'

A

: HIGHER ALGEBRA w

250

‘_,Er.l".l. The cubic equation.

_ . - nation with binomi )
The general form of a cubic equall : ) al ‘:“5'*5‘9&(:1@11LS A
agr’ L 3a " + 36263 =5 W) &

Let us apply the transformation T =¥~ h in order thyy th

E .
. e o term. Wy
formed equation may want the second ferm Uy,
The transformed equation IS
aoly + h)® +3a:(y+ hY +3ax(y+h) +az =
A Vi B2+ 2a1h +az)y + (agh?
) 3 4 3(agh + a1 Jy* + 3lagh” + 2011 = 02)Y 5 (aghs 4
ar, agy” + 3(ag 1Y Sayhz

341311 -+ &3} = (.

i ) e . . |
Since the equation wants :he second term, R % and the o
ud.{lon
reduces 0 ” q
- {rm .-..;_2: {G{.-Cg—:}@}g;g:_a;u} _
y'J _Lgkc;a;rl 1 y__ a':Z — 0

Jsi i i Is - —_ ’2 —_ 2
Using the standard symbols H = ag82 — @3 .G =ay%a; — T
2a:3, the equation takes the form 2

3,38, . G _q (i
Y - 6_321 " age s vl}

Y PP . £ - -Glfgfal,-.va

The roots of the equation are a+ .0+ 07T+ ~ where @, B,7 are

the roots of the cubic equation (i).
Since o + § +7 = -2, the roots of the equation (ii) are 1(90 -
- Sy )
8—),5(28—7-a),3(21—a-A)

Multiplying the roots of this equation by ag, the transformed equa-
tion becomes z° + 3Hz + G =0.

This is called the standard form of a cubic equation.
The roots of this equation are apo + a5, a9 + a5, a9y + a3

ie., (20 -6~-7),%2(28 -~ - o), 2L(2y—a-f)

Note. (20 - - 7)(26 -+ —0) = Za_u;j_ il
20 -B-1)26-7-0)2v-a-5)= 216,

5.11.1. The equation whose roots are squares of the difference
of the roots of a cubic equation.

o [ 2% . . R P »
Let o, 5,71 be the roots of tae cubic equation 3 + gz +1 = 0

. H 2
To find the equation whose roots are (B~7)2,(y—a)? (a- ar
Let y = (3 — )%
n = (31~ 12 ’_. Lo — { . = wils
€T (u“‘-' Y) 45’!—6!2-:-%’,5111%&-&—/3-!-7:0, off1
Therefore o — oy + 4r =,
3 31-

Sinee o 1 4o ‘ A
Since ¢ ’q""’“0=””‘ha"‘f(@“ry)a—Br:o,orasfm'
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3 3r

[l(ﬂcc 1’*3 :
vt 23 3q(y+9)° + 212 =

oty 4 6qy cs gq.y + 27r2 + 4q3

of .y . the required equation. =il

b

(A)

; osed to form an

it 18 equation wh

Iienc es Of thi roots 0£ the cubic equatioo

di[{t’ apZ” T 3a;1z° +3a2z + a3 = () :

,move the second term. The transformed (l)
equation is

se
roots are squares of the

p st * g By G
Pty tae=0 (i
a+3,0+2,v+8
'S roOtS are ao‘ a !’y+ =1 Whe
Bﬂsﬂlt o (1) 0 o Te a, 3,7 are the roots of the
F| a ! '
I = a p = a -
Let @ !f“t;oﬁﬂ_ ﬁ,+_uo;'7l—7+%;.
s B et T

Thcmfore thie eq}mtion V‘fhose roots are squares of the diffe of
e 10015 of the cubic equation (i) is same s the equation hrences o
' /)2 (7/ = a')2 (v - ﬁ')2 : ) whose roots
= tti aH gnd the equation can be
obtailled by putting 4= INTE 3 in (A).
Therefore the required equation is
3, 18H 2 81H?
7+ Bhat + 5ot (P +4HY) =0. - (B)
Note 1. It follows that (& - BB -7 (- o)? = _%mv{j‘_ AH?),

9. Nature of the roots.

at the coefficients are all re
3+ 3(112?2 +3a9T +03 = 0.

al, we discuss the nature of

Assuming th
the roots of the equation aoT

Case I G*+4H°>0.

In this case (a—B8)*(8 _y)(r-a)* <0 The cubic has tWO jmaginary
rots, because otherwise, if all the roots be real then each of (@ -
o7,(8 -v)%, (- a)2 is non- herefore their product cannot
be negative.

Cserr, G4+ 4H° <0ond H<Y .
h coefficients of the equ
c

In this .
case the signs of the
:ilternately positive and pegative and therefor y e
quns’.the equation (B) has no pegative I g Aq+ :

uat.lon has all its roots rea ause otherwisé, ld ; p
rjieegrlven cubic then A - pi will be anot?xer root iznOtii zusly = i
| NC€ Which is a root O the equation

u )
Umber, a contradiction

pegative and t
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Case III. G? +4HY = 0. | £ o
In this case one of (o — A), (A - ')‘).‘("7‘l (f:l)b;: 2610 ang| Uhiy br,
the existence of a multiple root of the given ¢ . v

Case IV, G*+4HY=0and H =0. L |
In this case the equation (B) reduces to & = 0 and thiy

0 r - ; Vg
(@ -8 =0,(8-7)* = 0,(y - )" = 0. Therefore the givay g, (1t

I
three equal roots. “‘

Worked Examples.

1. Find the equation whose roots are squares of the (liﬂ'cr(mceﬂ of
roots of the equation =3 + 9z° + 24 + 20 =,0' What conclusion d yom
draw about the nature of the roots of the given equation? L

Let a, 3,7 be the roots of the given equation.

Let us apply the transformation = = y + h in order to ro
second term.

The equation transforms to ’
(y+h)P+9y+h)?+24(y+h)+20=0

or, y° + (3h + 9)y? + (3h2 + 18h + 24)y + (h3 + 9h2 + 24}, +20)

Since the second term of this equation is to be absent, h = -3,

The transformed equation is 4 — 3y + 2 = 0.

The roots of the transformed equation are o + 3,8+3,v+3.

Leto’=a+3,ﬂ’=ﬁ+3,'y'=7+3. ‘

Therefore the equation whose roots are (@=B)% (8 =72 (y - a)
s same as the equation whose roots are (@' =B, (B =), (v o)

Let z = (o’ - )2

i Then z = (o/+4)2 40/’ = 7’2+%, since o'+’ +v' = 0, o’B'y =

Moye the

=),

Therefore 43 — Yz +8=.

: 3
Since 7" - 3y + 2=, we have 7'(z — 3)
Hence (£5)3 - 3(

=6, or v = %
) +2=0
or, 2z - 3)° ~ 18(z - 3)2 . 916 —

This is the required equatiop,

2. Find the equation

whose
roots of the equatiop oots are g

he
i ces of t
P P quares of the differen :

and deduce from the result’
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an the nature of the
, “-Jtl oits "r ll
oA 0 given cubje

ot o\ 3, % be the FOOLs of the

et ¥ = (8 -~ +)* Riven equation.

.0 = (4 ) - g5 .

meo ¥ = A+ ~ By g

1"]1(‘I'ﬂi\'1\‘ ad - oY + 8w () o MhCe a4 [ 4 ¥ = (, n;j.' - —9

qince A e u. wo hnw O(u + l) = G or a ol K
4 3 i - .
jlence \;?T) .« ﬁT + 2 0 v+l

or, (¥t ”t P+ 1)1 108 = o
ar, ¥+ 0p° + 9y + 112
py Descartes’ rule

of signs, this -
View 7 ) » WIS equation has at leas ;
oot herefore the given cubic must have a p east one negative

air of imaginary roots.
The general solutjon of a cubic (Cardan’s method).
Let the cubic equation be g3 +3br? 4 3cx +d=0 . i
This can be put in the standard form 23 + 342 - E =0 "
where 2 = @ + b, H = ac - 2, G = a¥d — 3abe 4 23, ’
To solve the equation, let us assume z = u + v,

Then 2% = u¥ 4+ ¥ 4+ Juv(u + v) = ud +v® + Juuz
or, 2% — Juvz - (W + v?) = 0.
Comparing this with 2* + 3H: + G = 0, we have

w=-H ul+vd=_-0G.

5 173.

Therefore u® = 3(-G + VGT + 4H3),v? = 3(-G - VGTLiHY).
I[p denotes any one of the three values of {}(-G+VG? + 4H3)}/3,
then the three values of u are p,wp,w?p where w is an imaginary cube
root of unity.

And since uv =

—H, the three coresponding values of v are
=H -*H —uH
P p * p

Hence the values of z are p — %,wp - “’:TH,uPp— ‘-‘% and the three
values of r are %(p - % - b), %(wp - “":JH - b),%(wzp— gpﬂ —b).
These give the complete solution of the equation (i).

The method of solution is called the Cardan’s method of solution
tthough the method owes its origin to Tartaglia.

& When G? + 4H3 < 0, the roots of the cubic equation are all
el but Cardan's solution give them in imaginery form.

In this case we use De Moivre's theorem to obtair the real roots fn
"¢ following manner.

e
A

A T ’“‘"Tff"f“ ;P Ser T

By P

v i

S
a1 S e
LR N N -

B s < aon . 3=
IO © e - s A st
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Let G? + 4H3 = —k*.

Then v’ = (-G + ik), v = %(—G — k).
Let _TG = r(cos 0),1-; = rsin ¢, where —7.-3< 6 < r.
Then u3 = r(cos§ + i sin6) and r* = —H".

8 oty
Therefore the three values of u are ¥/r(cos 3 +1 sin 2)
B o ;i qin 4748
/7 (cos 228 4 i sin 2548), J/r(cos 428+ sin 2L,
Also since uy = —H, the corresponding values of v are
. . N - 2 6 4« 9 . 2
/r(cos §—i sin §), ¢/r(cos 2148 4 sin 25°), V/r(cos T 44 gin 4\,?&)
2746 -
Hence the values of z are 2€/FCOS§,2\3/FC°5 2, 297 cos L’f:;m
. 9 4746
i.e., 2/—H cos §,2v/-H cos 2148 2/ H cos T )
V&
Worked Examples.

\/l/’Solve the equation
Let z =u+w.

Then z3 = u® +v° + 3uvz
or, % — 3uvr — (u® +v*) = 0.
Comparing with the given cubic, we have uv = 6 and ud 4 3 = 35,
Therefore u® = 1(35 + /357 — 864) = 27 and
v3 = 1(35- /357 - 864) = 8.
The three values of u are 3,3w, 3w? and the three values of v are

2, 2w, 2w?.
Since uv = 6, we have u+ v = 3+ 2, 3w + 2w?, 3w? + w.

—5+/3i —=5-y3i
2 ) 2 )

3 - 18z - 35=0.

Hence the roots of the given equation are 9,
. Solve the equation z3 — 1522 — 33z + 847 = 0.

Let us apply the transformation z = y + h in order to remove the

second term.
The transformed equation is

(y+h)* —15(y+h)* - 33(y+ h) +847 =0
or, y° +(3h~15)y® +(3h% - 30h - 33)y + (h® — 15h% — 33h+ 847
So h =5 and the equation reduces to 3 — 108y + 432 =0

) =0.
(i)
Let y=u+.

Then y° = u® + 13 + 3uwy
or, y? = 3uvy — (¥ + %) = 0.

oo
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,mparing with the €quatiop n (i)

3 _
Thel—efore ud =3 = ~216. " "€ have 4, _

/43 36 a.nd ua + va
The three values of u gre —6, —

gince uv = 36, the COrTespg » ~bw?,

Ponding vy,
Then ¥ = —12, 6 6 and the Toots of hlées ol v are

/Solve the equatmn ~3z -1

/ pera=ut v
Then .’E3 o 'U, + ’U +3U‘U.‘I,‘
- 3 — 3uvz — (ud + v3) =0

~6, —6w?, —
glven €quation gre -7, 11 11.

o omparing with the given cubic, we haye uv =

=1and y3 +
—.l = 1.
Therefore u’ (1 + \/—z) = 1(1 - \/_z) .

or, u = (cos § + i sin%)ﬁ v = (

ﬂ y .
cos T —1i sin %)%
values of u are ¢ I
he three OST +1 sinx __
| S0 g
dthe three values of v are cos = - uy T
e g ~?sing,cos ™ _; sm"'g’,cos.l_g:_
[Sln 0
Since uv = 1,
u = COS 3 9 + ¢ sin § corresponds to v = cos ! §—tsinZ
9?
7
u = COS -— + 1 sin 55* corresponds to v = cos = —isin =;
1311' 137r
u = COS ~g~ + ¢ sin =3T corresponds to v = cos 18T — i ;sin 137,
Taking :z: = u + v, the roots of the given equation are

131r

208 9,2005 , 2 COs =5*



% T — Or + 928 = 0,
\/Oﬁ(:c - 1224+ 8 =0,

73 — 3z —2cos A = 0(—7T< A< ),
:53—6:1:+4 0,

‘\J(y'l'ﬂ):c -9z -4=0,

\/(yi‘)/ 27% — 3z +1=0,

/\}wﬁ(:c +9z% + 152 — 25 = 0,
/,\/(jx)/ z° — 62° — 6z — 7 =0,

-~

- \,(x)/:f:3+3:c2—3=0.



‘_.v ;12. The biquadratic €quation,

202" +4013% + 60522 4 doyg 4 g, Lo . (i)
it Let us apply the transformatijop T =Y+ hin order that the trans-
{ formed equation may want the second term.
The transfqrmed equation is .

ao(y + h)4 + 4a, (y+ h)d + 6az(y + h)? + das(y+h)+aq4 =0
| or, agy® +4(apgh+ a1)y® + 6(agh? + 2a1h + a3)y? + 4(agh® + 3a,h? +
| Jozh + a3)y + (aoh?® + 4a,h3 + 6ash? 4 dazh + aq) =0
Since the transformed e
§ the equation reduces to
L ayt+ a% (agaz —a,?)y%+ ﬁf (a0%a3 —3apaiaz+2a,3)y + %5(0030-4 =
 d00%aya3 + 6aga;2ay — 3a;4) =0

quation wants the second term h = —3 and

Using the standard.symbols H = agas — a12,G = ag%a3 — 3aga as +
§ land I = agas — 4ajas + 3az?, the equation takes the form
f 3 2 2y _

aoy* + 842 + 4Gy + 5 (ao®I - 3H?) =0. '

a a a (238
The roots of the equation are a + (;%;ﬁ'*‘ a ¥+ a1 0 + 55 where
£ 57,6 are the roots of the equation (i). Py
§  Sinceaq o +5= -2, the roots are §(3a - B -7 - 4),1(38
g ao —A—n).
§ ' -0 i@y-6-a-p) LB -a-~ ‘g g
Multiplying the roots by ao, theztmnSf?;?e_ Squ
24+ 6H2? + 4Gz + (ao"[ —3H7) =0 e
: This j lled the standard form of the biquadratic. Lo e(;oo_s(s()-
§ ' cquation are Jay(3a B -7~ ) Jao(38 =7 =8 =) Jeu(®
. qllilltlon are. Za0(3a—
4), 1%(36 —a — B —7)-
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Worked Exampleo,

Lo Ha, 49,8 bo the roots of the
Jagr + ag 0, find the value ol

() (a4 ~n 0)(F 4~ ex - (e - B -~ 8),

() o= gy §) (a0 - Y=o =08y ~aq—-p- 8) (36 - Q

Let us apply the transformation 7 = ¥-hoin ordep Lo 1o
second term. Then

ao(y -+ W) day (y o b)) 1 Gay(y - h)?

equation aga?t da,

s “”'JJ'? ;

‘I'I\,7

anV(} ”\[}

tdag(y 4 py . WG =y
ool Aagh-+a, Y | (i(n()h'-" +2ayh 4 az)y? Aaghd + 3q h?
Jagh - ay)y - (agh? 4 da b - Gagh? 4 dagh - ay) = . oy

Therofore f = — ::-‘L

N9 =g
”(Y.'I'l + G(ﬂll“l a)

and the equation reduces (o

21 “0fay—=3aga an- -2, '
T e )
_"( 300" —dag?aqy ga.

Let o', 3 ~

ap* ) = 0
",8’ be the rools of the transformed Cquation,
Then o = ' — o B=0 - Y =7 - ag?0 = 48" - ag"
(i) (u+[3~7-6)(ﬁ+'>'~u—5)(7+a—ﬂ )
i (0;’ _'_ ﬁ, 3 ')" - 6!)(ﬁr + 'YI . al ] (s,)(')" .}_ QI o< ﬁl — 6/)

= =80+ 8) (o 4 57
= ‘8[6'3 + (5'2(0’
= ~82a’ﬁ'~,',

B'+6)  ginco o 4 3
+ 8"+ ) + &' (o' B 4 Ay
since ' 4 g 4. V= _g

= ﬂ20~3uaa+2 3
32(4‘\4\#:\“1_ e %c;

(if) e :
= (3“'“0'~7’—6’)(3ﬁ('f7’35' d 'Q)(?‘y *=a=f)(36-q-
= 40'-43’.4'7’.46', i Pl

+ ')” + 4§ = 0
+ ,.YIQI) + a'ﬂ"y']

=)
37 “5’--(1._ ! N N Y
smcea'+ﬁ;+7,+6, i B7) (38 - B -v)
= 256(“' 2 3‘4!1 2a A3+6aga 2, ~3a,1 2 2
ag )= 56( @L}@IL)
Qg N
5.12.1, : .
- Ferrajg Solution qof blquadratm equat;
- OITAIS mo g quation
tion (lo that ¢ SOlvingr d‘:)ces de TOblem of Solving 4 biquadratic eque-
hg t : . Tatic . o |
g L::? tl;l(]u&d atic ag the erencee;_m:’:)m]l:;r;[‘hls is done by express
1“1'Ii;>chfiqu }t oabe agt |4y 4 b, Suqares,
SHELYIN ) -
oty Y a,q?z dabgd Gac:::"~++4gx +e=0. M
8q 1€ left hang XPressiop, | e 4 ge = ...
areg th form, n be

expressed a8 the difference of two
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(ax? + 2bz + \)? = (mz + n)?.

Comparing with the left hand expression of (i) we have
Gac = 40 + 2\a — m?,

dad = 4bX - 2mn,
ae = A= n?,
Eliminating m,n from these we have
4(bA — ad)? = (2Xa + 4b* — 6ac)(\? — ac).
This is a cubic equation in ), giving at least one real root ;.

Corresponding to A = X;, we have the values of m2 and n? and

morever the relation mn = 2b)\, — 2ad determines only one value of n
corresponding to one value of m.

Thus the given equation is now put in the form

(ax? +2bx + A)? = (myz 4+ ny)? = 0, where my,n, are the values of

m,n corresponding to \,.

The roots of the quadratic equations ax? + 2bz + M\ £ (myz +ny) = 0
give the solution of the given biquadratic equation.

Worked Examples.

1.

Solve by Ferrari's method
xt — 1023 4 3522 — 50z + 24 = 0.
The equation may be written as
(z2 — 5z + A)? — (mz +n)? = 0, where A\, m,n are constants.
Equating coefficients of like powers of =
35=25+2\—m?, orm?2 =21 - 10
—-50 = =10\ — 2mn, or mn = —5A + 25
24 = A2 — n? orn? = \? - 24.
Eliminating m,n we have
(A2 — 24)(2X - 10) — (A —25)2 =0
or, (A —5)[2A%2 — 48 — 25\ +125] =0
or, (A — 5)[2A? — 25A + 77] = 0.
Therefore A =5, 7, %
Taking A = 5, we have m = 0,n = %1.
The equation takes the form
(r2 -5z+5)2-1=0
or, (x2 — 5z + 6)(z®> — 5z +4) =0
or, (z —2)(z — 3)(z — 1)(z —4) =0.
Therefore = 2,3,1,4.

Hence the roots of the equation are 1,2,3,4.
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2, U f(x) = a" + 62% 4 142% + 222 + 5 find a,3,) 8o th
he expressed in the form (2% + 3 + )\)2 — (az + ﬁ)2
Hence solve the equation f(z) = 0,
o 02 A 1422 - 222 4 5 = (22 + 3 + A)? — (az + B)2.
Fquating coefficients of like powers of z, we have
IM=942)-0? ora? =2\ -5
22 =0\ - 20f3, or aff = 3) — 11,
h=M-p2 or 12 =)\2 5.
Eliminating o, # we have
Qz—mmA~m~cu-1U2=o
or, 23 ~ 14)\? - 56\ — 96 = @
or, (A = 3)(20% - 8\ + 32) = 0.
Therefore \ = 3,2 4- 21/34,

Taking A = 3, we have o —= £1,8 =42 and off = -9,

Therefore o and f3 are of opposite signs.,
The ¢

at f(x) may

“quation can be expressed ps
(ﬂ+¢m+m2~w-2y=o
or, (€* 4 4z 4- (2% 22 ) = 0.

Henee the roots of the cquation are —2 4 V3, -1+ 2i.



