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Chapter 4

Classification of Partial
Differential Equations of
Second Order and

- Canonical Forms

Relevant Information on

1. Second-Order Linear Partial Differential
Equations.

2. Classification of Linear Partial Differential
Equations of Second Order.

3. Transformation of Coordinates.

4. Canonical Forms.

4.1' Second-Order Linear Fartial Differential
Equations

The gencral second-order linear partial differential equation in two
independent variables x and ¥ is of the form
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o2z o2 -
A(x,y)+— T 2 0%z Oz
(@55 + B(.L-!/)al_ay +C@y)g + D(r.y)%

: P)
+ b(’:vy)a_; + F(z,y)z = G(z,y) (4:1:1)

where A, B: C,D,E, F and G are the functions of z and vy, defined in
some domain 2 C R2.

Here, A, B, C cannot vanish simultancously in €, because (4.1.1)
repx:e?‘ellts a second-order linear partial differential equation. In
addition, z(z,y) and all the coefficients of (4.1.1) are twice continuously
differentiable in Q.

Equation (4.1.1) can be expressed in more compact form as

Azgy + Bzgy + Czyy + F(2,y,2,22,2y) =0 (4.1.2) ([)

i.e., Ar + Bs + Ct + F(z,y,2,p,q) = 0.

4.2 Classification of Linear Partial
Differential Equations of Second Order

The second-order linear (and quasilinear) partial differential equations
can be classified (uncer some restrictions) into three categories
namely, (i) Hyperbolic equations, (ii) Parabolic equations, (iii) Elliptic

equations.

In analytical geometry,
conic sections represented by the general

we have seen that the classification of the
1 equation of second degree
Az? + Bxy+Cy? + Dz + Ey+F =0 (4.2.1)
ACF + 1BDE — %AE2 -
s a parabola or a
D >0o0r D <O
(4.122), we would

B? — 4AC and A =

depends on D =
tion (4:2.1) represent:

icp? - 1FB?. The equa
hyperbola or an ellipse according as ) = () or
when A # 0. So in order to classify equutlc?n ) o
like to use the terminology parabolic, hyperbolic a.nd clliptic p-mtl.xr
differential equation at a point (z0,%0) € Q depcndl}]g on the ‘sngfu 10,
D(zo0,y0) = [B(zo, vo)]? — 4A(z0, y0)C (0, Y0)> the discriminant of the
equation (4.1.2) at the point (z0,y0)- Ql)
. . B +ia1 differential equati 1.2) s
i wation: The partial differential equation (4
(i) Hyperbolic Equation p oo I will 1

said to be hyperbolic at a point (0, Y0) if D(xo, '
hyperbolic everywhere in © € R? if D(z,y) >0 for all (z,y) € Q.
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>_ Example 4.2.1 Show that the equation z,., —2sinxz,, —cos® 2,y +
sinxz, =0 is hyperbolic. ' .

Solution: Comparing the given equation with (4.1.2) we have, A = 1,
B = -2sinz, C = —cos?z.
.. the discriminant of the equation is given by
D(z,y) = B* —4AC = 4sin?z + dcos?r =4 > 0 for all (x,y) € R,
Hence, the given cquation is hyperbolic in R?.
(ii). Parabolic Equation: The partial differential equation (4.1.2)
i's said to be parabolic at a point (zg,yo) if D(zo.yo) = O, ie.,
[B(70,%0)]? -~ 4A(z0,Y0)C(xo,y0) = 0. If D(z.y) = 0 for all (z,y) €
Q C R?, the equation (4.1.2) is called parabolic in €.

» Example 4.2.2 Show that the partial differential equation
222,, — 2TYZzy + Y22y + T2z + yzy = O is parabolic in R2.

Solution: Comparing the given equation with (4.1.2) we have, A = 2,
B = —2zy and C = y°.

Thus, the discriminant of the equation is given by

D(z,y) = B? — 4AC = 47%y% — 47%y? = 0 for all (z,y) € R%.

It confirms that the given equation is parabolic in R2.

(iii) Elliptic Equation: The partial differential equation (4.1.2) is

said to be elliptic at a point (zo, Yo) if D(zo,y0) < Oi.e., [B(zo,yo)12 —
4A(%0,Y0)B(z0,yo) < 0. It will be everywhere elliptic in Q C R? if

D(z,y) <0 for all (z,y) € Q.

» Example 4.2.3 Show that the follo;u'ing partial differential equation
is elliptic in R? :
(1 + 22)2g0 + (1 + ) 2yy + 2yzz + 223y = 0.

Solution: Comparing the given equation with (4.1.2) we have, A =
(1+422),B=0,C=1+y%

~ the discriminant of the equation is D(x,y) =
D(x,y) = —4(1 + 21 + v?) < 0 for all (x,y) € R?
the given equation is elliptic in R2.

B2 — 4AC ie..
. Tt follows that

Note 4.2.1 It is remarkable that a particular partial diffevential equation
may be different in nature in a domain © C R2. For example, let us

consider the Euler-Tvicomi equation Iy + X2yy = 0.
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Comparing it with (4.1.2) we have, A=1,B =0 and C = .
. D(z.y) = B2 —4AC = —4x.
Thus, the Euler-Tricomi equation will be parabolic if 2 = 0,
hyperbolic if z < 0 and elliptic if £ > 0.

Note 4.2.2 From the physical point of view, parabolic, hyperbolic
and elliptic partial differential equations represent the time-dependent
diffusion processes, wave propagation and equilibrium processes
respectively.

4.3 Transformation of Coordinates

In order to explore the significance of D(x,y) and to classify the partial
differential equation (4.1.2), we would like to reduce it to a normal or
canonical form that is the simplest form of the equation (4.1.2). Now,
we introduce two new independent variables £ and 7 by means of the
transformation

§=&(z,y) and n = n(z,y) (4.3.1)
where £ and 7 are both twice continuously differentiable and the
Jacobian of transformation

a(&n)
J=
o(z,y)

. & &
#0i.e., e

0
Ty #

in the region Q.

It ensures the existence of a one-to-one transformation between the
new and old variables.

Now,
_9z_0:0¢  0z0m _ 4.3.2
P= 9z = €dx T onox =T (@:32)
_0z_09z0¢ 0z0nm _ 4.33
q_ay_asay anay—255v+2n"v (')
5 _%0 omo O _0608 0nd
8z ~ 9z 0 ' Bz dn gy QyoE  dyom
292 _ 0 (8:\_(8c8 o1 22€_+&@)
827 ~ 2z \9z) ~\oz0¢ * 9z m ) \3€ oz " Gmox
~ZD (020, 0x0m) ;0 zeg&@)
9z 9 \9E 8z * Onoz 9z onp \PEBx ' B oz
=(£)6_ 29600 02 (611)2322 0z 0% | 0:0%

£2+ Oz dx 9EOn oz 6—2+3—ﬁ+3—1}012
Ui 3
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T = zge = E22¢ + 26Tz 2en + n22yn + 26bzz + 272z (4.3.9)

8’z _ 0 (02 _(%i+i’ﬂi) QB_EJ,EQ)
$= Broy oz 'a_y)' 2z 0¢ Y 9z on) \Bedy * B0y

o€ o (82 o€ 8:31}) + 9n 3 (32 23 i az@)

960y T andy) " 9z 0n \BEdy "~ Fmdy

~ 9r €
Pz (9E0n 3_5@) 8z  Ondndz 0= 9%
= dr oy 9e? (61: oy T oyoxr) 0gdn | 9z oy O | 9€0zdy
L0 2
01 0zdy
8 = zzy = ExyZee T+ (&zmy + Eyz) zgn + NzMyZyy + zg€zy + ZyTxy
(4.35)
and
8% 9 (8z aea+@3)(2§5+2@)
=57 "oy (67:) = (a—ya_s dyon) \2cdy * noy

% 9 626€+éi@) @i(‘_’iﬁ %éz)

ByOE \BEdy  onoy)  Bydn \ddy 9oy
£\2 0%  ,069m 9%z (00?22  0:0%  0:9%
3y +($) o Yooy onow

o
- (% 262 " "oy oy 9&on
Lt=zy, =€ 2 4 zebyy + 2 (4.3.6)
Lt = zyy = Ezee + 26yMy2en + ZanTly + Zebuy nTlyy

Nyl

Using (4.3.2), (4.3.3), (4.3.4), (4.3.5) and (4.3.6) in (4.'1).2) we
obtain, N
azge + bzgy + Cznn = f(§:M 2,26, 20) @37 -9

where F becomes f and A, B, C become a, b, c respectively in new
coordinates. Here, a, b. c and f are given by

a= A€2 + BE:£, + C€2
b= 2A&n; + B(Eny + &M=) +2C6my
c= An2 + Bymy +Cn? (4:3.8) -
f= —[2¢ (Abzz + BEay + Ctwy)
+2y (Anzz + Bizy + Ciyy) + F)

The system (4.3.8) can be expressed in the following form:

o b2\ (& &\ (A B (& Ey)T
b2 ¢ ) \me mw)\B/2 C e Ty
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An Introduction to Differential Equations
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4. uey =0;u = J(z —ct) + g(x + ct).
1

5- < + _—Zn = 0-
zgg + Zun 20 1

.Z¢ %7 in the region {1 = {((z,y) € R?: x > 0}.

1
7. Zgn + -r;z.,'= u.

3
8. Ze€ <+ Znm + 'EZC = 0.

9. 262¢q — 20 =0-
10. Cz;.,+z,,=0.
11. zun=0:z=(=r+y)f(x—y)+9(x-

12. 2y =0;z2= yf (-f—:) +g (-g—) (choosing 7 = v).

1/1 1

14. Zen = 0.
ugn =0;u = f(cos:c+a:—-y)-g(cos:r—-:|:-—y).

y) (choosing 7 =< + ).

15.
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