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6 Metric Spaces

(iv) The set ~/0f all algebraic numbers.
(v) The set of all polynomials with rational coefficients,

(vi) The set of all complex numbers which are algebraic over the field of

rational numbers.
(vii) The sct of all finite sequences whose terms are algebraic numbers,

(vii) The set of all straight lines in a plane each of which passes through

(at least) two different points with rational coordinates,
(ix) The set of all rational points in R".

7. The family of all finite subsets of a countable set is countable,
8. Each of the following is an uncountable set:

() An open interval Ja.b[, a closed interval [a, b], where ¢ 2 b; more

generally, any interval / which do not degenerate to a single point.
(ii) The set of irrational numbers, the set of transcendental numbers
(iii) R, the set of all real numbers.
(iv) The set of all sequences of natural numbers
(v) The set of all points of a plane.
(vi) The family of all subsets of a denumerable set.

16 INEQUALITIES

We now give some inequalities, which wil

| be freel used in the sub
Throughout, denote by K, the field R (or d 168) nters

C) of real (or complex) numbers,

61 The Triangle Inequality

Leta, fe K. Then
le+Bl<ial+l Bl
\4'/6'2 Let o, B € K. Then

ool el , g

+Ta+p] < T+a] " T+1g]
163 Let1 < 1.1 .
P<eand =421 -
P g~ Llapek, then

aps &, B

with Cquality if ang only if o = ﬁl‘: !
16.4
364 Holders Inequality (Finjie form)

Le|l<[)<oaand 1
+-‘l o, fe K (i
(l:[ 2 ”)
» &), then

Preliminaries

*’)z <[5 1o l][z 5, 1]

/
Also z |8, Lz |, |] max| ;|

I1<ign
i=l

¥6.5 Cauchy-Schwarz Inequality (Finite form)

Note the inequality (1.6.4) for the case when p=¢g=2.

x> Slet] [zu] [zwl}

1.6.6 Minkowski’s Inequality (Finite form)

172

Letl<p<o. Ifa, fie K (i=1,2,..n) then

o] <] (o)

167 Let0 <p<1IXf a, B e K (i =1 2, ..n1), then

) " y
Yla Bl <X el + X |8
i=1 i=l

\){{5 Holder’s Inequality (Infinite form)

Let 1 <p <o and g is conjugate to p. If (), @a,...) €17, (B, Bay )€ 1 e,

Sl < Siar e

then -K“f %Iaiﬂil 5[2:. lq;"y] ['2:, llj.r‘}

-

\/f6.9 Cauchy Schwarz Inequality (Infinite form)

Note the inequality (1.6.8) for the case when p=g=2.

x5 Xlasl [z o l} [2 18 t]
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24 Metric Spaces

24.8 THEOREM

Every non-empty op

countable disjoint class of open intervals.

interv
centre of a bounded open Inter! ained '
intervals which contain x and is contained in G. We note the following;

(i) 1, is an open interval which contains .x such that [ < G. (If (7.} js 5 =
: .

. = o0
empty class of intervals on the real line such that i;:\l 1.# ¢, then Ol is an
B i=|

interval.)
~ 2ins evi i which contains x and is ined i
(i) /, contains every open interval wh - contained in G,

(iii) Ifye [, thenl =1, '
(iv) If.xand y are two distinct points in G, then either /, = Lorl.n L= ¢ for

if there is a point z €/, N /, then
tel, and el
= L=1 and I=1
= lY =I\'
Now, consider the class <¥of all distinct sets of the form /I, for points x e G}
Clearly, /is a disjoint class of open intervals such that
' G=u /[

lers

It rem{u'ns now to show that «# is countable. Let G, be the set of all rationa)
Pomlf inG. Clearly, G, is non-empty. Definef: G,— ¥ by f(x) = I (xe G,). The
tunctlg{lfis well defined since for each rational x in G ,there is a u?liquelr Iin o4
(Fhe disjoint intervals in fcannot contain the same ralrional). Also fis sur"‘cl'

since ca.ch interval in < contains a rational in G,. Since the set G ishc'o JT' l.:lve
the family ¢ is countable (the range of a countable set is counmrhle) E;] o

249 Theorem
Let (X, d) be a metric § (
o 4 space. Then, for every paj isti ints i
3 disjoint open sets U and V such that X eryUp:?llll(-loyr(emll/mC‘ R

Proof Let ¢ A meltri
x¢y£/(_rj,)(;\/})d; l;cl. :; metric space and et x, y be o distinct points of X, Since
C'm”y',u n V; ¢l Lr N=3nU=8)and v = S(»). Thenxe Uand ’y‘e VL
ot letpe Un v, They P€ Uand p e V. Therefore .

pPey = d, ne<r

and
-Now PEV s dyp<;
dx, y) Sdx, P+ d(y, ”
<rép '
=<3

en set in the usual metric space R, is the unjop of a

Proof LetG beanon-emply 0pen setin R,,-‘ Letx e G.Since Gis open, y j the
al contained in G. Let 7, be the union of al] open

.

2

Introductory Concepts 25

il
Note

problems

his is a contradiction. Hence the result follows. O
The result in Theorem 2.4.9 is popularly referred to Hausdorff Property.

11. Let (X. d) be a metric space, a € X and 0 < r < r’. Prove that the set

is open in (X, d). '
Prove that in a metric space, the complement of any singleton set is open.

B Hence or otherwise, show that the complement of any finite set is open.
In a given metric space (X, d), prove that every subset of X is open if and

(v e X:r<dx,a)<r)

only if every singleton set is open. .
Prove that every singleton set, except {0), in R” is open with respect to

the metric " given by
d7(ny) =l =y 1+ 1=l

.
for x = (X}, %) and y = (yp, y2) in R, ,
(This metric is known as Postman metric on RY).

2.5 EQUIVALENT METRICS
<o it e ool

2.5.1 Definition

Two metrics d and " on a set X are said to be equivalent if the collection of all
open sets in the metric space (X, d) is identical with the collection of all open

sets in the metric space (X, t/').
(In otherwords, two metrics d and  on a set X are said to be equivalent if

they give rise to the same family of open sets).

“We first establish a criteria for the two metrics on a set to be equivalent.

2.5.2 Theorem

Let d and d" be two metrics on a set X and let ~% ~7 " be the families of open
sets, respectively, in the metric spaces (X, o) and (X, ). Then, the metrics o and

dare equivalentif and only if

(i) for each open set G in ~7and each point x ¢ G, there is a d"-open sphere

e
S..(x) c G, and

o g .. - o ¢ .

(ii) for cach open set G in 7" and each point x" € G', there is a d-open

o .
sphere S,(v) c G,

Proof It is enough to prove that (i) is equivalent to <7 <7 and that (ii) is
H el ol b e . o : :
equivalent to <% < % Further, it is enough to establish the first assertion since
. o . . . .

the other one will follow by interchanging the roles of o and o',

-
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26 Metric Spaces
Ge~ZthenGE 7. Thus, for any poj
intye G,

1t //Tcr/'/", If

Now, assume tha
.' 9 l
Jsome r >0 such tha .
ceS.wcC

and as such @) holds. — )
! Conversely, if (i) holds and G € then for each x € G, 3 (/“Opc“ » .
S,.(x) such that . el
xe S.(xc G
Gc u S.wcG
eG

= .
- G= U S
= 1eG e
. *
e metric space (X. ") showing there by th
. N tha

Thus G is an open set in th
pgpr
G e~ Hence #C7 -

2.5.3 Corollary

nd " on a non-empty set X are equ
Jan # > 0 such that §,.(x) < S,(x), and

), 3anr>0 such that §,(x) € 8,5 (x")
and (ii) in Theorem 2.5.2 are

ivalent if and only if

The metrics d
(iy for each d-open sphere S,(x),
(iiy’ for each d'-open sphere Spa(x

It follows if we establish that (i)
to (i)’ and (ii)" of Corollary 2.5.3. It is enough to shoy

Proof The resu
her one can be obtained similarly by interchanging the

equivalent, respectively,

that (i) < (i)’ since the ot
roles of d and d".

Thc.asseru'on (i) = (i)’ follows trivially since an open sphere is an open set in
a metric space. In order to establish the reverse implication i) = (i), let us
h that S,(x) € G. Therefore, by

consider a G € % If x€ G, then Jan r>0suc
(iy, 3 an ¢~ > 0 such that
SamcSmcG,

verifying (i).
Hence, the result is proved completely. O
We, now, give below a result giving sufficient condition for two metrics ona

set to be equivalent.

2.54 Theorem
Let g i
etd and d" be two metrics on a set X. If there exist two real numbers &y, &> 0

such that
ks, y) S dx ) S kd (x. ), )

f Y 1
orall x, y € X, then the metrics d and d" on X are equivalent
Proof Letr>0be gi Take r = k;'r |
be given. Take 7" = k;'r. Then, by using the first inequality in

(1), for each x € X, we have
S(x) © 8 (x)

Introductory Concepts 27

_is Condition (i) in Corollary 2.5.3. Similarly. by using the second

which, in fact

inequality in (1), one can establish condition (i) in Corollary 2.5.3. Hence

result follows. [m] -3. Hence. the

Notes

1. Theorem 2.5.4 is quite useful for establishing certain metrics on a set (o be
equivalent.

2. The condition in
equivalent. However, this con

3. We shall discuss more about the

Theorem 2.5.4 is sufficient for two metrics on a set to be
dition is not necessary.
above condition in Chapter 4.~

2.5.5 Examples
1 R” given in Example 2.1 2(6). e.g.,

|. The three metrics defined or
2 2
(v - w) (e ¥2)

d(x,y) =
A, vy =max { Ty =2 1,165 = 2}
d ey =l =yt+l Xp =l

are equivalent.
Note that
Ly) Sy € 2 d' @y, Vxye R

and A, y) < d" (v < 2d°(x, ¥). VX, VE R?
are equivalent in view of Theorem

Thus, the metrics d. J and d”' on R’
254
The metrics defined on R" as in Examples 2.1 2(8),2.1.2(10), e.g.

dx,y) = {i (o ‘ﬁi)z}

i=l

o

ol=

d'(x,y) = max | o= 5
\sign

Sy = Y la - Bl
i=l

are equivalent.
: . . s
The equivalence of the metrics d,d and d on
in view of the following inequalities:

d'(xy) Sd(x ) S Jndy Vayelk

and
d'(xy) S d < nd'(x,y), VXY E R".
.cquivalcm‘ Indeed.

netric on R are not "
R, while it is open in the

R" follows immediately

3. The usual metric and the discrete T
the set {0} is not open in the usual metric space

discrete metric space R
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4 Example

ric space

2.8.
-\/Consider the met

alue. Note that 0 is the only limi
e the isolated poinl;oTr\
STated point of the metric §pace ( ,'([)' the set [:\’} isan
open set in (X, d). It X consists of 0n1.y isolateg
G (x)x€ X and hence every subset of X is an ope
gleton ¢ (X, d) 100ks like discreted. More generally ang
e lhe: l::;lccpl‘ of a discrete metric space. .

e absolute v

ic gi th
with the usual metric given llayls ‘
point of X while all other points <

poins, a
setin (X, d). Th ¢
precisely, We formulate t

\}/K De_ﬁni}ion A - .
rete if every subset of X is open in (X, 4

A metric space (X. d) is said to be disc

(and hence closed).

2.8.6 Examples

¢ X = N, the set of natural numbers. Define

1. Le

1
d(m,n) = % - ;’ ,m,neN

Then (X, d) is a descrete metric space (Verify!).

2 LetX= {—l-:nEN} and consider the usual metric given by the absolute
n

value. Then X becomes a discrete metric space.
3. Let X # ¢ be any set. Define
I, x#y

d(x,y) = {0 A

Then (X, d), denoted by X,, is a discrete metric space. This example has
already been discussed, see Example 2.1.2(3).

4. Any two discrete metrics (Definition 2.8.5) on a set X are equivalent. In
particular, every discrete metric on X is equivalent to the standard discrete
metric on it.

Remark _ In Example 3, the set X is arbitrary and it is the metric d which makes
:lvery point of X I.SO|8lEd. We call the space X, the standard discrete metric space.
Fowever, a metric space can be discrete even if the matric d is not discrete, for
instance, see Examples | and 2.

Note. 1 . .
1 our subsequent work, if there is no confusion likely to occur, we shall

be referring the , .
2 the space X, or R i : .

) ) b o simple discrete metric sp: 3 R

discrete metric Space, P etric space instead of st andard

finition
Z.V/ De
Let (X, d)bea metric space

union of

Let (X, d) be a metri

Proof .

Introductory Concepts 35

2.9 CLOSURE OF A SET

and A c X. The closure of A, denoted by A, is the
A and the set of all its limit points, i.€., A =AUA.

(In other words, A is the set of all points of A together with all those points

o e o HlSi= Ze PoIHS
A
2.92 Theorem _ of

. bitrarily close to A; i.e. X € A =S (x)NA#¢, forevery r>0.) .
Whﬂzm ot por °—',’ A Gue called adlorort porvts

cspaceand A C X. Then:

) A isa closed set _
@) Alis closed if and only if A= A .
) A isthe smallest closed subset of X containing A.
@ A isthe intersection of all closed subsets of X containing A.

N‘,zv]‘? : _ ) ‘ _
Let xfbe a linfit point of A . Then, for a given €> 0, 3ye A such that

d(x, y) <§. Further, 'sinceye A ,i.e., eitheryeA oryis alimit point of A, 3

£
7 € A such that d(y, z) <5. Now
d(x,2) <d(x,y) +d(»,z) (by triangle inequality)
£ €
<—+—=¢€
2 2
This shows that x is a limit point of A and hence xe A . This verifies

that A is a closed set.

@ It follows from the fact that A = A U A’ and that A is closed if and only

ifA’cA.

Let B be any closed subset of X with A c B and letx € A.Ifxe A, then
xeB. Incase x ¢ A, itis a limit point of A. Then, for a given€> 0,3yeA
such that d(x, y) <&. But y € Balso since A < B and therefore x is a limit
point of B. The set B being closed, x € B and as such A c B. Thus, given
any closed set B D A, we have

B> A DA

(c

<

and A is closed by (a).
Hence A is the smallest closed subset of X containing A.
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36 Metric Spaces

X:Bis closed and B2 A}, Then, by T

LaM=n{Bc 1¢Oren, 5

(d 5 lgeed) Clearly, M is the smallest closed subsey of X Sta)
Therefore. by (©) 4 = M which completes the progy. D‘ tl)nl:lining':l
293 Theorem

Let (X, d) bea metric space and A, B  X. Then:

@ ¢ =9
© X=X

A

(a3
»

©
Y
TcB —u
v @4ct= IiCB_' a2
/() AUB=AUE.
® AnBcC ANB.
@® A=(A)"
Proof Straightforward. O

Remark ANB # ANB.

2.9.4 Example

-

In the usual metric space R,, consider the sets A =10, I[ and B =]1, 2, Th.en

AN B = ¢. Note that

n

A =[0,11, B =[1,2]
AnB =[0,11n[1,2]={1}
ANnB =¢

|

This shows that ANB # A NB.

Problems

4. Isthe converse implication in Theorem 2.9.3(d) true? Justify your answer
25. In a metric space (X, d), prove that :

5,(x) €Sz

4 g-.linl: Use Theorems 2.7.4 and 2.9.2(b)).
. p:::e:n example to show that the inclusion relation in Problem 25 i

27, i
Let (X, d) be a metric space and A c X. Prove that
X-A=X-4°

Introductory Concepts 37

2,10 BOUNDARY POINTS

2.10.1 Definition

-
lef (X, d) be a metric space and A c X. A point x € X is said 10 be a boundary
point of A if x is neither an interior point of A nor of X - A. ’

«p other words, x € X is said to be a boundary point of A if every open
sphere centred on x intersects both A and X - A))

The set of all boundary points of A, denoted by 9 A, is called the bounda,
of A-The boundary of A is also denoted byﬁmo—rﬁ‘,——f—q

zy).z Examples

|. Let R, be the usual metric space and A C R. Then:

@ 1fA=la,b), la bl,]a blor Ja, b[, then d A = {a, b}.
(i) IfA'=N(resp.Z).thend A =N (resp.Z).

(i) 1FA = {1%%} then d A ='{o, 1%%}

() IfA=Q thendA=R.

@) If A is the set of all irrational numbers, then 0A = R.
(vi) IfA = C, the Cantor set, then dA=C.

2. Let X, be a discrete metric space and A c X. Then 0A = ¢.

2.10.3 Theorem

Let (X, d) be a metric space and A c X. Then:
A=3(X-A).
© d=An(X-A4).
© M=A -A°= X-A-(X-A)°
(d) X-0A =A° U (X-A)°.
(&) A=A"UdA=A U 0A.
(f) A°’NdA=9.
(8) A°=A-0A.
(h) Aisclosed & 0A C A.
(i) Aisopen & ANJA=¢.

Proof
@ Let xe 9A. Then, by the definition, x is neither interior poi
) X - A, Equivalently, x is neither interior point of X - A nor of X - (
(= A). This means that
xedX=A4)

nt of A nor of
X-A)

Hence
dA c I(X-A)

The reverse inclusion follows by replacing A with X =

A in the above.

52
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38 Matric Spaces

& Lt ve 9. Then, X is neither an interior point of 4 and \‘
3 . P A OF of
77 Therefore, SN (X =) #0and S A # S forevery .y 0 ‘l“ o
Y= A as well as xe A This proves that dd < A A (h\')‘k\"‘\‘
On the otherhand, ifxe A AN =A)thenxe T and v \\

as such S,(0) NA#9 and $,(¥) N (X - A) # ¢, for every s () A ang
peither an interior point of A nor of X' = A. Therefore ~\‘e‘a \ us
T A(X = A)cdA. This verities (b). A Hepg,

A

(¢) 1t follows by using (b) and the fict that X-A-= X e

@  X-A=X-(AnX-A)
“(X-T)uX-X=-4)
=(X-A)P° U (X-(X-4°)
=(X-AP VA°

(by (b))
(by De Morgan‘s Ia\\-)

(by Probey, )

(e) We have
AUdA =AU(A N X = A)
=(AUA)NAU X -4)
=ANnX=A
(f) Straightforward.
(g) We know that for any two subsets A and B of X,
A-B=AnNnX-B)
Taking B =0A, we get
A-0A=AN(X-04)
=ANA°U (X-A4))
=(A NA°)UA N (X-A)°)
=AU §=A°
(h) Since in view of (e) above and Theorem 2.9.2(b), A is closed if and only if
A =AU0JA, the result follows.

(by (by)
(by distributive law)

. (by (d))
(by distributive law)

() We have
Ais open & X - A is closed i
S IX-A)cX-A (by ()
< dACX-A (by (2)
@ANdA=¢.0

2}1 DISTANCE BETWEEN SETS AND
DIAMETER OF A SET

2.11.1 Definition

Let (X, d) be a metric space and let A, Bc X be non-empty sets.

apoint xe X from the set A, denoted by d(x, A), is given by
d(x, A) =inf (d(x, y): ye A

(@) The distance of

B Introductory Concepts 39

_(b) ‘The distance between the sets A and B, denoted by

d(ABY =0l {d(x, y) 1 xe AL ve B)
(9. The diamerer of A, denoted by d(A). is given'by

d(A, By, is given by

d(A) =sup {d(x, y): x.yeA)

Note  One may not confuse as we use the same symbol
between two points), distance of a point from
A and B and diameter of a set A,

d for the metrie (distance
aset A, distance between the sets

2.11.2 Theorem

Let (X, d) be a metric space and A, Bc X. Then:
(2) XEA, yeB=d(A, B) <d(x, y).
(b) xe A =d((x],A)=0.
() d(A, B)=d(A, B).
(d) d(A) =0 & A contains atmost one point.
(e) ACB = d(A)<d(B).
O d(A)=d@d).
(g) AnB#¢= d(AUB) < d(A) + d(B).
(h) xeA, ye B = d(x,y) <dAUB).
(i) d(AUB)<d(A) +d(A, B) +d(B).

2.11.3 Definition

Let (X. d) be a metric space and A c X. The set A is said to be bounded if

d(A) < 1 < . In other words, A is bounded if its diameter is finite, otherwise

unbounded. ¢ ="
In particular, the metric space (X, d) is bounded i

2.11.4 Eiz‘nlp_lgi_
@ Let R, be the usual metric space and A C R,

If A ={a, b), Ja, bl, [a, b[ or ]a, b], then A is bounded and d(A)<b-a.
(b) If A = C, the Cantor set, then A is bounded and d(A) < 1.
@ If A =la, | or | —ee, al, a€ R, then A is not bounded.

@ Let (X, d) be a metric space. If A = S,(x) or §[x], where xe X and r> 0, then

A is bounded and d(A) < 2r. ,
3. Every set in a discrete metric space is bounded (Verify!).

2.11.5 Theorem
Let (X, d) be a metric space and A C X. 'Then, the following statements are
equivalent:
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40 Metric Spaces

(@) Ais bounded. -
(b) 3n>0 such that d(x. ¥) <n, Vx yeA.

(© IpeX and ry>0 such that A € Sro["'ol-

(d) Forevery point x € X,3an r>0such that A c §,[x.

2.11.6 Theorem
fine the metrics
. d(x.y

d(xy) = lT(d(r—))y)_
and 4" (x,y) =min{1,d(x, y)}
Then, the metric spaces X, d) 'and (X, d”") are both bounded irrespecyjy, .
whether the metric space (X, d) is bounded or not. ¢ of

Let(X,d)bea metric space. De

Proof Straightforward. u]

Remark  For a given metric space (X, d) which is not necessarily boundeq

is always possible to define equivalent metrics in which X becomes a bouc(:], it

metric space, e.g., the metric spaces (X, d’yand (X,d"") as described in The s

2.11.6 are bounded and each of the metrics d’andd”" is equivalent to the m(::rre{n
ric

d (see Problem 18).

Problems
28. Prove that in a metric space, every finite set is bounded.
29. Let (X, d) be a metric space and A c X be non-empty. Prove that
) d(x,A) Sd(x,y) +d(y,A), x, yeX
30. Let (X, d) be a metric space and A cX be any set. Prove that
x€ A odxA)=0
and hence
x€(X-A)P ©dx,A)>0
31 ‘I]:: ;X,_di)bc a meln’c.spacc. xeX and AcX be non-empty. Prove that
,A) = 0if and only if every neighbourhood of x contains a point of A.

32. Use Problem 31 to solve Problem 30,
33, Prove Theorem 2.11.5.

2.12 SUBSPACE OF A METRIC SPACE

J&12.) Definition

“Let (X, &) be a mewri
, d) be a metric space and Y c X, The mapping dy: ¥ x ¥ — R given by

Introductory Concepts 41

is a metric on ¥. The metricdy is called the relative metric induced (or simply th
metric space (X. d). / e
The above method of forming subspace of a given melric space enables us to

construct several examples of metric spaces.

2.12.2 Examples

1. The intervals [0, 13, 10, 1[, [0, I[. the set © etc. are the subspaces of the
metric space R, The metric space R, itself is a subspace of the metric
space C,.

2. The space K is a subspace of B2

3, The set #[a, b] of all polynomials defined on [a, b) is a subspace of the
metric space Cla, b] with the uniform metricd,,(Example 2.1.2(15)).

Remark 1f Y is a subspace of a metric space X, a set which is open (resp.
closed) in ¥ is not necessarily open (resp. closed) in X.

2.12.3 Examples

Let ¥ be a subspace of the usual metric space R,
L If Y= [0, 1], then the set [0, [ is open in ¥ but not in %,

2. 1If Y=10, 1, then the sct']O,%] is closed in Y but not in &,

2124 Lemma

Let (Y, dy) be a subspace of a metric space (X, d). If ae Yand r >0, then

Si(a) =Y NS (a)

where S,(a) and S’(a) arc open spheres, respectively, in (X, ) and (Y, dy).

2.12.5 Theorem

“Let (Y, dy) be a subspace of a metric space (X, d) and A CY. Then:

nin Y if and only if 3 an open set G in Xsuchthat A=G Y.

(a) A is ope
d set Fin X suchthat A=F N Y.

(b) Aisclosed in ¥ if and only if 3 a close:

Proof
(a) We will use the symbols S,(x) and $'(x), for the open spheres centred at x
with radius r> 0, respectively, for the spaces (X, d) and (Y, dy).
Suppose first that A = G A Y. In order to prove that A is open in Y, let
xeA be arbitrary. Then xe G and xe ¥. Since G is openin X, 3 r> 0 such
that §,(x) € G. Also, since x& Y, we have

S =5mnrYcGn Y=A
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42 Metric Spaces .
{of A as a subset of the metric space (Y, d,).

oin
es that.x isan interior p —Ain(Y.dy) Hence A is open in Y

Disei? llows that A°
Sincesx € 7 bel;]g a;b:,:d;{cl:,{; and let X € A be arbitrary. Then 3 an Boe
Conversely, let ¢ )
AEY) such that S,\(r)cA Now o y
sphere S’y A= US (\) (US (x))n}' Ia) U (9
xeA
G being an arbitrary union of open spheres in X is an open set in X. Hence
But G being ¢
A=Gn Y, where G is open in X. )
We have ) -
@ A is closed in Yy & Y—Aisopenin Y
oV-A=GNT, (by part (a))
where G is open in X
oA=Y=-GnY

@A:XQY—GGY
(:A:(X—G)f\y
oA=FNY,

" where F=X - G is a closed set. (m]

2.12.6 Corollary
Let (Y, dy) be a subspace of a metric space (X, d)and A C Y. Then:

(2) Aisopenin Yand Yisopenin X = A is open in X.
(b) Aisclosed in ¥ and Yis closed in X = A is closed in X.

2.12.7 Theorem

Let (Y, dy) be a subspace of a metric space (X, d) and A C Y. Then:
(a) xeYis alimit point of A in Y if and only if x is a limit point of A in X.
(b) Theclosureof AinYis A N Y, where A is the closure of A in X,
- Proof
(@) Letxe Y be alimit point of A in Y. Then
i) - (x)) NAz¢ 16))
for each r > 0, where §(x) denotes an open sphere in Y.
Now, for any given r > 0, we have

SR -{xNNA=SmNY-(x})nA (A 1)
=(SW-{x)h)n A
¢ (by (1)

This proves that x is a I i
; 1mit point of A in X. The
converse can be established

Introductory Concepts 43

(b) Let B denote the closure of A in Y. The set A is closed in X, so A AY is
closed in Y (Theorem 2.12.5). Since A MY contains A, and since by

Theorem 2.9.2, B equals the intersection of all closed subsets of Y

containing A, we must have B AnY.
In order to have the reverse inclusion, note that B is closed in Y. As

such, by Theorem 2.12.5, B=F N Y, for some set F closed in X. Then Fis

a closed set of X containing A. Since A is the intersection of all such
closed sets, we conclude that Ac F.Hence AnYc Fny=50

Problem

34, Prove Lemma2.12.4.

2.13 PRODUCT METRIC SPACES

Let X and Y be two non-empty sets. The Cartesian product of X and Y, denoted

by X x Y, is defined by
XxY={(xy):xeX, ye¥}

Inéase X and Y are metric spaces, equipped with the metrics dy and dy,

respectively, then a metric d is immediately available on X x ¥, namely,

d(x, y) = max{dy(x;, x3), dy (1 ¥2))

forallx = (x), y;) and y = (xp, y,) in XX Y.

2.13.1 Definition

Let (X, dy) and (Y, dy) be two metric spaces. Then, the metric d defined as above
on X X Y is called, the product metric of the metrics dy and dy, and is denoted by
dy X dy.

The metric space (X X ¥, dy x dy) is called the product metric space of the

metric spaces (X, dy) and (Y, dy).

Further, we can also define other metrics on X x Y given by
I

d'(x,y) = {(‘Ix (% -v‘fz))2 "'(dy > )'2))2}E

and
d (x,y) =dx(x), x2) + d{y|, y2)

Problem

35. Verify that d"and d”" defined above are metrics on X x Y.

2.13.2 Theorem

The metrics d, d"and d"* defined on X x Y are equivalent.
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