‘Solution of System of Linear
Algebraic Equations
1. Gauss Elimination Method

It is a direct method to solve systems of linear ;?lgf:[-_jra:‘(j
equations. In this method, the unknowns are fi‘_".“mm?

successively and the system is reduced to an upper triangu g
system. The unknowns are obtained by back substitution.

Consider the equations
ayX + agyy +apz = by (i)
ayx + ayy +apz =b, ..(G)
ayX + ay,y + a4z = by ... (i)

A1)

Method to Solve System of Eq. (1)
. Stép 1 Assuming a,; # 0, We eliminate x from Egs. (ii) and (iii)
with the help of Eq. (i) and then, we get new system.
apX +apy +apz =by  ...(v) ‘
&y Y+ay z=b ..(v) i i, (2)
ay, y+ay z=Dh . (vi)
Here, the first Eq. (iv) is called the pivotal equation
and a,, is called the first pivot. o .
~ Step 2 Assuming a);, #0, we eliminate y from Eq. (vi) with
the help of Eg. (v). '
Now, we get the new system
dX + ay,Y + ag32 = by (i) |
&) y+ajy z=b (il e
o ocapzsby o L(ix) 5 ,
l—!ere, second Eq. (viii) is pivotal and af; is the new
pivot. - __ L CAa N
_Step, 3 The values of x, y and z are 'ff.qq.n:d'ffom SYSt;em of
- Eq.(3) by back substitution. e
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e S i - in upper triangular form,
Nolq lSoIvlng system of Eq. (1) by above method is Here, coefficient matrix 152 Ep-15 ' g Ty
equivalent to solve the matrix eguation, AX =B Thus, we have e ot
Gy dy aglx] 5] by<2 =9 = Gy mrlg
i.l;’.. a&’l a22 .agg Yi= b2 | =3;.?I
o U 8y ay |z b, 6 : :f-1:; ;
by converting coaffician malrix A to upper triangular and NTET t ;_y 12“‘*'6 :
matrix by elementary row translormations. ‘ e
Tgls method fail, if any one of the pivols a,,,a;, or i x=2,y=-l, z=3.. '
8y, bpcomes 2610, ‘ , e ik
In such cases, we rewrite tho equations in a different Example 7. Using Gauss-elimination method, solve
: B_[giﬂ._ig that the pivols are non-zero. equations
: M v X+2y+3z2~u=10
Example 6. By using Gauss-elimination method, solve the 2x+3y-3z-u=1
equations 2x-y+2z+3u=7
2x+dy+7=3 3x+2y~4z+3u=2
N el =_—2 Solution. Writing the given system of equation in ma&ig" D'm
2 ol AX =B, we have Ty
Solutlon. Given system of equations can be written as [1 2 3 -=1][x] [0
. X-y+z=6 “) 2 3 -3 -1y - 1
2+4dy+2z=3 il 2 -1 2 3z~
Ix+2y=2z=-2 (i) 3 2 -4 3llul |2
Step. 1 To eliminate x from Eqs. (ii) and (i) with the help of -
Eq- (')- ! (RZ —2R1, R] _'2R]; RA _3R|)
From Eq. (i) =2 Eq. (i) and Eq. (iii) - 3 Eq. (i), we get . [1 2 3 -1][x] [10]
X-y+z2=6 w(iv) 0 -1 -9 1 _|-19
6y-z=-9 "'(Y) 0 5 -4 5{lz|7|-13
T A = | 0 -4 <13 6||u| |-28
" Step 2 To eliminate y from Eq. (vi) with the help of Eq. (v) by = AL e
g Eq. (vi) — Eq. (v), we get B ~5Ras Ry = 4Ry i by
5 i T2 3 1[x] [10]
o ir o ~1 =5 1| |9
SHPE 15 < li¥) g 8 N 0Hz) |82
Step 3 Finding x, y and z by back substitution 23 2 j{u] | 48 |
From Eq. (ix), 7=3 (R., -ER,)
From Eq. (viii), by=7-9=3-9=-6 =y =-n] 41 | i
From Eq, tviil, X=y-246=-1-34b=2 T 2 3 -1[x] 10
Hence, =2, y=~l z=3 0 -1 -9 1 -19
: " Y
Alternative Method From given equations, we have : =
; i S : 0 0 41 oll: 82
1 =1 1]x] [e .
12 4 1 |lyl«l3 W 0 0 0 2 ||u 2 |
15 2 -2llz | -] ‘ Now, the coefiicient matrix in the upper triangular form..
i , o] Now, from backwarg substitution, we get ool
- Ry=2R, R, -3R, o . Cw=3 3 S
; 1, RO T I £ i '_""'U:v"[

0 6 -tfly|=|-9 o e REB L fi
bick 0 5 . -5){zf [20] Y2 tu=yg = y=-9z+u+19
gl i | L S m y=-igets19=ln
Bl i Y +I2-u=10 o xmezymdzeutil

Jr =1t )fx) [ e : Browap il g 40 e et
‘ .6 ~liyi=| -9, . _ Hence, X=yw2i 7 ediyiey e _
o o ~sllz] [-15 o e A
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158 Elimination Method

Gat

pe solved by back-substitution.
can e
Jiminate

4h cquation, T3 is eliminated from fourth
{01

inallyy T is eliminated from nth equation.
inally, <=

as]

R

alied by —— )
tiplied DY a1 o1l i

is method, the variables are climinated hy a process of systematic climinatiun:
l‘ . the system has n variables and n equations of the form (5.1). This pT()(:(;dl;lTC
. he systemt of linear cquations to an equivalent upper triangular system wluc’h
| To convert an upper triangular system, ry 18
d from second equation to nth equation, x is eliminated from third equation

equation to nth equation, and so 01 and

To climinate 1, from second, third, - - -, and nth equations the first equation 1 mul-
" as; n] ; . . -
2l .., ——L respectively and successively added with the second,

tird, -+, nth equations (assuming that aj; # 0). This gives

a11T; + aper + ai3r3 + -

+aipnTn = by

a(2'12)11;'2 + a(2]3)x3 4+ a.gln)a:n = bgl)
aglz):ng + aglg,):cg e R - ag]n)zn = bg]) (5.12)
0,1(1]2).1‘2 + af,ll;,):rg orreg a.;l,'ia:n = bg),
where
a;1 .

Again, to climinate x5 from the third, forth, ..., and nth equations the second equa-

o A )
s multiplied by *—:(%, “'i(i‘f')" o ’%
Gg2- . Go2 &
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208 NUMERICAL ANALYSIS

e e e T o T T 01 ot o i

sptrad jons to get the new Y

and nthe

successively added to the third, fourth.
cquations as

= b
‘‘‘‘‘ dipdn 7 1
o 4oqyary + 01383 1
apy +aizfz T c A = b
l'la)l,\.l’l - t?-‘)‘i v B AL Aap 0 ('”
=" s b 2
) L=/ — b in
(1'7).F;; + f Uy, I 3 (%18
33 %)
s ”
2 (2) = ;.
(1:;;.1‘;_1 4+ T ”n.x‘r“ 1"

where
Al(l) 0
y : (e (1) . l n.
@ _ (0 _ %2 gl =34
ay =a; = "
(1-‘);

. o R ations become
Finally, after eliminating Iy-1. {he above systein of equations become

appry + aare +anrz+ o0t ”(11?1'" = b(ll)
) —
ﬂv‘—_,é).]"g + (1(?!3);1'3 = AR “+ a')n In = z
(B (2) chel
oDyt oot ary = b i
= -1
aliVz, = oY
where,
(k-1)
(k) _ (k=10 _ Gk (k=1),
aij - ij a(,'.__l) k] s

‘kk

ij—-A—l—] a2 L s ey anda},?f:a,,q; pg=12,...,n

Now, by back substitution, the values of the variables can be found as follows:
(n—-1)
n

From last equation we have, x, = == from the last but one equation, i.e., (n—1)tk

nn

equation, one can find the value of 2,—; and so on. Finally, from the first equation we
obtain the value of ;. ,

The evaluation of the elements a(J Vs is a forward substitution and the determina-
tion of the values of the variables z,’s is a back substitution since we first determine

the value of the last variable x,,.

Note 5.5.1 The method described above assumes that the diagonal elements are non-
zero. If they are zero or nearly zero then the above simple method is not apphc".ble to
solve a linear system though it may have a solution. If any diagonal element is zero of
very small then partial pivoting should be used to get a solution or a better solution-

Scanned by CamScanner

l‘{‘ré‘ ¢

3
%
¢
¢
13
]
i
i
]
g
i
f
T
§
!
H
i
g
&
%
¥
§



“!‘Jhmmu or

Bl Smmmice
Rty

o e

i

“f“*!lnd (I LWI,,,;{ [Q! A]gn iH 2054

sot et

& weran,

T _— A s S (T &
T~ o g ey T

jel umnvd carlier that if the gy

» ftem g diagonally domimant or real symmetric
(19 o d(]ullh- tlu n 1o pwung i '
11‘

N “"U“m.n y

“ml' : 10 o.l (DU]V!‘ Hw t‘qlmhmn l)y (,,Ml,

ﬁ?"‘mp s JH 2y
l’ s

JI k

i a'hrumr;! mn mrihnd
2’ q"! . JI;}, o 'm g §

l' oll. Multiplying the sec und anel thiyd Nwr!hmr’ by g and 1 pes ,puff"viv fmd
jut? cting them frow hm Coation v et

5()
e

iy ""r Xy+ &y = 4
3!‘3 was 3:]‘3 = ()

““'1.1‘2 s Dy e 1
Al iplyng third equation by - 3 and subtracting from second equation we ul;mm

2+ 2ty = 4
351"_‘, - -'31";_5 == ) .
BT AR .
From the third equation 3y = 1, from the second f'qudfmm oy = a4 = 1 and fmm
e first equation 2ry = =4d-ry-r3=200, 21 =1, i
,Thereimc the s olutwn s lodss 1 13 1; 4

“Example 5.5.2 Solvp t]m fOllowmg yqfcnr] of ,.quﬂtmm hy (,mlsg thmatwn

method (use partial pivoting). r
\ T2 + 213

2y + 2209 + 413 =

i

5
11

-3y %’_2’2 ~ By = & 1L,

'%lutmn, The largest clement (the pivot) in the coefficients of the variable r) 15 ~3
atiained at the third equation. So we interchange first and third equations

3oy 4wy = hry = —12
P! & 3 2'1'2 + ‘1;’1";;5 = 11

J‘g 4 HJ‘,J} = )
i’m’lﬁﬁ”l" the second eguation }) 3 mu! adding with thu first equation we get.

—3 -§f £y~ bag = ~12
Fa4 T3 B0

rg 4 2y =0
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300 NUMERICAL ANALYSIS

The second pivot is 1, which is at the positions agy and "6132’-,'{,” Takmg
pivot to avoid interchange of rows. Now, subtracting the third equa‘?m?'
equation, we obtain |

—3x1 + 22 — bxy = —12
T9+x3 = 3
—z3 = —2.

Now by back substitution, the values of a3, 9,y are obtained as

2 =3 —g3=1l,3 = —§(—12 — x9 + 5a3) = 1.

Hence the solution is z; = 1, 29 = 1, 23 = 2.
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