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Theorem 2.4.2. Let a,b,cc R Then

(i) a + b = a + c implies p — ¢ (cancellat;
tion law for addition)-
0 b — ‘ _ r addition);

'(11) a # 0 and a.b = a.c implies p — ¢ (cancellation law f ) ipl;
cation). or multipli-
Proof. (i) a+b=a+c

—a € R, since a € R. Therefore —q + (@+b) =—a+ (a+-c)

OT, (—a+a) +if = (-G+G)+C, by A2

or, 0+b0=0+4c, by A4

or, b= €.

(ii) a.b = a.c.

. € R, since a # 0. Therefore (1).(a.b) = (3)-(a.c)
or, (2.a).b = (3.a).c, by M2

or, 1.b = l.¢, by M4

oF, b=

The(;rém 2.4.3. Let a € R. Then
(i) a.0 =0,

(ii) (=1).a = —a,

(ifi) —(—a) = a,
(iv) 1/(1/a) = a, provided a # 0.

Proof. (i) We have 0 + 0 =0 in R.
Therefore a.(0 + 0) = a.0

or, a.0 + a.0 = a.0, by D |
—(a.0) € R. Therefore —(a.0) + [a.0 + a.0] = (—a.0) +a.0

or, [—(a.0) + a.0] + a.0 =0, by A2 and A4
or, 0 4+ a.0 = O, by A4
or, 3. = O, by fA3

(ii) We have 1 + (—=1) =0 in R.
Then [1+ (=1)].a=0
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22 REAL ANALYSIS

or,a+(-1).a=0

~a € R. Therefore —a+ [a+ (—1).a] = —a+0
or, (—a+a)+(-1).a = —a, by A2 and A3

or, 0 + (—1).a = —a, by A4

or, (—-1).a = —a, by A3.

(111) We have a + (—a) = 0, by A4.

Since —a € R, —a + {—(—a)} =0, by Ad.
Therefore —a +a = —a + {—(-a)}.

or, a = —(—a), by cancellation law for addition.

(iv) Since a # 0, % € R and a.(2) = 1.

gz =1=2#0, because + =0=1=0.

Since 1 #0,1/(1/a) € R and £.{1/(1/a)} = 1.

Therefore 1.0 = 1.{1/(1/a)}.

Since  # 0, a = 1/(1/a), by cancellation law for multiplication

Theorem _2.4.4. Let a,b,c € R. Then a.b=0impliesa =0, or =

Proof. Let a # 0. Then -i— € R and i—.a =1
a.b=0= 2.(ab) = ;.0= (2.0).b=0=0b=0.

Therefore a # 0 = b = 0. Contrapositively, b # 0 = a = 0.

Therefore either a = 0 or b = 0.

Theﬂrena/z.-i.S. Let a,b € R. Then
(i) a.(=b) = (—a).b = —(a.b),
(i) (—a).(=b) = a.b.

Proof. We have b+ (—b) =0 in R.

Therefore a.[b+ (—b)] = a.0. |
or. a.b+ a.(—b) = 0, by D and theorem 2.4.3 (i)

—(a.b) € R. Therefore —(a.b) + [a.b+ (;(Z—b)] = —(a.b).
or, [—(a.b) +a.b] + a.(—b) = —(a-b), by

or. 0 + a.(—b) = —(a.b), by Ad

or. a.(—b) = —(a-b), by A3.

Again —a T @ = 0.

= 0.b.
Therefore [—a + al.b ) Y
Proceeding similarly, we can prove (—a).b (a.b)

Therefore a.(—b) = (—a).b= —{a.b)

(ii) Let p = —a. Thenp £ =

o (—b) = —(pb), by ()
;.{,I.)[((:{f))t;]e z(—-(lm.b))(p: L.b,yby theorem 2.4.3 (iii)-
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Theorem 2.4.7. Let a € R. Then
(i)a> 0= —a <0;
| (i) a < 0= —a>0.
Proof. (i) a € R and a + (—a) = 0, by A4.
By the law of trichotomy, —a < 0, or —a = 0, or —a > Q.
Let —a > 0.
—a>0anda € R = —a+a>a, by O3
= 0 > a, a contradiction.
Let —a=0. Thena + (—a) =a+ 0 = a,

and also a + (—a) = 0, by A4.
Therefore a = 0, a contradiction.

We conclude that —qg < 0.

(ii) Similar proof.
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(iv) a < 0,b < (

>0, by Theorem 2.4.7 (ii)

(v) Similar proof. ' %Y Theorem 2.4.3 (iii).

Corollary. Let :
112:---,71}.’ al}az,'."an’bl?bzi*“
Then a1 +az2+---+gq, >br4+by+... 1

Theorem 2.4.10. Let 4 p. d
. » Yy C, ER
a:}b:c:"d:}ﬂﬂ}bd. and&}O:b}O,(':}O,d}U.Then

Proof. a}bandc>0=>ac>bc, by O4.
c>dandb>0=>bc>bd, by O4.
ac > bc and bc.‘::-bd:}ac:}bd, by O2.

Corollary 1. Let g :
- 1,2}”.,??“ 1;&2,...,&11;61;!)2,.‘.,611 ER and a; >0'.lb‘.i - OfDI'

Then a; > b; = apjaz...a, > blbg...bn.
Corollary 2. Let a,b€ Rand a > b> 0. Then g» > b" for all n € N.
Theorem 2.4.11. If ¢ € R and 4 # 0, then a2 > 0. |

Proof. Since q # 0, eithera < Qorag> 0, by O1.

Case I. Let a < 0. Then —a > 0, by Theorem 2.4.7 (ii)
By 04, a. — a < 0. — a. Therefore —a2 < 1.
This implies % > 0, by Theorem 2.4.7 (ii)

Case II. Let a > 0.
By 04, a.a > a.0. Therefore a2 > 0.

Combining the cases, we have a? > 0 for all a # 0.

Corollary. 1> 0, since 1 = 1.1 = 12.

Theorem 2.4.12. Let a € R. Then
()a>0= 150, (ii) a < 0= 1 <0.
Proof left to the reader.
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