Chapter 3

- Non-linear Partial
Differential Equations of
Order One

Relevant Information on ’

1. Meanings of Various Classes of Integrals as applied
to solutions of first order P.D.E.

2. General Method of equations of order one but of
any degree: Charpit’s Method.

3.1 Definitions of Various Classes of
Integrals

al of a differential equation is a relation
d, by means of which and fhe derivatives
differential equation is satisfied.

sses of integrals of a partial

1. A solution or an integr
between the variables involve
ogmw:ma therefrom, the given

Below are given definitions of various cla
differential equation of order one.
2. Complete Integral: Singular Integral

r_ﬁ the non-linear vm&& differential equation of order one

f(z,y,2:9,9) =0 (3.1.1)
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496 ] ' An Introduction to Differential Equations

be derived from | |
¢(z,y,2,a,b) =0 (3.1.2)

by eliminating the arbitrary constants a and b. Then (3.1.2) is called
the complete integral or complete solution of (3.1.1).

This complete solution represents a two-parameter family of
surfaces which may or may not have an envelope. To find the envelope

(when exists) we eliminate a and b from

¢(z,y,7,a,b) =,,0}
0p _, 99 _
a0 7 =0

If the eliminant

Az,y,2) =0 | (3.1.3)
satisfies (3.1.1), it is called the singulér solution of (3.1.1). If
Az,y,2) = &(z,y, 2) + n(z, v, z) where £(z,y,z) = 0 satisfies (3.1.1)
while 7(z, y, z) = 0 does not, then n(z,y, z) = 0is the singular solution
of (3.1.1). As in-case of ordinary differential equations, the singular
solution may be obtained from the P.D.E. by eliminating p and ¢ from

f(z,y,2,p,q) = 0
" of of .
= =0, == = 0
| op Oq

» Example 3.1.1 ¢ = 2 — az — by + (a® + b?) = 0 is a complete
solution of f =z —px — qy+ (p* + ¢%) = 0 (can be easily checked).

Eiiminating a and b from

¢ = z—az—-by+a+b2 =9

Jdp 0p |

7~ = —IT4+20=0-2L=— =

5 T+ 2a 0"8b =Y+ 2b 0‘
we get

_1 2 12 1 2 2 1 ‘

2—533 +§y —Z(x +y):z(x2+y2).

This satisfies the differential equation and is the singular solution.

See that the cbmplete sdlution represents a two-parameter
family of planes which envelopes the paraboloid z2 + y? =4z,

Scanned by CamScanner



Chapter 3. Non-linear Partial D; | |
iff. Eqng. of Order |

qng. One [ 497 |

3. General solution: If
(z,9,%,0,0) = 0 one of the c

» I the complete solution (3.1.2) ¢
function of the other, say b =

onstants, say b, is re
5, , placed by a k
6(a), then S

8(2,9,2,0,8(a)) = 0

by eliminating @ from Pe, its equation may be found as usugl
d)(m) y) Z, d, 9 a fe a
)(@)) =0 and a—a¢(¢,y,z, a,$(a)) = 0

and determining that part of the result which satisfies (3.1.1).

» Example 3.1.2 Let p = 0(a) ;

= a n the complete solution of
Example (3.1.1), given abovye. !

@ General Method of Solving the P.D.E.
of First Order in Two Independent

Variables = and y: Charpit’s Method

F————
Let . .
F(z,y,2,p,9) =0 (3.2.1)
‘be a given P.D.E. of first order in two independent variables z and y;

2 is a function of z and y; p = &2, = %. Since z depends on z and

y, therefore
dz = pdz + qdy. (3.2.2)

Now, if another relation can be found between z,y,z, p, g such as
f(ﬂ), Y, %, D, q) =0 ' (323)

then p and g can be eliminated:

The values of p and ¢ deduced from (3.2.1) anq (382:3) can ber
substituted in (3.2.2) and the elimination of p and g is then possible.

The integral of the 0.D.E. thus formed involving z,y, 2 will satisfy
the given equation (3.2.1)-

The problem thus reduces
which together with (3.2.1) ™1
(3.2.2) integrable.

Dif Eqn - 32

s to find a relation of the form (3.2.3)
Il determine p and g that will render
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498 | | An Introduction to Differential Equations

On dlfferentlatmg (3.2.1) and (3.2.3) with respect to z and y we
shall obtain the following equations:

OF OF OF 8p OF Oq o

! Op  OF0q _
@) Oz > 32p+ Op 0z  0Oq Oz F with respect to z
) £ 20, 0%, 080 |
: Oy 0Oz dp Oy Bg oy
3f of 3f 3p ﬁq
(i) oz + 827 dp B:v aq. oz
.\ Of ﬂ 0fdp  8f0q _
) 3y *8:9" 3p5y t g0y -

} f with respect to y

The elimination of —2 from (i) and (i) gives

(a_Fﬂ_ Bror. , (3501 DRGE)

dz 8p Op Oz dy Op Op Oz
94 Qﬁa_f_éiﬂ>=0.-
0z \Oq Op Op Oq ,

and the elimination of %3 from (ii) and (iv) gives

(BFaf BFBf) 3 (3F8f BFaf)

Oy 0g dq Oy 0z0q 0q0z)
@ (BF of 0OFO of
Oy \8p g dq Op

On adding the L.H.S. of these two equations we see that the last
bracketed terms cancel each other, since

0g _ 02 _ &z 9
Oz Ozdy ~ Oydxr Oy

Hence adding and re-arranging we get
OF  OF\ of -OF of
e + — — —
(8:1: (9z) o T <8y * Bz) dq
OF of
+
( o ~ T ) 8z

of [ OF\ of
( 6p> 6m+(‘a‘q)a—y=0.. - (3.24)
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This is a linear equation of first
i ord
of equation (3.2.3) must o )

tisfy er, which the auxiliary function
Luxiliary equations: - '

Its integrals are integrals of the

dp dq
e dZ ‘ d
oc TPor oy tU%  —p - TTET T g
- P q
. > (3.2.5)
The equations, (3.2.5) are known as Charpit’s auxiliary equa-

tions. Any lntegralis of these equations involving p or ¢ or both can be
trake:n fo_r the .reqmred second relation (3.2.3). Actﬁally the simplest
relation involving p or q or both is taken as r

obtaining the relation elation (3.2.3). After

(3.2.3) p and q are obtained from (3.2.1) and
(3.2.3) and the§e values are substituted in (3.2.2). On integrating it
we get the required complete solution of the given equation. o

> Example;é.}_._l_';Fz'nd a complete integral of pz + qy = pq.

Solution: Here the given equation is

F(z,y,2,9,9) = ps + qy — pg = 0. W
Charpit’s auxiliary equations are |
' dp‘; dq .__ dz _dz _ dy
dp L dg - dz
oh o+ p-0  g+q- 0 -plz—q)—aqly—p)
_ dz “dy 2)

“@-9 -W-9
Taking the first two fractions

dp _ dg logp = logq + loga:

) q
B = p=aq (aisan arb. constant.) (3)

Substituting this value of p in (1) we get

agr+aqy-0q =0 - 4
or, aq=a$+y (Q#O) - ‘ ()

From (3)-and (4),
I=ig
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500 ] An Introduction to Differential Equations

Putting these values of p and ¢ in

" dz = pdz + qdy

we get
' ar + 9
dz = (az+y)dr+ " dy
or, adz = a(az +y)dz + (az +y)dy
or, adz = (ax+y)d(az+y).
Integrating

2
i (az + y)

5 +b (bis an arb. constant)

which is a complete integral, a, b being arbitrary constants.
» Example 3.2.2 Find a complete integral of ¢ ="3p*.
RIBIS:2021 . p gral of q

Solution: Here the given equation is
f(z,y,2,p,9) = 3p* — g =0. (1)

Charpit’s auxiliary equations are

dp _ dq _ dz dz dy
8F , .OF _ OF 8F — _,_OF 8F — _OF — _OF
oz TPaz oy 99 ~Pop %8¢ 5% g
dp dq dz dz d
or, = = 3 = = -9 2)
+p-0 +q¢-0 —6p*+q —6p 1

Taking the first fraction of (2), dp = 0 so that .
| p=a. ' (3)
Substituting this value of p in (1) we get |
q = 3a’. (4)
Putting these values of p and ¢ in dz = pdz + qdy, we obtain

dz = adz + 3a’dy

i
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Chapter 3. Non-linear Partial Diff. Eqns. of Order One [ 501
so that

z = az + 3a’y + b (a,b are arbitrary constants).

This is a complete integral.

» Example 3.2.3 Verify that o complete integral of z = pq (by using.
Charpit’s Method) is 2\/z = z./a + (%) y + b, (a,b are arbitrary
constants). ' :

vTry yourself.

» Example 3.2.4 Given F(z,y,2,p,q) = 2zpq—p—q =0, verify that
.Charpit’s auziliary equations are

dp _ dg dz de dy

g pi®  —plgz—1) — q(pz — 1) “lgz—-1) ~(p - 1)’

Now take first two fractions, obtain p = *2 and q = 1[;“ and

~ obtain a complete integral i

‘ 1
22 =2(1+a) [a:—i—ayl—kb

» Example 3.2.5 Verify that a complete integral of p* —y*q = y* —2*

" ' 2 2
a

z:§\/a2—m2+(—1—3m 1——E’——-y-i-b

[Take the fractions, gf’:- e —_f—.;—}; and proceed as abover..]

" » Example 3.2.6 Find a complete integral of 2*(p*2* +¢*) = 1.
—7

[L.A.S. 1997]
Here F(z,y,2,P:4) = 22t +¢222 —1=0.
Charpit’s auxiliary equations are
e - g 2) ~ 2 f - 252
p(4p223 + 22¢°) q(Ap22® +22¢%)  —2p*zt —2¢°2
dr dy
= Toprt T -2
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502 ] _ An Introduction to Differential Equations

Taking the first two fractions, ‘—’ZZ = iqq so that p = aq.
Solving for p and q, | .
a - 1

= 2Va2z2 + 1 b= zva?22 +1

so that dz = pdz + qdy = adz +dy = zva?2? + 1dz.
Integrating,

az+y = '/(a2z2 +1)Y2. 2 d:

ax+y+b= 31—2-(a2z2 +1)3/2, (putting a®2% + 1 = t?)
. a )

or,  9a*(az +y+b)? = (a22? +1)3

which is a complete integral, a and b being arbitrary constants.
> Example 3.2.7 Find o co‘mplete integral of

() a=(+pa)?; (i) p=(s+ay)

(i) Here the given equation is F(z, y,z,p,'q) = (z +'p:1:)'2 —qg=0
Charpit’s auxiliary equations are :

" dp dq dz

2p(z +pzx) + 2p(z + px) w 2q(z + px) T —2pz(z + pz) +q
_ dv - _dy
- —2z(z4pz) 0

Taking the second and fourth fractions, %‘1 = _fi_z_

Integrating loggq = Ioga — log z so that g = a /.
Hence from the given equation p = ;\% -z,

. - -
. dz = pdzr + qdy = (%—g)dm+gdy

' d
or, zdz +‘ zdz = \/E\/—g% + ady
or, d(zz)=+vaz idz + ady.
Integrating zz = 2v/av/x + ay + b (a,b being arbitrary constants)
(ii) Similar method: A complete integral: yz = az + \/ay + b.
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Chapter 3. Non-linear Partial Diff. Egns. of Order One [ 503

» Example 328 Solve for a complete integral of yzp® —q = )
Try yourself. |
~ Solution: 2%(a? — y?) = (z +b)2 or 22 = 2az + a?y? +b.

> Example_3$._2_._!_)._,Fz'T2L.d a complete integral, a si’hgular solution and
general solution of (p® + ¢?)y = qz. | [Delhi B.Sc. Hons 1989)

Solution: Here the given equation is

F(m,y,z,P,Q) = (p2+q2)y—qz=0. (1) f

Charpit’s auxiliary equations are

.d__p_zﬂz dz . de  dy
—pq 'p2 -2y +qz —2¢%y  -2py —2q+z

- Taking the first two fractions, we get pdp + gdg = 0 and hence (on
integrating) ‘
P’ +¢ =a’ ’ ¢

(3) and (1) give ¢ = %ﬁ and p = £4/2? — a?y2.

- Putting these values of p and q in dz = pdz + qdy, we get

: 2
L dz = g'\/,22 — a?y?dz + %dz.
: z .

2
oF, z dz agdy:adx.
(22 — a?y?)
Integrating, (2% — a?y?)'/? = az +b
22 — a?y? = (az +b)? @

which is a required complete integral.
To find singular integral we differentiate this complete integral

partially w.r.t. a and b, and obtain

0 = 2ay*+2(az+b)-z (5)

4 .. Elimihating o and b between (4), (5) and (6) we get z =0 which
‘ Cleé,rly satisfies (1) (- P = 0,q =.0) and henhce it is the singular
integral.
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 General integral: Replacing b by some function of a, say b = ¢(a)
in (4) we get
22 — a%y? = [az + $(a)]*. (7)

Differentiating (7) partially w.r.t. a we get

—2ay® = 2[az + ¢(a)][z + ¢'(a)]- ’ (8)

The general integral is obtained by eliminating from a (7) and (8).

» Example 3.2.10 Find o complete and singular integrals of
2zz — pz? — 2qzy + pg = 0. ¥

[Delhi Hons. 1998, 2000]

Solution: Here the given equation is

F =21z — pavf2 — 2qzy + pg = 0. (1)

Charpit’s auxiliary equations are

dp  dg dz dz dy
22—2qy 0  pz?+2zyq—2pg 22-q 2zYy-—0p

The second fraction gives dg = 0 or g = a.
Putting ¢ = a in (1) we get p = %ﬁ;‘—;ﬂ.
Hence from dz = pdz + qdy we deduce

2z(z — - dz - 2
dz = ————x(j ay) dzx + ady or, dz - ady = 2 dm.
z2 —a z—ay 22 —a

Hence, on integration,

log(z — ay) = log(z® — a) + log b
or, z—ay =b(z® —a) or, z=ay+b(z®—-a) (2)
is the required complete integral, a,b being arbitrary constants.

Differentiating the complete integral w.r.t. a and b we get

0=y—band0=$2—a,i-e-,a=$2,b=y

_dl
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Chapter 3. Non-linear Partia| Diff. Eqns. of Order One [ 505

substituting these values of 4 and b in

. . 2 - p2 PRI
required singular integral, (2) we get z = 2%y which is the

Examples 111
(Exercises based on Charpit’s Method)

F‘md a coTnplete integral of the following partial differential equations:
(Usmg Charpit’s auxiliary equations)

1. ¢g=pz+p?

2. pxy+pq+qy = yz.

3. p’ & q° — 2pz — 2qy+1=0. [I.A.S. 1999
4. z=pz+qy+p* + ¢ . [I.A.S. 1996
5. p? 4+ ¢? — 2pz — 2qy + 2zy = 0.

6. p’r + g’y = 2. |
7. 22(q%2% + 1) = pa. | [I.A.S. 1998
8. 2z+p% + tjy +2y2 =0.

9. (p+q)(pz+qy) =1. |
10. 2(z L}—pa: +qy) =yp’. . |
11. p—3:1:2=q2—y. f
12. p(¢® +1) + (b—2)g=0.

5

[}

| |

Answers E
|

a il [2Va? T 4a + 2alog{z + V22 —4a}] +ay+Db. 2. (2 —ax)

1.z = 5:'4—:[:5 '
(y+a) = bt 3 (P + Dz =30 {fo/aT= @+ D} - (a® +1)
.log {’U+ fvz _(aZ +1)} +b where v = azx +'y. 4. 2 = aa;_-}-by+ :

2, .2 wt =L @-y/-y?-%p - i’
a?+b%. 5.2z =2 +Y +ar +ay T 5 2 it

a2 112 [z = Ja/x "
§1og[<z—y)+m]' (1 £ 2R VR

| \ 8. 2%z + ¢v’(c —a)? +y* = b
4 o(a® + 1’ + 20y + b
g '(( ¥ 1J)r1/z(a_. oaz + b2 + b 10. yz — al@/y) + (@®/4") = b.
. z2la =

. 3/2 . z—b—1=z+ay+b i
1 s m gt sk 30 b 122060

|
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