Chapter 6

Quadratic Forms :

6.1 Definition
An expression of the form XL, X7, @;;x;x;, where the coefficients a;;’s are real and Gy =gy is

said to be a real quadratic form in n variables x, 1 < k < n.

Example: x* - 2xy + 3y? is a real quadratic form in two variables x, y.

If we take X = Sm = ﬁ” Mwm , then
@y Qg7 [X +
=l aplls]=lasse + )

and

XTAX =[x ¥] _.a:R + nﬁﬁ

1% + agyy] = ¥(A11% + a12¥) + ¥(@z1% + az2y)

a11x% + (agz + azy)xy + azy® -

In matrix notation, a quadratic form in n variables can be written as Q = XTAX , where

1 Az - - Qi xg
Q1 G - - Gz
= X .
A . . ) and X = |"2| .with a;; = ay;
n1 Gpz - - Qpp xn

ﬁ . | y ix of
hus every real quadratic form In n variables is associated with a real symmetric square "
order n which is caleq matrix of the quadratic form.

Example: (i) T} : . . : ariables
) _.W\T SQ_@ malrix associated with the real quadratic form 3x2 + 4xy — 2y%in two ¥
g 2 =25
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5 QUADRATIC FORMS s

ro . . <N—._m 1
o iated matrix of the real quadratic form 2xy - 4yz in three

a
e 3550 01 0
¢ 1 0 -2
0o -2 0
|asses of Quadratic forms shen X = 0. But if
C 7.0 - is zero v

2 ic form it is clear that Q(x1, X2, wes Xn) 18 be seen from

. jon of quadrat
expression of q lues of X as can

fror e ( assumes different real values for different non- zero va

hen
1#0: I
pelo: e s

J quadratic form Q = XTAX is said to be

AR

@) positive definite if @ > 0 for all X #0,

(i) positive semi- definite if Q 2 0 for all X and @ = 0 for some X #0,

(iii) negative definite if @ < 0 forall X =0,
(iv) negative semi- definite if Q <0 for all X and Q = 0 for some X #0,

(v) indefinite, if @ 2 0 for some non- zero values X and Q <0 for other non-zero values of X.
e associated real symmetric matrix A of a quadratic form @ is said to be positive definite, .vOm.:.?m
cni-definite, negative definite, negative definite, indefinite according as quadratic form is positive

iinite, positive semi-definite, negative definite, negative definite, indefinite.

t3 Reduction to Canonical form

(onsider the real quadratic form Q = XTAX, where 4 is real symmetric matrix. By the transformation
I=PY, where P is a non-singular matrix, the above quadratic form transforms to Q = YT (PTAP)Y.
fiee, (PTAP)T = (AP)T(PT)T = PTATP = PTAP, Q is a quadratic form in Y. Thus Q is transformed

Wanother quadratic form Q' under the transformation X = PY. The associated matrix of Q' s
gruent to that of @ as both of these are congruent to A.

__m be a real symmetric matrix of rank r(<n) , then there exists a non-singular matrix P such that
PP becomes a diagonal matrix of the form

I, 0 0
b=1o ~h-m 0
0 0 0

a;::, where 0 < e

0, by o0
" 0¥ suitab . . :
0 le transformation X = py » Where P is non-singular matrix,

! the real quadratic fi
EMwﬂn. XX ¢ - i q Ic form
i/XiX; can be transformed to another form MFHM“._HH FQ..S i which b;; = 0 for

= 1fori<m by =~1form<i<r andby =0 for r <i<n . This form or
. he

M,E_S:n .
IS¢ :
alled norma] or a_mmosa form of Q and the integer m s invariant
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own that a real quadratic form @ = XTAX  can be reduced to jt 10 the fy,
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ic form is defined to be those of the asgge;j
. f a real quadratic form is Sociated rey
The rank and signature 0

matrix.
Further it can be sh
normal form

Q = Ayx? + A2 + -+ Apx?

here Ay, A 2. are eigen values of the associated matrix of the quadratic form, Depen
where Ay, A2) =140 g

:0en values of the associated matrix of the real quadratic form @ = XTAX | itjs classify
eigen value

&:m on g
ed as *.o__cim.

(i) positive definite iff all the eigen values of A are positive,

. . P igen values of A are non- negati
(ii) positive semi- definite iff all the eig gative and at least ope Cigen
value is zero,

(iii) negative definite iff all the eigen values of A are negative,

(iv) negative semi- definite iff all the eigen values of A are non- positive and at least one eigen
value is zero,

(v) indefinite, A has both negative and positive eigen values.

Theorem 6.3.1: The nature of a real quadratic form Q = XTAX regarding positive definiteness,

negative definiteness remains invariant under the transformation X = PY, where P is non-singular,

Proof: By the transformation X = PY, where P is a non-singular matrix, the quadratic form g =
XTAX transforms to Q = YT(PTAP)Y. From X = PY, we have Y = P~1X. Now, let Q be positive

definite, then
Q>0forall X#0
=>Q@>0forall PY #0
=Q'>0forall PY#0
=2Q'>0forall Y #0
Thus Q' is positive %m::m.
Again, if Q be semi-definite
Q@ >0forallX andQ £ 0 forsome X # 0
=Q=20forallPY andQ = 0 forsome PY # 0
=Q'>0forallPY and Q' = 0 forsome PY # 0

=Q'20forallY and Q' =0 forsome Y # 0

Thus Q"is positive semi-definite.
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6: QUADRATIC FORMS .
= m 6.3:2: A real quadratic form @ = X1, Y7, a;;x;x; of rank 7 and index m 1S
q__g“.m _uom:?m definite, ifr=n,m=r;
M_uv nom:?m semi-definite, if r < n,m =r;

) negative definite, ifr = n,m = 0;

negative semi- definite, if r < n,m = 0;

(iv)
) indefinite, if r <n,0<m <r.
: : ic form
:By a suitable transformation X = PY , where P is non-singular matrix, the real m:wa_,m:o e
EQ\M.U: Sy ayjx;xjcan be transformed to another form D = XL, Ty bijyiy; in which bij =
Q“ i=14)=

ndbg=1fori<mby=—1form<i<randb;=0 for r<i<n.
i#]

@ lfr=nm=r, then D = ¥, y7. Hence D is positive definite and therefore Q is so.

(i) fr <mm=r,then D = ¥i_, y?,r < n.Hence D is positive semi-definite and therefore

Q is so.

iy fr=n,m=0,then D = — 31, y#. Hence D is negative definite and therefore Q is so.

(v) fr<n,m=0,thenD = -¥7_ y2,r <n, Hence D is negative semi-definite and

therefore Q is so.

) Ifr<sm0<m<r,thenD =3, y? - 57 . y?,r < n. Hence D is indefinite and
therefore Q is so.

Theorem 6.3.3: A real symmetric matrix is Ppositive definite iff all its eigen values are positive.

Prof: Let A be a real symmetric matrix of order n then it has n real eigen values c;,
e exists an orthogonal matrix P such that P~14P,i.
P'4P has same eigen values,

C2,..,C, and
e.,PTAP is a diagonal matrix. Since A and

[} 0 0 0
- 0 [ 0 w0
PlAp = 2

0 0 ¢g - oFf

0 0 0 « ¢y

If - . ;
Abe positive definite, then 4 is congruent to [, and also PTAP is congruent to A , hence PTAP is
TRentto . So ¢; > 0,i =12, .. n. _

ngéam_x letc;>0,i=1,2, ..., N, then the matrix
c 0 0 w 0
0 ¢ 0 - g
0 0 cz = 0
. 0 0 0 = Cn
Wsitive gef;

nite. But 4 is congruent to PTAP. Hence, A is positive definite.
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494 anced HIGHER e
_ Worked Out Examples J_‘/mm/f

ssociated matrix of the following quadratic forms:

1. Write down the a
(i) 3x°+ 2y? — 6xy intwo variables x, y.

(ii) 3x% + 2y% — 6xy —4yz in three variables x,y, z.
T (i) Inthe given quadratic form @y = 3,ay; + Gy = 2ay; = 2ay, = —6, a2z = 259 8
.. [@11 nﬁ_ . — 3 |w_. mmmoomﬁ&
matrix IS —DN» s - I.w 2
(ii) In the given quadratic form
0y =382 = 2,033 = 0,a;2 + Az = 2412 = 2a3; = —6,,a;3 4+ a3, = 20,3 = 2a3 =
” -
as; + A3 = 2a3; = 2a,3 = —4, ,
ay;; Q2 433 3 -3 0
So the associated matrix is [@21 @22 23| = (-3 2 _o|
az; aszz Qi3 0 -2 0

3. Write down the quadratic forms corresponding to the following associated matrices:

1 -3 2 1 -3 0
@i[-3 1 =2|,(@) |-3 2 -1).
2 -2 1 0 -1 0
T (i) Given a;; =0 =Q33 = H.nun =a; = |w.m~uu =as, = 2, Qy3 = az; = —2. Hence, the

quadratic form is x2 + y? + z% — 6xy + 4xz — 4yz.
(ii) Given a;; = 1,855 = 2,a33 = 0,812 = a7 = —3,ay3 = a3; = 0,a,3 = az; = —1. Hence, the

quadratic form is x? + 2y? — 6xy — 2yz
3. Show that the quadratic forms are positive nnma.io

(i) 2x%+4y?+2z%2 —4xy+2xz—2yz

(i) 5x*+y*+10z2 —10xz — 4yz
D Here Q(r,y,2) = 2x2 + 4y% + 22 — dxy + 2xz — 2yz = (x —y +2)2 + (x = ¥)* + 2y? >0 for
all (x,y,z)and @ = 0 forx = y = z = 0. Hence Q is positive definite.
(i) Here Q(x,y,2) = 5x% + y? + 1022 — 10xz — 4yz = (y — 22)* + 5(x — 2)2 + 2 208 4
(x,y,z)and Q = 0 forx = y = z = 0. Hence Q is positive definite. N
4. Prove that the real quadratic ax? + bxy + cy? in two variables X, ¥, is positive defini®

a >0 and b? < 4ac,a, b, c #0.

O Here
Q(x,y) = ax? + bxy + cy*
2 by (Z VN +c Nlnﬁhe%
alx +NR.N.MV~+A§2 y 2a

= b \? 1 _h2)y2 >0
lnﬁx+mzv e (4ac - b®)y* >

(QUADRATIC FORMS 495
s
Nea)) ifa>0and b <4ac, a,b,c #0and Q = 0 if x = y = 0. Hence Q is positive definite
e gand b? < 4ac,a. b,c =0.
97 .
Examine whether the quadratic form 3x2 + 5y2 + 322 + 2xy + 2xZ + 2YZ is positive
. ﬁ_an::n or not.
\%aan:m:n equation of the associated matrix of the quadratic form is given by
1 3—-21 1 1
il 5-2 1 |=0
1 1 3—-1
or, * —1122+361-36 =10
Lits solutions are A=236.

¢ the eigen values of the matrix A are 2,3,6. Since the eigen values of the associated matrix are all
witive, the quadratic is positive definite.
s

{ Reduce the quadratic form 5x% + yZ + 1022 — 4yz — 10xz to the normal form. Find its
rank, index, signature and show that it is positive definite.

. . o 5 0 -5
 The associated symmetric matrix is | 0 1 —2 ). Now we reduce it to the normal form as
-5 -2 10 .
allows:
5 0 -5
0 1 -2
-5 =2 10
R31(1) Am 0 =5
—\ 0 1 -2
0 =2 5
Cas (1) Am 0 0
—l0 1 -2
0 =2 5
C22) Am 0 0
0 =2 1
Raf3 0 0
—|0 1 0
0 0 1
R(F) (V5 0 0
1 0 1 0
0 0 1
ay/1 "0 0
—= ho 1 0
0 0 1
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r= 0,2m— r=3
the normal

Here, m = 3m-
tive definite. From
%aﬁ:a._o form is

is posi
given

; 2
7. Reduce the quadratic form x* -+

index, signature and st

0 The associated &:58:.5 matrix 18

Low that it isp

Advanced Hig
HER AL
QEgR,

So, rank = 3, index = 3 and signature 3.50, the quadra;
c

form of the associated matrix, we get the normal form form

of the

PLESLE 1
2y% + 2z* +2xy t 2xz to the normal form, Fing ity
ositive semi-definite. Fan,

111 .
1 2 0] Nowwe reduce it to the normal form as follow,
8

10 2

111
Au 2 0
1 0 2
1 1
?»TC.»ETC AM 1 -1
0 -1 1
nu_T:.D—TS AM w Im
0 -1 1 :
1 0 0
Raa() Ao ] ov
0 -1 0
1 00
C3
“B5 1 0
0 00

Here, m=2,m-7= 02m—-r=2. So, rank =

signature 2.80, the quadratic form is

matrix, we get the normal form of the

8. Reduce the quadratic form x?

2 < 3 (number of variables), index = 2 and

positive semi-definite. From the normal form of the associated

given quadratic form is
x2+y%

+2y% + 2% + 4xy to the pormal form. Find its rank, index

signature and show that it is indefinite.

O The associated symmetric matrix is

R21(=2)

C1(-2)

®2e 1lows:
2 2 0 ) Now we reduce it to the normal form as follows:

0 01
120
2 2 ov
001

2 0
-2 0

1
0o 0
0
1
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. QUADRATIC FORMS
a map(l 00
—l0 —v2 0
0 0 1
oyl 0 0 _
2o -1 0
o 0 1
fn [ 0 0
=0 0 1
0 -1 0
e (1 0 0
—=(0 1 0
00 -1 ,
=2 r=-12m-r=1580 rank = 3 = number of variables, index =2 < 3 (number of
el i .
bl and signature 1.So, the quadratic form is indefinite. From the normal form of the associated
i, we B¢t the normal form of the given quadratic form is
%2+ y? —z%
, Show that the quadratic form X1Xz + X2X3 + X1X3 can be reduced to the normal form

- yi— y3 by means of the transformation

X, =y1—-Y2—YaX2=Y11)2 - Y3, X3 =Y3-

o

The associated symmetric matrix is A =

Nl O Nie
O NImNIE

NN

lvwe diagonalize A by congruent operations as follows:

o 1
wnw 1 00 1 00
t 0 2l=(0 1 o)afo 1 0
i) o1/ oo
2 2 :
HWH
u WOHAHHQ 100
20 2l=(o 1 0)al1 1 0),byR(1).C2(1
S R 2 (1), Co (D)

1
A 0 1 1 10\ /1 -3 0
0 -1 o|={-2 I ofaf, 1 b L
—= 1 ,by Ryy (=2 1
1 o0 o 6 01 M 2 M R (=) (+3)
1
(AT e
-3 0o |=(-=-1 1 90la 3
0 0 g 2 2 1 w —1 | by R31(—=1),C3:(-1)
-1 -1 1V \¢ 0o 1 H

Scanned by CamScanner



0 0 0 1 -1 =]
1 =(-1 1 O0]A(1 1 -1 |,by Ry(2),c
i 0 0 )\ Ve 0 2(2)
T 4p. Thus under the transformation X = PY, i.e.,
Which is of the form D RW e o p
X2| = 1 1 =1 Y2

X3 0 0 1 3

i Y3 X2 41 3 Rw ..l Vw«
1.€.. Y1 Y2 ) X e Y2 y:
Ic form _NQCOGm to the :O_.._,:N_ ~|O—.—.= V&H - V\NN —_ V\N

_\ Exercise

ociated matrix of the following quadratic forms:

the given quadrat

1. Write down the ass
(i) x2 + 2y? — 4xy intwo variables x,y.
(if) x? + 322 — 4xy — 4xz in three variables x, Y,z
(iiiy x2 +y? + 322 + 2xy — 2xz + 2yz in three variables x, y, z.
2. Write down the quadratic forms corresponding to the following associated matrices:
1 -1 2 1 -2 0 1 1 -2
(i) |-1 1 -1 (i)|-2 0 IH—. A:CT. 1 -1
2 -1 1 0 -1 . -1 0
3. Examine whether the following quadratic forms are positive definite or not.
(i) x2 +4y* + 2% + 2xy + 2yz
(i) 3x2 + y2 + 102% + 2xy — 8xz
(iii) x* + y2 — 22 + 2xy + 2xz — 2yz
(iv) 8x* + 7y? + 322 — 12xy + 4xz — 8yz
VX2 +y 224 y;
(vi) 63> +y? + 1822 — 4y7 — 127,
(i) x% + y2 4 2y7,
4. Show that the following forms are positive semi-definite
(i) % + 2y% 4 222 4 2xy + 2xz,
(ii) X2 + 5y2 4 252 _ 4xy - 62y + 21z,
(1)) 2x* + 2% + 522 — 4y _ 97 & 2yz,

(iv) x* + y2 + 72 —Xy-xz-yz

|C FORMS

. QUADRAT

following forms are indefinite

2_ 72+ 2xy + 2zx — 2yz!
(¥
‘ Redu
(i)

@i *
iy ¥+ y? +z%+3yz,
(iv) *
W xy+yz + xz,

ce the n:m%m:o forms to their normal forms

2+2y0+ 222 + 2xy + 2xz,
2 4 5y% 4 22% — 4xy — 62y + 2x2,
2 4y — 2% + 2xy + 22x — 2yz,

() xy—3yz+xz.

1, Find the rank, index and signature of the following quadratic forms
() x*+2y%+22%+2xy + 2xz, .

(i) x%+5y2+2z% —4xy — .mmv + 2xz,
(i) x> +y? + 2% 4 3yz,

() x®+y%— 2%+ 2xy + 2zx — 2yz.

_Answers’
1 -2 -2 11 -1

(1 =2\ .
Lo, NV,E -2 0 o)Gip[1 1 1)
-2 0 3 -1 1 3

L (i) R~+v~ +2% = 2xy + 4xz — 2yz,

(i) x2 4 352 _ “dxy — 2yz,

A___:N Y%+ 2xy — 4xz — 2y2,
AE,_

f, )
() x2

1 ¢
W29 ,
2.2, (ii) 2,2,2, (iii) 2,3,1, (iv) 2,3,1.

hite,(vi) Positive defi nite, (vii) Indefinite,

¥4 22

x24 2
+y2, (ii) x2 + y2, e:vx~+u\ —z2,(iv) x® + y2 INN.?VHNIU\N

— 22
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sitive definite, (i) Positive definite,, (iii) Indefinite, (iv) Positive semi definite,(v) Positive
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