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This axiomatic treatment of probabili
th i .
In statistical theory, the axiomatic definition i
4 e ‘ on s of
(han the classical definition, although the latter is !im" 1:2."?1" help
stand and to deal with. p o under-

3.8 Random variable, and its expectation and variance
In most cases, with each elementary event in the sample space we
may associate a real number. In tossing a coin, e.g., we may :m,,-(:iate'
the number | with the appearance of a head and the number 0 ;vith
(he appearance of a tail. In throwing a die, we have the numbers
I, & conees , 6 corresponding to the six possibilities regarding the face
(hat AppeArs uppermost. We thus define a function on the sample
space. A (real-valued) function dafined on the sample space is called
a random variable or a stochastic variable. Obviously, to each value
of a random variable x* there corresponds a definite probability. Let
Xy, Xy eeees , x; be the possible values of x, and let p,, p,, ...... s e
be the corresponding probabilities. A statement of the possible
values, together with the probabilities, gives the probabilityedistribution
of x. The probability p; is, of course, to be interpreted as
.ppmximat.cly the proportion of cases in which x takes the value x;

in & large series of repetitions of the experiment,

One important characteristic of a random variable is its
Thus, let x(e,) be the value of x corresponding to the
,r), and let P(e,) be the proba-

expectation.
clementary event ¢, (a=1,2,......
bility associated with ¢,. Then

E(x)= S x(e)Ple.) = (5

is the expectation of x. E(x) is often denoted by u, or, simply, u.
Suppose now that the elementary events are numbered in such

a way that x(¢,) for a=1, 2, ...... , r; are all equal to x,, x(¢,) for

a=ry+1, 42, ... , ry are all equal to x,, and so on. Then (3.15)

may be written alternatively as

., '! s
E(x)=x, Y Ple,)+xg 2 Ples)+...e. + Xy P(e,)-
am| a-f'QI ’-"_“'l

* Actually; here we bave a special type of random variable, which is the only
appropriate type for a finite sample space. For some other types, see Section 9.2.
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But the coefficient of x,here is nothing but the Probability

P[x=xi]=pi.

Hence we have also \

E(9)=3 %P - (31g

In this form the expectation of x is seen to be .the sum oi: t.he PmdlIct..
of the different possible values of x l?y thefr probabilities, Since
pi is the ‘long-run relative frequency’ with which x assumes the yq),,,
x;, E(x) may also be interpreted as the ‘long-run average valye’ of s,
(vide Section 6.3).

There is yet a third formula for E(x). Let 4,, 4,, ...... » A, be o
set of exhaustive and mutually exclusive events such that x takes the
same value x; for all elementary gvents that are favourable to 4,

(for each j=1, 2, ...... , 1). Then (3.15) may be expressed in the form
f

E(x)= 3 5P(4). v (@)
Indeed, this is the most general formula for E(x). In actual appli-
cation, we ‘use one of these formulz—generally the one that best
serves our purpose in the given context.

We have the following theorems on expectation :

Theorem 3.5 1f x=q, a constant, then E(x)=a.

Proof : Since x=a, we have %(¢s)=a for all . Hence (3.15)
gives

E(x)=aaéf’(ea)=a,
since }:: Ple,)=1.

1

Theorem 3.6 1f y=bx, then E(y)=bE(x).

Proof Corresponding to the elementary event ¢qs X(e,) is the
value of x and y(e,) is the value of y. Then

E()= 3 y(¢a)P(e,)

a=1
r

=b ¥ x(e.)P(e,)

a=1q

=bE(x). .
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Theorem 3.7 If x and y be two rando

candom variable such that z=x4 5 then Ez)‘::’;:"z:’)lcs Eand z a third
proof : Corresponding to the elementary cvcm+ ().

pave the values x(eq), y(ea) and ¢(e,), respectively
Further, z(¢a)=x(¢a)+y(e,). Hence '

€ay % y and 2

E(2)= 3 z(e)P(e,)
: = Z 3P+ 3 5(e0)Plen)
=E(x)+E(y).

Theorem 3.8 If y=a+bx, then E(y)=a+bE(x).
Proof : E(»)=E(a)+E(bx) Irom Theorem 3.7
=a+bE(x) from Theorems 3.5 and 3.6.

Another characteristic of a random variable is its pariance, which
]

serves as a measure of the variation or dispersion of the random

variable about its expectation. The variance of a randont variable x

is defined by
var(x)=E[x—E(x)]2 .. (3.18)

Often var(x) is denoted by o} or, simply, ¢*. The positive square-root
of the variance is called the standard deviation (denoted by o, or o).
Since
[x—E(x)]2=x*—2xE(x)+[E(x)]%
we have, by virtue of Theorems 3.5—3.8,
var(x) =E(x?) —2E(x) . E(x) + [E()]?
=E(x?)—[E(x)]% s (3.19)

We have the following theorems on variance :
Theorem 3.9 If x=a, a constant, then var(x) =0.
Proof : From Theorem 3.5, E(x)=a. Hence [x—E(x)]*=0 and so,
from Theorem 3.5 again,
var(x)=E[x—E(*)]}
=0.



L
v

120 FUN DAMENTALS OF STATISTICS

Theorem 3.10 If y="0%, then var(y) =bvar(x).
Proof : From Theorem 3.6, E(y) =bE(x).
y—E(y)=b[x—E (%)]

[y—E( y)]*= b2 [x—E(x)]2.

Hence

and
On applying Theorem 3.6 again,
E[y—-E(y)'=0E[x—E(x)]*,

var(y)=bivar(x)-

Theorem .11 If y=a+ bx, then var(y) =bivar(x).

Proof: Theorem 3.8 gives E(y)=a+bE(x). Hence . B
—b[x—E(x)]. Next, proceeding as in the proof of Theorem 3,59 /)
have the stated result. 5 ‘ e

Ex. 312 Suppose two players, A and B, agree to play a gam
under the condition that 4 wil! get from B a rupees if he wing an(;
will pay to B b rupees if he loses. Let the probability of A’s winning

the game he p and that of B’s winning the game be g=1—p.
A’s gain is then a random variable x, assuming two values, 4
)

(with probability ) and —& (with probability g). Hence
E(x)=ap—bq
and var () =[a—E(x) 1%+ [~ b—E(x)T'q
= (a+8)'gp+ (b)Y
=(a+5)g.

Ex. 313 Let a die be thrown repeatedly till the first six appears,
Th:? number of throws needed to get the first six is then a random
-varlablc x, taking the values 1, 2, 3, ...... ad inf. Further, if the dic
is pcrffsct, the probability of getting a six in a throw is 1 }6 and that
of getting one of the other values (viz. 1, 2, ...... , 5)is 5/6. Hence

we have

1.6.

Plx=k]= (g) k-1 . %’

for th . ;
r the throws are made independently of each other and x=F if

and only if, a six j .
» @ SIX 1s obtained i . e
eatlier throws d in the kth throw but in non€ of th
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The mathematical expectation of « is, therefore,

kis k=1(6) 5 1

=6[l +2(3) +3 (6) !+ ...... ]
-y
Thus ‘on the average’ six throws will be needed to get the
first SIX.
Again, P
s0 that
E(st) =E[x(x— 1] +E(%) .
k-
=*§I:(k—l)(g‘ o+
Px!&y+3x2&)+4x3&)+- ...... ]
+6 .
=2xgxgll- 3&}+3X4& 3X4X5E)*' """ ]
+6
=2x} £ (1__) +6=60-6=66.
Hence

var(x) =E(x*)—[E(x)]?
— 66— 36=30.
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