m+ +a, > (__1+a2+ +an )m
n

Worked Example (contmued)

6. If a,b,c,d be positive real

numbers not all e
(@+b+c+d)(L

+3+i+ s 16.
aP+bP4cP4dp 09+b4 ¢4 de
We have 1

P-l-q pr+aq p+q +q
4 > Ic +d? y Where
D, q are ratlonal numbers of opposite signs. S -

qual, prove th_at_;

Letp=1,9= —1. Then a+b+c+d @ 14b- 1+c‘1+d‘1)

>1
4
or, (@ +b+c+d)(a~! + b-1 +c"1 +d-1) > 16,

Another method R

Let us consider real numbers Va, \/_ \/_ ¢, Vd and. 7., %, %,ﬁ.
By Cauchy-Schiwarz inequality, < -~ .

(1+1414 132 <
The equality occurs when q

Since here a, b, ¢, d are not all equal, (a+b+c+d) (@1 +b~14c14d7) >
16.

(a+b+c+d)(1+ +1 +d)
=b=c=d.

)



