'n"oduction. The .no\a.'ledgc of “Integral Transforms”
1,1-' und required by scientists and engincers. This is becay
backsn 4 effective means for the solutions of many problems

' a .
¢3SY le,the Laplace transformation replaces a given func

or examp p e p . tion F () by another function f (s).
wen Laplace transformation converts an ordinary differential equation with some given initial

conditions into an ?Igeblraf:lc equation in terms of f(s) Finally, using inverse Laplace transformation

¢ 1eCOVET .tl?e original function th). Thus, the method of Laplace transformation is cspecially
seful for initial _value problems, as it enal.)Ies us to solve the problem without the trouble of finding
e general solution first gnd then e,va!uatm.g the arbitrary constants. The use of Laplace transforms
provide 2 powerful technique of solving differential and integral equations.

|2, Laplace transform. Definition. [Rohilkhand 2000, Meerut 2010°
Given a function F(f) defined for all real ¢ 2 0, the Laplace transform of F (¢) is a function of
Jnew variable s given by _ o

LFW,s)=LFO=f6)=F @)= [ eF) d e (D)

The Laplace transform of F(Z) is said to exist if the improper integral (1) converges for sore
value of 5, otherwise it does not exist. - ’ '

Remark 1. Some authors use new variable p in place of s. Therefore, corresponding changes
may be done in proofs of articles and solutions of problems. Similarly, some authors use variable x
in place of 1. ~ '
Remark 2. Some authors use f(f) in the place of F(f) and simultaneously use F(s) in place of
/() while defining Laplace transform. ‘

Remark 3. L is called Laplace transformation operator. .
Remark 4. The operation of multiplying F (f) by ¢™ and then integrating between the limits
U0 % is known as Laplace transformation. :

is an essentic| part of mathcmatical
sc the transform mcthods provide an
arising in science and engineering.

ca | Vo $
Remark s, Improper integral. Write j e F(t)dt = Iimj e "' F(t)dt, where v is a positive
0 Voo, 0 1

i . - :
al Number, If the integral from O to v exists for each v > 0 and if the limit as v — oo exists, then
¢ Improper integral is said to converge to that limiting value otherwise the integral is said to

i . , ; - ! .
| Verge or fail to exist. Note that with regard to upper limit, the Laplace integral jo e " F()dt isto
1au"d°r8tand as an improper one. |
.WOrking rule to find Laplace transform of F (1), t 2 0 by using definition 1.2.

Step 1, y definition, L{F(N} = jo e F(t)dt
St ‘
P 2. By definition of improper integral, we have

< st di = lim j‘vc_'“’;;(‘)dl
J’o e F(t)dt=lim |
1.3
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B oo €Ny
s F (1) and evaluatc jo e ™ F(t)dl. ’%,,‘

Step 3. Simplify €

vo_y
. A ’ d’
Step 4. Evaluate ;!'—Tl-'.o e F(N

Step 5. From steps ] and 2, we h
v

© st T al

w1 =[] Foa=lim[ e Foa

Moo

ave

sectionally) continuous function. Definition,

is called piccewise continuous or sectionally continuous jp ¢
mber of points £}, £y, - « - - - . @@= <h<gy<i.o,

h of open subinterval (1, 1,., ) and hag ﬁnit";,-)such“a

1.4. Plecewise (or

A function F(?) \
[a, b] if there exist a ﬁr)lte nu
F(r) is continuous in €ac

© closeg e

F (+ +0) and finite left limit F (¢, , — 0). Clearly F (1) need not necessarily be defineg at:hhm“
poir;ts of the subintervals. &
F()
!
1 | ; : '
' \ o : !
(0) l l . N \Y4 . e
a =‘t| t‘, t’J t4 b= %

An example of a function F(f) which is sectionally continuous is shown in the above fign
by taking particular case n = 5.-We note that F (¢) is continuous in subinterval (1, 1;) and has firg
right and left limits F (1, + 0) and F (¢; — 0) respectively. We also note that F (¢) has discontinuis
att,, t; and 4.

1.5. Functions of exponential order. Definition. [ Kanpur 200
_}/ll:” ‘there exist a positive real constant m, a number ¢ and a finite numbe_r { such the

forall 121, leo p(,)l <m or % |F() <nd

we say that F (¢) is a function of exponential order ¢ as ¢ — oo.
Equivalently, we also write F()=0 (™), ast — o=
1.5 A. Solved examples based on functions of exponential order

Ex.1. Show that F (1) = P is of exponential order 3.
Sol. We have

lime™® =
{=doo F(l)

I
3
i
3

g
o
pa >
Q
w
S,
-
| -R
=
o
=
o

.2 in
= in 57,0 ' by L' Hospital’s rule again

= 0, provided 6 > 0 {
Hence F (1) = # is of exponential order, Again, |2 |=¢ < ¢ forall 1> 0 e
Therefore £ is a function of exponential order 3, | it
(

- 3 iive
Ex.2. Show that F () = " is of exponential order as t — o, n being a”y'poil(_t,l‘l’"
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sl Assuming that 6 > 0, we have xS
n n-1
ot f(1) = lim — = lim L s byL'Hogpitars
’ll{‘: . o0 ¢ 1w g0l OSpital’srule = yj, 10212

oo G2 byL’Hospital’sruleagain
nn=0m-=2)....2.1
=lim (=G =2)-- 2.1

(=0 c'e™
=0 }
" .
Hence " 18 of exponential order G, as t — o,

, alterre ) .
Peateduse of L' Hospital’s rule (n—2)times more.

x.3. Show that the function F (1) = .2 ;
g ®) = e is not of exponential order as t — .

l. We have, lim e™" F(t) = lim (e“" cl) - =
So T oo ) 1> ¢ :lgget(l =00 forall values of o.
Hence whatever be the value of 6, we cannot determine a real constant m such that

\e_G'F(t)’ <m
Therefore, the given function is not of exponential order as ¢ — o,
& 15. Functions of class A. Definition. ' '

A function F (7) is said to belong class A if F (f) is of some exponential order as ¢ — o and is
@ piccewise continuous over every finite interval of ¢ > 0.

11 \?@c//iam/ conditions for the existence of Laplace transform  [Kanpur 2014]

heorem. If F (1) is a function of class A, L {F ()} exists. ' i
or If F (1) is of some exponential order as t — o and is piecewise continuous over every finite
interval of t 2 0, then L {F (1)} exists. ‘ =

or If F(t) is a function which is piecewise continuous on every finite interval in the range t>0
e 1 5 —_—

wd satisfies | F(t)| < me® for all ¢ >0 and for constants G and m, then the Laplace transform of
| ) exists., . [Osmania 2010; KU Kurukshetra 2004; Punjab 2005]
] Proof. Since F (¢) is of exponential order, say o, we can find constants o, m (> 0) and
& 4(>0)such that ‘ :
TF@l<me for t>1, ()

Now, L {p ®)} = r’ e~ F(f) dt = J.’° e S F(t) dt +_[ e~ F(t) dt =1, +1,,say )
0 0 . Q

Since F () is piecewise continuous on every finite interval 0

® st | * et dt, using (1) '
<[Ce |F(t)|dt<mj'o .

to

t §
< t<t, 1, exists.

Aga o
&, IL|= I e () dt

o

e"(s"“)’ 0 me—(s—(!)‘o
§—0 .

«(3)
o —
Thus, | L, | <m [——"“‘(s_ %) |,
0
5 0 as t = @ Hence (3) shows that

~(s-O, L .
o is also convergent. Then from (2), it follows that

I NOW, when s > o, then ¢

B lisgy
4 U inite for all 1, > 0 when 5 > o and hence I

tXists forall s > 5. - fficient to ensure the existence of
‘ emar). B ERaE bove theorem are sullicie : 5
Lip (t ma;t- The conditions stated ::iitt}il:nz existence of L{F ($)}. In other words, if the
se are not necessary €O

B} T for the
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| he above theorem are not satisfied, L{F(£)} may or may nqy €Xist gg %
the abov

o
iti f 0 ”l iy
conditions 0 der the function F (8) = 1/ . W, 3
following example: Consl o Dicgevki ottt .
Ast -0, F ()  oo. Hence F (0 isotp Y finite intery,.
range ¢ > 0. Now, by definition, we have M‘
s gy, putting Vst =xand dt/ fj = 54,
LGy = [ e and= sjoe P ke %,
1/2 .
ix[’l:(ﬁ) ,S>0. as J' e‘xzdx=£
Vs 2 \s) 0 2
Hence L {1/t Jt } exists for s > 0 even if 1/t is not piecewise continuouys i, N the g
| 1.8 /é]eanty property of Laplace transforms. If ¢, and ¢, be constants, th
J L{c,F,(O+c,F,(0} =c,L{F(®}+ ¢, L {F, (1)}.
i Proof. By definition, we have |
‘ -5
Lo F, 0+ 6 F0) = [} e RO +a R0 =¢, [[e Rydse, [eong

=c,L {F, ()} + c, L {F, (¢)}, by definition.

1.9. lace transforms of some elementary functions
r/(gﬁ]b find Laplace transform of F(t) = 1. ' E
[Kanpur 2003 Meerut 2004, M.S. Uniy, T, )|
Sol By definition of Laplace transform (see Art. 1. 3), we have

-st T
L= ‘"(l)dr—hm n (et = llm{esJ
—o| —

0

1 1
=——lim (:;— )———(0 1)——, prov1deds> 0

" (;l) To find Laplace transform of the function F (1) = {", n bemg any real number g
an -

[Gorakhpur 2008; Ranchi 2010 + Purvanchal 106

Sol. By definition, L{F ()} = _[ TUF() dt.

| |
L {tn = _Stt'ldt —stt(n+1) ldt 3 s
b= j jo
‘Gamma function’ , We know that

© 4 i _ 1
m—l F('m -"(&
Ioe- dx = ,,,),lfa>0andm>0.
a
\acing a by s, 1 by (n + 1) and x by ¢ in (i), we have

P ety T(n]
'.L : at = -s"\) lfS>0andn+l>0

From the proﬁerties of

Rep!

@, = r{f}_m

s>0 d n>—-l
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o Lap1°

L |
5 L Table of Laplace transformg of some

4§ 1% . . These have been € elemen 19
e | nPPl'wnons Cvaluated in Art 19 oY functions, Commit ¢, memory for direct
a * re
- S.No. F@ _ —_—

1 ?\“& or  f(s)
2 t": n> _ 1 1/S, 5>0
1 . o I n+l
3 ', (nisa p(:smve integer) (v ; :3 i ’l ", 5>0
4 e’ ‘ I 5>0
5 sinh q¢ ' (s - a), s>a-
6 cosh at s g, s>|a|
7 sin at L s =, s>|a]
8 . €os.at al(s’+ ), . 5>0
i 4 : s/(s2+a2! s>0
& 110A. Solved examples based on Art.1.8 and Art. 1.9 .

Ex. 1. Find the Laplace transform of the function F(¢) = (- 1)/a

. [Purvanchal 2003; M 1994
Sol.L {F ()} =L {(1/a) x (¢” - 1)} = (1/a) x L {e”~1}) = (l/a)intcL?e’”} -L {f;;'“t !

] | _1( ! ‘:1)_ L i oo |
1 : Sl e & —S(s_a),1s>aands>0.

Ex.2. Find the Laplace transform of F (1) = (sin t - cos 1)’.
[Gorakhpur 2010; Vikram 2004]
Sol. L {F (1)} = L {(sin ¢ — cos #)’} = L {sin’ ¢ + cos’ £ — 2 sin  cos } '

N — SR

. 1 - ST :
=L {l-sin2¢} =L {1} -L {sin2¢} = g e Jifs>0

= (s = 25 + 4)/s (s* +4),if s> 0. - )
Ex.3. Find the Laplace transform of () 3¢ + e | @) (€ + 1)

1 1 ‘
-3 = J—— ——, s>2ands>-3
Sl () L (3¢ + 4= ¥} = 3L {¥} +4L{e "} = 3x 5+ i3 ¢

fl ! =(7s+1)/(s2+s—6),ifs>2 1 |
1 , M a2yl as L{t"} = —
()L {(t2+1)2} = L{t4 +212+1}=L{t4}+2L {t2}+ L{l}= ;5_+2x53 +-.9’ { s+l
, : |
24 4.1 _Zij‘,‘“_;_ts—-,providedPO.
T8 g inSt+cos3t}
g o ii) L { sin cos 3t}
¢ 2013) 0 ‘
Exd. Fing (i) L {3 sin 2t + 5 cOS 2t)  (Meerut. ) sin 24 cos th [Gulberga 2005)

nh 5t
(iii) L {3 cosh 5t - f ;tzh{sh{ 21} + 5L {o0s 21

Sol () L {3 sin 2¢ + 5 cos 2t}

S g2 0= T
= 3’(;—2—_—2—2_-"5)(;5:? /(st+;)4s>0
o)+ 25)+ s :
W)L {sin 57+ cos 263 =L {sin 56 * L-4o08 21}41 5{/:7,(irih 5t oo
(i) | : _ 3L {cosh 58} =%, o 35-20
{3 cosh 5¢ — 4 sinh 5t} = 5 2T 5>3
S _axg $735 235
=3><2/5'2’ §2-5 ko
.
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116 EXERCISE 1(A)
"‘

following functions:

. Find the Lay y

'. J:/m [Bangalore 2005] (if) (;Osh 3t K

{8 23 [purvanchal 2004] (v) 2 ey,
(Vl') £n st‘

(l'l'f) /7 \(;.l') '] (ff) .V/(-Vz - 9), §> I 3 l -
Ans. () /s =487 (i) (5040,

Jace transforn of the

s

2r(2/3)
(i) 33 . .
Laplace transform of the following functions

N
Ls>0 ) 455727 s>0 (vi) lOI‘(2/3)

2. Find the
O<t<4
[C'.0<1$l Iy [},)_ 2 .
(i) F()= @ F=1s 154 Ms.y
lo. >t ’ , "*V-Tm.%;

sin3r,0<1<m
(iii) F(t)= {0 o [Bangalore 2005] (iv) F(r) ={~l,05 15y
' Y

Ans. () {1-e "} fis-1), s %1 (i) {]+(S‘1)e‘4’} i
. 13

(i) (" =1+8)/(s—=1), s 1 () e 1y, 55

3. Evaluate the following:-
(i) L{sin2¢sin 3/}  [Kanpur 2012] (#) L{2 sin ¢ sin 31) [Gulberg,
(iii) L {t - sinh 2¢} [CDLU 2004] (iv) L{sin® 41} [Bangalore ;"ﬁ
(v) L{sin®2t} [Karnataka 2005] (vi) cosh? 2¢ 5 "
(vii) 38 + 47 - 5t + 7 (viii) 4¢™ — 2 sin 5¢+3 cos 2 29 43
Ans. (i) (129)/(s* + 1) (* + 25), s> 5 () (6 +4) (P +16), 554
(iii) (s> + 4)/s* (4 — 57), s > 2 (iv) (5% + 32)/s(s* - 64), s> 0
v) (s> + 8)/s(s* + 16), s > 0 (i) (P - 8)/s(s* = 16), s> 4"
(vii) 18/s* + 8/s> — 5/ + /s, s > 0 :

- (Vi) 4/(s +3) ~ 10/(s* + 25) + 3s/(s* + 4) — 12/5* + 72/s°, 5> 0

v 4.. Fim}i the Laplace transform of the Jollowing functions: s
(i) cos’t (i) cos (at + b) (iii) cos™dt +1t

@) 14+t +3/,t >0 (v) sin (at+5),£> 0 (vi) sin atsiné

(ii) scosb—acosb >0

s(s* +7) ;
2 2, 052 i) ————————— s
(57 +9) (s* +1) 5% +a?

s(s® +112) 1 |
2 1 n 3
(52+16)(sz+]44)+32’s>0 (zv) ;+F+F,S>0

Ans, (i)

(iif)
2abs _, s20
, (s? +(a-b)*} {s* +(a+d)’} |
If’gs?h'mng (or first translation) theorem, [Agra 20l

1F O} =f), thei {e" F ()} = f (s ~ a), where a is any real or comples col:f; !

»8>0 Vi)

1.1

¥ ~
r I f(s) is the Laplace lransform of F ), then f (s — a) is the Laplace transform Of:l 0
010, Purvanch® "
] 20“8‘ 1

Gorakhpur

here a is any real or complex number: [Osmania 2004, Nagpur 2
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Equating real and imaginary parts, we get

L fsi ;‘a(s2‘202) i ' ZMV
{s@ at cos at} = Ty aid L{sirﬂlatsméf}=m
_ EXERCISE 1(B)

led tt}sleesl;aplace transform of the following ﬁnhctions. | !
4. 3 [.Kanp ur 2004 - 2.e¥sin4¢ (Ravishankar 2010) S'fy .
6.; (3 sin 21 - 5 cosh 21) ; 5, &2 (3 cos &_ssmw
= e_3f°‘,’s 20+ (112) x sin 21) [Kerala 2001] 7. & (P + 3t +4) IB‘"’M: !
1;) j sin flt [Gulberga 2005) : 9, ¢ {3c0s 6t - 5 sin 6t} IM:;; sl

e p . G smh 3 cosz,filx""" i
14. Prove that L{(ar? + bt 4 ¢y, YR Lo & B

ol — s ; ] '
Sol. (a) Given that L({’ ’F_(fe)_}m) g (( :;} i
We have, L {(sinh a?) F()} = L{(1/2) * (;’: i ud i ; -
’ _(112) x L{e"F®) ~(12) XL (e gy |
=(1/2) x {f(s—a) —f (s + a)} by firgt shiftip
L{sin 31} = 3/(s° + 3% =3/(s* +9),5>0 g th

Now, . B ~ |
Using the result just proved by taking a = 2 and £ (s) = 3/(s* + 9), we e

1 3 3
. . e ——
L{smh2tsm31)-—2’:(s_2)2,+9 (s+2)2+9J

?.S—2>0, and‘s+2>0

3 1 B 1 & 125
=5[s2—4s+13 s2 +4s+13 ] s4+1032+1?9’s>2 B
Ans, ( ‘53)/(s“-10s2+16

(b) Proceed as in part (a)
Ex.11. Prove that (i) L {sinh at cos at) = a (s" - 24 W(s* + 4 ) , 9)’“3

(i) L {sinh at sin af} = 2’ s)/(s* + 4a). -
Sol. We have L {sinh qt} = al(s? - ) = As), say ut 2y
- L{e" sinh at} = f (s — ia), by ﬁrs_t shifting theorem Ml ()
a .
= G—ia) - » using (1)

= X _
(s2-2a%)-2ias " (s ~2a%)+2ias ~ (2 —247): +4g’s"

a(s? ;2a2)+2ia2s ' ' i -
s ©.. as e” =cos0+isinf

- L{sinh at (cos at + i sin at)} = -
s* +4q*

a(s® -2a%) . 2d’s

L{sinh at cos at} + i L{sinh at si.n ;zt = ¥
,}‘ st +4a* st +4dt

2

i
(s—=k) i(s—k)? s—k .
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b ¢ Transform
G "
ANSWERsg 1.21

6
1, 12057 ) 2. 4/(5* + 4 4 20)
6 _ S(s+1)
T B T
A +2s+5 ) +2s,__3
1, (4s2 —13s+ 12)/(s - 2)3
10.(20- 45)/(s* = 4s + 20)

N ll: el

3 (5= 3)(s - 65 + 34),
§ w208

A + 4S + 40 6-
8. 4/(s% + 65 - 7)

s
sP=25+5
9. (3s - 16)/(s* + 65 + 45)
1 (s~ 2)/(s> + 4), > |

y)

S“+06s5+11
i 2 +

(5=3) (s* -65+13) (s+3)(s2+6s+13)]’s>3

. The unit step function or Heaviside’s unit function. Definitio
The unit step function is denoted and defined by . "

—5>4 )

12. 4(S+4)5/2 <5

0’ ift<a

“a(t)=H(t—a)={l =)
) a

A1)
R LH(-a)} = jo e H(t—a) dt = I: e H(t—a)dt+ j' " & H(t —a)dt, using (1.

—as

=Iwe—” ddt=%—.

8 a N
41 Second shifting theorem or second translation theorem. [Avadh 2007;
Lucknow 2009; Rohilkhand 2007; Jabalpur 2004; Kanpur 2006, Agra 2005

{F (t-a), t>a

L {F ()} =/ " and G ()=

— as '\(-s)./

i c'/ L{G@®}=¢
4 Proof. By definition of Laplace transform, we have ' :

LiG (@) = j: Gty dt = _[: G+ [ G diy where 0<a<e

0,t<a

- J'“ o0 dt + j % e F(t—a) d{, putting the given values of G (1)

0 a
=0+ Jm e F(t-a)dt= j: e~ F(u) du, [Putting t—a =u and dt = du.
" Also note that when t=a, 4= 0 and when t = ©, u =®] °

_sa[© -5t using a property of definite integral
= e's”Iwe"“F(u) du=e m‘[o ¢~ F(t)dt, using 8 P P

0
= &% L {F (1)}, by definition of Laplac

" il itL {F (0} =/
= €% f(s), using z,lvel:‘ :::::m or second translation theorem

Anotp . L
If “lher form'of second shifting ! %) then  L{F@-aH (t-a)} =" fsh
d M

L{F (i)} = f(s d 4
(0} = (s) an “————'—"‘{U, s
1

HE-9D =, if t>a

e transform

[[r- -

L {F (1-a)H(1'"“)} " I

Prg,
*f. By definition,
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14
ﬂe

£ o]

_ _S,'G ) di n/3 » -
L(G O} .([e ) t‘_[o € G dt+j/3e"“G(t) dt

n/3 0
= e™™ .0 dt+J =8t g n
-[0 w3 . ol ‘“’5 dt,using given values of G 0]

= 0+‘r° e si el _. x
» n (t 3)dt-

=s(u+n/3) _.
Jo e .s +n/3) sin u du [putting ¢ — (n/3) = u and
dt

123

=du. Alsonote that when ¢ = /3, u=0and when t =, u = )

0 .

—sm/3 = . - LY

—e ST jo e su sinu du=e sn/Bj' e_s, Sintdt
0

= ¢~™3L{sin ¢}, by definition of Laplace transform
s L{G (@)} = €™ x {L/(s* +1)},s >0
EXERCISE 2(C)

sin (¢—2n/3),t>2n/3

Ex.l. Find L {G (1)}, where G (f) = {0’ ¢t <om/3.. : [Osmania 2004]

Sd. Proceed as in Ex.2. Here F (f) = sin ¢ and a = 21/3. Ans. 2B x (1/(2+ 1)}, s> 0.

“(cos (t—2m/3),t>2n/3 se 2™/
£x.2. Find L{G ()}, where G(1) ={0 t i‘zm& ) Ans. 5—,5>0
[Meerut 2008] g an
Ex.3. Find L {¢ H(t—1)}. . ~ . [Purvanchal 2004]
[Sol. Let F(¢) = €'. Then, L {F@)} = U(s —1) =f(s), say. -

Using second shifting theorem, we have PN TT
t-1Hi 1)} =e  f(s)=e /ls— ' .

H (- [~ )L F@Oy=fs) = LEC-D H(-a)}=€*f()]

Ex. 4. Find the Laplace transform of the following functions: | ~ _

(if) cos t H(t — ™)
O-1)HE=1)

(i) ~(se™) [ (P + 1), 5>0
g s rop i T 1
Avadh 2006; Agra 200#&[)/01' 2005, Osmania 2004, L‘LC(I/(:I) xf (s;a). '
If L {F (1)} Z 1), - then L { (an)} = .,
S ® st ¢ = L{F ()} = f(5)
PI'OOf. By definition, Io e ™F (t ) d {

0

Now L (ap) = [ Fla) 4t = gl

1 s ing (1)
_ l J«oo e_(s/a)t F(t) dt = ;f(—;) ’ using (
4.7 RT. 1.14.

e~V F () du, putting a{ =yand adt=du

1
HA SOLVED EXAMPLES BASED ONA

Y _I)I;rove that
EX.I.IfL {F (1)} = (Sz -5+ I)/(i;i;i -:34)/4 o+ 1)2 (3—2).

L{F(29}=
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1.26

Remark 3. If F () is discon
to e as shown below:

A et -
. 5 - d’+j € F (l)dl o S J‘ e V' .
L= [ e FOdt), "y 4
ained in remark 2. |
d F’ (1) be continuous functions for all ¢ 50 i

tinuous at [ = dy, dy,

from 0

and then proceed as expl
Theorem IL Lef F () an

. Y lass A, then Laplace transform of F” o

d ¢t = wandif F (1) is of ¢ : P

o by L {F" (0} = L {F (0} =s F O =F"(0). 15 ey

s given b - G () =F @) Mag,. "

' Proof. Let ' B d : n’%
so that G @n=F(@® an G0yap ;

Applying theorem I to function G (1), we get

L{G (0 =sL{G®}-G(©O) or L {F” (0} =s L {F ()} —F (0), USing (1) ng
But by theorem I, L{F (0}=sL {F(0)} - F ), nd (),
Using (4), (3) reduces t0 L {F" (0} =5 [s L {F (0} ~F () _p-,, -

or L {F (0} =" L {F (0} -5 F (0) - F (g, (0

Theorem IIL Let F (1), F’ (1) and be F” (1) be continuous for all t > ¢ 4, dic
E:pq”i’f‘

order ¢ as t — oo and if F" (1) is of class A then Laplace transform of F" (1) exissg warg,
T— L{F'0} =8’ LIFO} = FO-sFO)-F0). [y
Proof Let : G =F" (@ ‘
so that G' ()= F (1) and _ G(0)=F"(0).
Applying theorem I to function G (#), we get - L{G' ()} =sL{G)-u:§
or L { F (0} =sL {F"()}- F” (0), using (1) and.(2)
But, from theorem 11, we have - L{F" ()} =s*L {F ()} -sF(0)-F (0)
Using (4), (3) reduces to L {F”(} =s[s* L {F ()} -sF(0)-F OI-F'}

be’of exponential order & as t — oo gnd ifF™ @) is of class-A, then Laplace transforn 9" §
exists when s > o, and is given by ' '

where :;(n{)i’)(’:)}; ;%;;’{:‘ :tt():} S "FO)-5""2F(0) - ... —F"(0)
Proof, We S:ja” (L'lje the principle of mathematical induction to prove - n‘“u o
Forn=1,(1) l{’:duc(g}t: e (’1),}{;::?"- 'FO)-£2FO) _wh—lc}: fs mfcbfmw |
Hence (1)istrue for | (0} =s L {F @)} -F(Q ‘
Assume that!thi)result (1) is true for n = £, so that 3 0) o
We shal] nt\:}:mg)} =+ L(F O} = F )= 2F (0)- ™ F‘t @

L {Fk+ l)it;};e_rjﬁs‘:': (Dforn=k+1ie, we shtfll ptOV@’ th
=S L{F@)} - F(0) -5 F (O
G () =F* (@) ;

and

or L{F” (0} =5’ L {F (1)} = s* F (0)— s F’ (0)-F" (0).
IV. Laplace transform of the n' order derivative. General case. ,
et F (1) and its derivative F” (1), F” (1) ., F" 1) (1) be continuous for "”"ﬁlj

Let

so that | :G'(1)=F(k+l)(’) G(O)'
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Jace Transform i}
P plying theorem I to function G (1), we get

ApPY LGy =sL{G ) -G ©)
() = L AFY 0} < F (0), using (4y and ()
- =s S LAF @) =8 "F(0)-¢t-2 p ©)= ... - F* D (o)) - F¥ (0).
L) =t LAF O - F @) st 0y E )

Ihis shows that the required result (1) is true for » = & + | whenever it is true for 71 = &
by the principle of mathematical induction, the required result (1) is true for all positive

jjencCs
er

| SOLVED EXAMPLES BASED ON ART. 1.15
(15A. .
2(’) s show that : L——l M t 2000]
r — | { ==, show that — = eru
[\.l-l,l' n sj £ sl 3 m o I €
sollLet F{N=2 J/m) . Then F(0)=2 /(0/m) =0. (D)
d 2 ypl_2 1 n I
: "= —|—=1"|=—=x=1""" = —, - (2)
i P [JE ] Vo2 V)
Now, we know that (refer theorem I, Art. 1.15) L {F* ()} =s L {F (0} - F (0). (3

Substituting values of F’ (¢), F (#) and F (0) in (3), we get

SEE ! P . i (-’-) =

Jn cosyt T _uds u
b sind) =~ o that {5 = [ 27t (Meerut 2001, 05

| Sol. Let F(nisin Vf s0 that F(0)=0. (1)
. | 2 _cosVt

Again, F' (1) = g{- sin (12 = cos (" X! o ()

Now, we know that L {F ()} =sL{F (@} -F () «(3)

Substituting values of F’ (1), F (/) and F (0) in (3), we get

" . R ..
/{Lfi‘/i} w5 L{sin ) = 0= 5% \/31-:‘2 Vs 88 given that L{s'“ﬁ};’;"_’gz‘f" Vds
2\/1_ . - - 23- -

w %L‘cos im Jn Y - L{co}_ﬁ}z (1:_) g-m;_‘
WVt 251 ¢ '
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ped e Lap, %

. = we“"F " "
Proof. By definition, Q) J.o (¢) dt. i %}"”
Since F (¢) belongs to class A, Leibnitz’s rule *for differentiatioy, under , l
€ g S
justified and so from (1), we get i °fir,t%’
4

d (4 (st pe) de = w(—t “YF@) dt=_[° -
;s_f(s)— 0 ds{e' ()} I“ o t. J‘oe Wy,

’ f'(®)=- L {tF ()} orL {¢F (#)} ==fs),
WA . f lass A ;
seorém 11: (General case). [f F (1) isa Jfunction of c and if L, (p
then L {{LF @)} =(=1)" :

[Gorakhpur 2011; Meerut 2002; Ka.npur ?008; Lucknow 2099, 1;. »
Proof. We use the principle of mathematical induction to prove that 5 ag],,”hs

dn
LEFOr =1

a'f ,-1,2,3,....
ds"
[Agmo”

For n = 1, (1) reduces to

LiF@)=rrf)==f(s),

which is true by theorem L. Hence (1) is true for n = 1
Assume that the result (1) is true for # = k so that

. i d"f(s‘) iy ,
L{fF@}=( 1‘)"_ P ST T
. | - . N k
or J.O g% {th(t)}dt.=(—1)k%. R B

Differentiating both sides of (3) w.r.t. ‘s’ and applying the Leibnitz’s rule* for differentitt
under the integral sign, we get b8 i

aci itk = dk+lf() : s '__,.-t o
J.O as {e t F(t)}dt = (—l)kT_ﬂs or J;) (—t)e th(t) dt_( l)

kil gy
=i
ds

i dk+lf(s)‘

or L [ e e rayar= - dsm
: | k+1 o it ot
o LR () = (- 1yt 2 kf+_(1S) , using definition of Laplace rons?
ds .

i LRl e
+ 1 whenever & :_seﬁ'f:“ﬂ
d result (1) 81

oo

, _
n= k\gee:::: (;3 ts}}: ow Fhat the required result (1) is true for n = k.

iy 2 € principle of Y, . :
positive integers, ple of mathematical induction, the require

*Leibnitz’s rule for differentiation under th'e integral sign. Lﬁt aandb

Then f(s)= L F(s,t)dt = %f(s) =Lb£_F(5,f)JfL" ’ .
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S.No. Operation I20)) ‘ 1 o) i
1. ~ Linearity property e\F\(0) + c,F (1) X (l);)r I 0r';~(
2. First translation LU ch(Fz(l)}' !

or shifting theorem e’ F(1) ff'(
§~ a) '
F(t-a),t>0 |
3. Second translation G(1) = {0 o e\
o ()
or shifting theorem or F(t—a) H(t- a) S
4. |Change of scale property Fat) (7a) oy
- Sia
A F'(¢) § Lm
Differentiation theorem F*'(t) s L{ F(t)}=sF() F
-.‘. '(0)
_ F'(1) S L{F ()}~ 5*F(0)- S0y
6. |Multiplication theorem tF (1) -5
w.
' F(i) ) Ff (s)
7. Division theorem %F () Jm f()&
; — rﬁl -
8. Integral theorem -[o F(x) dx _ ;f ()
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w&e}se Eg%la/ce Transform

, piroduction-

" \e have already said that the purpose of studying Laplace transform is to solve differential

egral equ?tions' In next chapt.ers, 3,4 and 5, we shall observe that during the process of
1 in ifferential and integral equations we have to determine a function whose Laplace transform

sol‘l ady known. This is the reverse process of determining the Laplace transform. In this. chapter,
¢ popose 10 BIVE methods of finding the function whose Laplace transform is already known.
|nverse Laplace Transform. |Osmania 2004, Purvanchal 1996]

pefinition. If (s) be the Laplace transform of a function F(s), i.e., if L{F(:)} =/(s), then F()
Viscalled the Inverse Laplace Transform of the function f(s) and is written as F(r) = L™ {f(s)},
jere L s called the Inverse Laplace Transformation operator:

Remark. In view of the above definition, we note that L{FW} =f(s) & L™ {F(s)} = F (¥).

-

1
For example, L{"y= — & ! {L} =e
. S—a Ss—a

13, Null Function. « : |Osmania 2004]

! A ' X
Definition. If N(¢) is a function of ¢ such that j N(t)dt =0, for all > 0, then N (7) is called
1Null Function. y ‘

: 1, t=1/2
Example The function . N(@) = {-Lt=1
0, otherwise

& enull function,

Also, we can show that L { N (9)} = 0 .

Uniqueness of inverse Laplace Transforms. Lerch’s Threorem

Since the Laplace Transform of a null function N (¢) is zero, hence

o L) =/ > LFO+N@)=/6),

"8 that we can have two different functions with the same Laplace transform.
As an illustration, consider two functions : ‘

- Wy

0,r=1
A= : and R®= {e':" otherwise

Then we Can easily show that both functions have the same Laplace transform, i.e. 1/ (s £.3)....
f““tti(,n ' if we allow null functions, then the inverse Laplace transform is not “‘,‘i.,cl“e-xNQ\y null »
augwedst 0 not, in general, arise in problems of physical interest. Hence if.null f“nctions_i_.s‘;not: L
;fol.lown‘ te:()the inverse Laplace transform of a function is unique. This result is stated inthe .
rem. e
21
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32 The Inveys, Laplag,

ict ourselves to functions I (1) which are gec
Lerch’s theorem. If we restrict owr sel Si tomal

in every finite interval 0 St s1, and of exponential order for t >t then the inve
n A YR ique.
transform of [ (s), i.e., L " (s)) _II‘ ,_.(’),};:s';m of any function, we shall alwg

While evaluating inverse Laplac . Y$ assum, g

i ess unless otherwise stated.
;n;qll.::fe:se Laplace Transform of Some EJementary Functions

The student in adviced to study Art. 1.9 of Chapter 1 before studyipg this article
() To find inverse Laplace transform of l{s': s > 0. ; ;
Proof. Since L {1} = 1/s, s > 0, so by dcﬁmt.:?n L' (Usy=1,5> 0.
() To find inverse Laplace transform of 15", n being any real 'n‘llmber such th
Proof. Since L {"} =T(n+ 1)/ 5" I s> 0, n> -1, so by definition

oan
L" {.__r(n+l)}=[" or L—l{ / } d ,n>-1,6'>0.
s

o "+I, A I'(n+1)

(i) To Find inverse Laplace tranform of 15" n being a positive integer,
Proof. Since L { '} = n!/s™"!, 5>0, so by definition

; ‘ ! "
-1 n! = ! - =—
L {snn}"" or . = {s"*'} >

() To find inverse Laplace transform of 1/(s — a), £>a. _ [Andhra 199 |
Proof. Since L { e”} = 1/(s — a), s > a, so by definition -

af 1 -
L l{s_a} =eal’s>a

Do,

Contiy,
rse of | ap,z’ctl
]

‘"’I).l' ‘

[Guwahag 20

(v) To ﬂml inverse Laplace tran.gf'orm of 1/(s* - az),‘ $>|al
Prqof. Since L {sinh at} = g/ (*-d?), s> lal, so by definition

-] a . : H t
g {sz-az} = Siliiar o Lo 2} =.Sln:a s>

: . N R
(v)) To find inverse Laplace transform of s / (s* - @), s> |al.

‘—a
Since L {cosh at} =5/ (s* - a2), s > |a], so by definition

-1 s .
L {Sz _az} = cosh at, 5 > |q| (A‘“ 2010)
i To j_Ind lnve.rse Laplace transform of 1/(,-2 + a’), s> 0. [Meerut 200
Proof. Since Lisinar ) =a /(s + 2 ), 5> 0, s0 by definition |
-1)- 4a . » . . . |
i) < s R e L
(vill) To find Inverse I pheii “ |

aplace transform ofs/(s*+ad), s>0
Proof. Since L{cos aty =s/(s*+a?), s> 0, so by deﬁﬁition .

-1 Sy

{m} =cosat,s>0 : o
Remarks, Results of thjs article sh { v. With these resulth
inverse Laplace transform of al] functj ould be commited to memory. With these 72 pieh
will be presented at proper plac

presented in the table given on next page.
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. « s
:26051f§smt‘§€_'L‘1{%}’b T T
) A s°+1 [ Oy first shifting theorem
=—cost+-5-smt——e".[L~l S (1 :
5 3 | {sz +1}_§L~l +}]
= (3/5) x cos £+ (1/5) xsin £ — (3/5) x o $°+1,
=(3/5) * (1 =€) cos t + (1/5) (1+ ee-:) :ﬁt—(m) A
Evaluate tﬁle. inverse Laplace hafsjgos:i}s:ezfo(lloc}wing'
1. 1/(s—4) , [Gulberga 2005] 2. (s + 1)/(s* + 65 + 25) [Osmania 2010}
3.(s+2)/(s" ~ 25 + 5) [Kanpur 2008] 4. (ds+5)/{(s—4)* (s +3)} [Bilaspur 2004]
. [Meerut 1998]

5.(+ 5Y{(s + 2) (S2 + 4)} 6. 1/(2s + 3)1/3
8. 1/(s—4)° +5/{(s —2)* + 5}

7.5/(s +3)"" [Kanpur 2010]
9. 1/(s + 4)*? [Sagar 2004] 10. (s +2)/(s—4s+13)  [Ravishanker 2004]
1. 1/(s> - 65 + 10) [Ravishanker 2004] 12. o2 +s+172)

1 s+4 s+2

s+l Bl A ozt
[Ranchi 2010] 14. s2+4s+13 2 +85+97 §2 —4s+29

B 541
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2.28 : The Inver.ge Laplac, =
15. (25)/{(s— 1) (s +2)°} [Gulberga 2005]  16. 1/{(s—1)*(s*+ 1)} Pur "
17. 3s—2)/(s*—4s+20)  [Meerut 2011, Agra 2014] By 4"°halzoogl
ANSWERS
L (e et 2. & foos 41~(1/ 2y

3. é'[cos2t+(3/2)xsin2t] 4. 3te" +(1/T) x (¥ -
. )x(e" -¢ )

5. (1/8)x (3¢ —3cos 2t +Tsin 2t) 6. (1/2m1)" 2

7. [4e™ 12 (5-61)])/15Jn 8. (1/24)xr*" +esing

9. 2(t/m)2e™ 10. € cos 3t + (4/5) x ¢ sinX

11. ¥ sin ¢ 12. 18¢%sin (t/2)

gpd
13. (1/6) x & (97 - 2£)  14.(1/3) x'¢* sin 3¢ - ¢ cos 9¢ + €% cos 5t+(4/5)"13) s‘m
15. (2/27) x €2 (182 =3t - 1)+ (22T) x €'  16.2cost+(12)xelt-1

17. €% (3 cos 4t + sin 4f)

2.9. Second shifting theorem or second translation theorem - T
T o lee nccees ANNN. Deuraceraran hal 1008 Kanpur 1994’ 96; Meer!
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|
; . 7T v - N
\“=0)
.,0 a_bLe l‘lJ:—_l (ea’_eb')

he Convolution Theorem 49
16 ‘\-—z(jf-sonvm"ﬁo“ p

I
|

¥

| _ : rope
g ()} =F@)and L Heo)) =G, thep 5 lagraomt, 12; Kaupor 209

. L—l {f t
(Guwahati 2000, Osmania 2004; Meerut 29 ()&6)) = [, Fw)G (t-u)du=F+G
Rohilkhand 20(1);, 12; Nagpur 2005, 10; Purvanchal 2002;
s 14; Avadh 2006, 09; Lucknow 2010, 11],

proof. Let s |
H() = Lo F(u) G(t - u)du = F*G (1)

00

Now  L{HO)= |

t=0e H(¢) dt, by definition of Laplace transform

L{H(H} = .'t=0 e { J:=0 F(u) G(t—il)Ju}dt; using (1)
LU ﬁ

f integration in the double
a below the line OA (with
equation u = #) and above the line OT (with equation
4=0). Here OT and OU are rectangular axes, ¢ and u
' king measured along OT and OU respectively: In the
inble integral the strip 1S raken parallel to OU and if
e order of integration i changed, the 1P 1° taken

| .o of ¢ are from ¥
 paralle] t the new ]imits O oL
o0 OT and hence€ 0 . Hence changmg 0 u=0

0 and those of # are from 0 0
) i to
L. - ~ !_-LnnfﬂinHQ (2) reduces

~ In(2), the region O
integral is the infinite are

t=0

—»T
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5 The Inverse Laplgc, Trany,
0r

oo Lo &y '_ . . 2 -\u = . _N,“_", &
L{H()} = J:o F(u) {J, e G(t “’d’}d”-.[,=o ¢ F("){Lu ¢ G ")d’}du
= ro e™™ F(u) {J:o e " G(v)dv}du, putting f — u = v so that df = ¢y

[T, e R g@du= (o) e Fadu, by definition
L{H(")} = g(s) As) or L {As) g(s)} = He)
or L™ {7 () g(s)} = jo F(u) G(¢ - w)du = F*G, by (1)
“Remark 1. The convolution theorem can be re-written as: '
L{Ll F(u) G(t — u)du} = L{F(r)* C(t)} = L{F(t)}xL{G()} ICDLU 2004
Remark 2. While using the convolution theorem, we use one of the following two forms, The

particular choice will depend on the problem in hand keeping in mind the later work of integratio
involved in the later part of the solution. »

L) 89} = [[Fa) Gt =) or L) &) =[Gt Fu -

2.16 A. Solved examples based on Art. 2.16.
Ex.1. Use the convolution theorem to evaluate:

) L"{—-. : } o ' | inatl ()} o R P J
GFas+0) N (e oy
o I '
(iif) L '{m} |Bilaspur 2004, Meerut 2004, Kanpur 2004|_
Sol.(DLet  f(s)=1/(s +a) and ge)=1Us+b) ()
Then CFO= L r@} =L {15+ a)}: e @)
and GO = L'g)}=L" (s +b)} =t . -0

Now, using the convolution theorem, we have

LN/ )} = [F) G-

o {(s+a)(.s +b .[ %ng (1), (2)and (3) .

h-a)u L ik '
—e (h- ﬂ)"du e-—hl e( (h=a)t A —al "" ‘é
| J:) | b-a " [ ]] = b-a (e e : ) 3
(#i) Let S =1/(s+1) and g®=1/(s=1) (l)

Then FO)=L" {fs)} =L '{l/(s+l)}_e ' @ 0
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1 place Transform 245

jve’

L4

’ﬂd

~ GW=L g} =L " {1hs- 1) =¢ - (3)
- using the convolution theorem, we have

L {fs) g(s)} = J(:F(u)G(r - u)du
L—I ___I__ - J,e el "dl _ “2u
(s+1)(s=1) 0 ‘= eJ e du, by (1), 2) and (3)

= [—%e"z" :|; = —E‘Z—e' (e'z' - l) = %(e' —-e")
(iif) proceed as in part (ii). - Ans. (¢ — e 2)3.
Ex.2(¢). Evaluate L_l{“ s'(s* - a’ )} ; [Purvanchal 1996, Meerut 1993}
L {1 X5+ ) | [MDU Rohtak 2005]
Sol(a). Let ()= s and gs)= s -a) ..

Then F)=L "{f(s)} =L " {(1/s?} =/l =1 )
nd G() =L "{g(s)} = L {1/(s* — a®)} = (1/a) x sinh at .. 3)
Now, using the convolution theorem, we have V"’/

L'/ (s)g(s)} = J:F(u)G(l—u)a'u

J(: u X-‘I;X sinh a(r — u) du, by (1), (2) and (3)

l{[u cosh a(l—u)] _I’ - cosh a(t —u) du}

a -a o 0 —-a
—l—[—L'cosh0+0+—l-chosha(t—u)du] =__17+_1?[imh_a(l—_u)l
al a avo @ a L
——(l/az)f(l/a3)x(0—sinh at) = (sinh at — at)/a®

(Eb) Proceed like part (a). . . Ans. (af - sin aty/a”
X.3. Use the Convolution theorem to evaluate:

Tl L
o {Sz(sz _az)}

¥ L'{ 1 } [Osmania 2010} iy 1\ ! }
(s+1)s2 +1) | ls+2)s% +4))
(ii) L“{\l_
oy 6D +1)}
Hilet £(6)= s+ 1) and g)=1ME+1) a0

ow
» Using the convolution theorem, we have

“F(n < Ll{f(s)} L' (Is+ 1)} = e’ G(= gt {g(s)} = Lt {1/(s° + 1)} =sin¢ - (2)

L/ (5)8()} = I(:G(u) F( - ) di
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Applications to

| /Ql;dlnary Mﬁal /quations

3. Solution o.f ordinary differential equation with co\nﬂﬁcoeﬂ' '
@ . se we wish to solve the nth order ordinary dj P

i Supp _ - ry differential i i i
Ry +a, @ ' yld 4 a, (a2 Itial equation with constant coefficients

1 SRR ) Tea, y=F (), (1
o yhere ap dp - » a, a're constants, subject to the initial conditi(')’ns “ ®
T (0) = ko, Y (0) =k, YO =ky...., =D 0)=k V)
B nere kg Ky o e k, _ are constants, . n—1? -

On taking the Laplace transform of both Isides of
| quation (which is known as: “subsidiary equation

| lution is then obtained by finding the inverse Laplace transform of I {y (1)}. Since the formulas
of Art 1.15,.Chapter 1 c?epen.d on the initial conditions of the differential equation, these conditions

| e automatically contained in the final solution of the given differential equation when the inverse
is found.

. Very impf)rtant note. Students are adviced to commit to memory all rules of finding Laplace
| mnsforms and inverse Laplace transforms discussed in chapters 1 and 2.

Notations. In what follows, we shall adopt the following notations:
() dy/dt =Dy =y'(t) = yO (1), d’yldi* =D* y= y"(t) =y2(),...
d"y/dt" =D" y = y\"(¢) etc.
(i) At1=0, we have  y (0) =y, YO =y, YVO=y,....»"0)=y,

} In some problems, the dependent variable may be x or z etc in place of y in (1). Then we
 meke the corresponding changes in the notations which have just been discussed.

The whole procedure of solution will become clear by reading the following solved examples.
1A, Solved examples based on Art. 3.1 :

Ex. 1(a) Solve (D? + 4)y = t given that y(0) = y'(0) = 0 and D=d/aL.

; (1) and using (2), we obtain an algebraic
') for determination of L {y ()}.The required

[M.S.Univ. T.N. 2007]
Sol. Given ' Y +4y() =t : w(1)
Vthiniial conditions: H0)=0 dnd y(®=0..2)
Taking Laplace transform of both sides of (1), we have
1 L{y"(l)}+4l,{y(1r)} = L{1) or s* L{y} - 59(0) - y'(0) + 4L {y} = 1/s?
Y @rayLg) = g o = Ly} = (S + ), wsing @) .3)

Taking inerse Laplace transform on both sides of (3), we get | o

I Y A }=_l_(t_sin2t)
yiL"{“""’ =4 |2 sP+d) 4 2 i

3.1

52 (s2 +4)
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Applications ¢, ord,
]
= " differg, al

Ex. 1(b) Using Laplace transform method solve (D + D) x =3, i, _ Pt
& (Rohilkhang 201 k{' ey
Sol. Re-writing, the given equation gives  x'()+x"(f)=2 - ’qu
Given boundary conditions are X 0)=3 and X(0)= "0
Taking Laplace transform of both sides of (1), we get | gLt 0
L{.\"(f)} I+ L{.\'”(f)} = ZL{I} or ,SL{x} —JC(O) +S2L{X} —SX(O)_x, )
or sLix}-3+ s? L{x} - 3s— 1 = 2/s, using (2) *Us
. 2 B o i . L{x} 33 +4S+2

or (s+5°)L{x}=—+4+3s or el |

s s (s +) - ‘

32 +45+2 A ,B.C |

Let ) SZ(S+.1) S+l s 2 . ..(l) |

@ = 3 +4s+2=A+Bs(s+ 1)+ C(s+1) -
Equating coeffients of s, s% and constant terms on both sides of (5), we have
A+B=3, B+C=4 and C=2 = A=1, B=2, (=
+. From 3), Lix}=1/s+1)+2/s+2s - & 0
Taking inverse Laplace transform of both sides of (6), we get .
x=L1s+ D)y +2L7 {I/s} + 2L {1/s?} = +2+2
Ex.1(c). Solve (D° ~ 1) y = a cosh nt, if y = Dy = 0 when t = 0.
Sol. Re-wntmg the given equation and conditions, we have | R
' y"—y =a coshnt, : Ll ol
with initial conditions:  y (0) =0 and  y@©@=0.- -0
Taking Laplace transform of both sides of (1), we get | i |
L{"-L {v} = L{a cosh nt}

or  SLO-sy0) -y (0)-L ) =asls’~ ?

or - (s—l)L{y} —s X 0—0=as/(s*—n’), using (2)
N as _as [(s2-1)—(s?—n?)

or L{y}= (sz_l) (s2—n2)—n2—1{ (sz_l) (sz_nz)}

1 1 . L8 k)
or L{y}_ [“'— — 4 - —‘——‘:|
n® -1| 5% —p? sz-l] R O

Tak_ing inverse Laplace transform of both sides, we have

- oy= iy A s h nt - °,°Sh')'
n’ —1[ {sz—nz} - {sz—l}]-n 21 o3

Ex.2. Solve (D7 + 1)y = 6 cos 2, ify = 3, Dy = 1, when t = 0. !
[GATE 2011; KU Kurukshetra 2005, Meerut 2012, P“l""‘"

Kanpur 2012; Gorakhpur 2009; R0
Sol. Re- ertlng the glven equation and conditions, we have

YVt+y= 6 cos 2¢t,

with initial conditions: ' y(0)=3, i d
Taking Laplace transform of both sides of (1), we get : £
LM +L )= 6L{c052t} or &L {y}-sy(0)-y (0)+L o
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Jications 10 ordinary differential equations
o

(S + 1)L {y) 33
‘ =3=1=
U N ] §=1=6s/(s> + 4y, using (2)
, L{)r}=sz+|+\sz+l+%_=i+ U |
(1) s +4) sty .s'2+]+ ' sS4l sP+a
' - N )
ST+ 24 EPTE )

Taking inverse Laplace transform of both sides of (3), we get

Y=5cost+sin-2 cos 2
Ex3.Solve (D' + 4D+ 8) y = 0,y (0) = 2, y/ (1) = 2

» . . [Rohilkhand 1997
Sol. Re-writing the given equation and conditions, we have :

s | Yi+ay +8y=0, S (D)
yith initial conditions: y(0)=2 arid Y ©0)=2. ..(2)
1 Taking Laplace transform of both sides of (i), we get L {)”"} +4L {y’} +8L {y}=0"
T SLYY -5y ) -y (0)+4[sL{y}-y(0)] +8L {y}=0 ‘
" (s> +4s5+8) L {y} ~ 25— 2 (4 x 2) =0, using (2) '
. T L{y} = Q@s+10)/(s*+4s+8): . PR

Taking inverse Laplace transform of both sides of (3), we get

o o5 2_(fj_2)_+_6. = U L‘,‘{2—:—+—6}, uSing the first shifting theorem,
(s+2)° +4 st+4) ;

r s 1 1 }]
= e R +6L
e v

E | — ¢ 2 {2 cos2t+6 (1/2) x sin 21} = ¢ (2 cos 2t + 3 sin 20).
‘B Exd. Find the general solution of (D7 + sz}' = (())and veripy. it -
Sol. Given that : yrky=9..

. '. II. + L = 0
Taking Laplace transform of both sidesof (1), - L " KL {}

CAL ) -y @y @OFELOE=0 »
(+ ) L {y} - As—B =0, wherey (0)= A and " (0) = B; say
, 1

-

« (@)

As+B_ % _4Bx

" L{)’}=?:I2‘"Axsz+k2 AR 4

4

. poth sides of (3), we get . :
Taking inverse Laplace tr/inch)(;r:: f(B/k) « sin ki = A cos ki + C sin kt, N E))

] Ve ¢ Bik. (3) is th seneral sol ution of given equation and A and C are arbitrary constants.
: = Bik. is the :

. . o wort, ‘', we have : b
Verification: Differentiating (3) twice W y=- AR cos kt = Cksinkt (4 -

_ Y =~ Ak sin kt + Ckcos K am(s') and (4) in (1) we get
" Substituting the values of ¥ and f.’”,?, =0 ooor 0=0,
okz-cos ki~ CH sin ke + K (A cos K+ Cainkl)= ‘
"nethat(3)isasolution of (1): s gy = 1 and ¥ () = 41488 2008; Meerut 2001]
0, *5(a). Solve (D + 2 x=*° -t x@=-h% 0).=4 ; e
e A i o
0 iven (D x” (4 4xrr+ 4x = 4e “, and x: (0)=4. ,.;? (2)

%

with- :
inis:
MWial conditions: ~ * (0) =~ !
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10. (

11.
12.
13.

14.
15.
16.

17.
18.
19.
20.

21.

ng Laplace transform methoq
(DT 1)y=0,1>0, given tha

_ (D*+6D+25)y =208 ¢*
@ *Dy=11>0ify=Dy=D"y=0when=0. [Ravishankar 2004]
@+D)y=¢e%y(0)=y (0)=y"(0)=0. -

1
2
3
4
5 (
6
7
8
g, D'-D)y=2cost,y=3,Dy=2,D’y=1whent=0,

W)= Aand ¥ () =
EXERCISE 3 (A) X' (0)=B,
solve the fo1,
. ty =
(D + 1))’ = 1, glVen thaty =2 Wh

wing equations:
Yoo When ¢ = (.

D DY=0 =1, dydrm g e
( = ’ = ) ydt:O Whent—
' ) ’ =0, . :
. ‘Di +9)y=18t,if y (0) = 0,y (W2)=0, [Osmania 2010, Ra;flossh;zﬁ?: ;3(1)3}
+ =0.y= :
D' +3D*2)y=0,y=y and Dy =)y atr=0. [Rohilkhand 1994]

»6>0,ify=1,Dy=0whent=0.

D?+4D +4) x =sin wt, t > 0 with x, and x, for values of x and Dx when 7 = 0.
(D3__D2 +4D-4)y= 68 'e“sinZt,y= 1, Dy=-19, Dz.y.=—‘37,att=0.
y" @+ y" (f)=cost,y (0) =y' (0)=y" (0) =0, " (0) arbitrary.

N : ra 2005
), + 4y, + 5y =(cost—sint)e 2 50)=1,y 0)=-3. [Agra 81
(1232 D+ 2)y=1-¢y0)=1,y©=0. ~  [Osmania2010; Avact 2337}
B B 4 ’ . [Guwahati
Fodltx=tx©=1xO0="2 L [Kanpur 2006]
= "(0)=
25y = 100085 YO =2 V1 = | (Purvanchal 2004]
45y +6y = 502, y0)=2, y'(0)= | (MDU Rohtak 2005]
—_ g =0 '
y"+2y'—3y=sint, y0)=0,7 © o [Kanpur 2005]
2y”+5y’+.2y“e—2t’ y(0)=}"(0)=1 ) [Kuvempa20051
2t 0)=-1,x'(0)=
211(1) +4x' (1) + 4x(t y=4¢,x(0) [Bangalore 2005]

f =4 '(O):‘_"l L
y"(f)—2y’(t)+y(t)=e,y(O) 2,y |
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3.24

Applicalions to ordiy
y ]

2 1 ”
23, y” ([) +y” (() - 4)” (f) - 4y (t) =F (t)» 'fy (0) =,V, (0) =0
24,y ()-RyO=FO,ify(0)=0=)"0), kzo0.
25. Find the general solution of d* yldP - 2k (dyldt) + B y < p .

26. dyld+aly =F(t), 0)=1, y'(0)=-2

N

Delh;
ANSWERS (PP (Hyy
1 y=y, e 2.y=1+ e"z.’ d.y=cost. i ;
5 y=@pty)e —0pty)e 6.y=4¢"— (3/4) x ¢ @ ;os ;:‘lfnlf_
7. y=1-(1/3) e-{_(2/3)xe1/2fcos(t\/5/2). 8.y=—(1/2)+(1/]0)x "2l+(l/5)x Yxinzc_
9. y=cosh t+3 sinh t—sin/+2. Qw‘“ﬁ
10. y= e {xo(1-20)+(x +4x°)‘+4fym2 +(4:;02)2} —ij%)zmm(:;\::ym

11. y=(1/5) x (¢ + 14 cos 2t -3 sin 2) — 2 €' (cos 2t + 4 sin 2r),

12. y=1—1+(1/2) x A? + (1/2) x (¢ + cos 1 = sin 1), if y” (0) = A.
13. y=e? [cos t—(3/2) x sin £ + (1/2) x £ sin t + (1/2) x £ cos f].
14. y(1)=(1/2) x (1 + ¥) — te*

16. y(f)= (2 + 1) cos 5¢t—(1/5) % sin 5¢ _
18. y(f) = (1/40) x (¢* = 5¢7) + (cos ¢ — 2 sin £)/2
19. y(H)=(20/9) x e+ (1/9) x 3= 11) &

20. y()=Qt-1+2%) e '

15. x(1) = cos -3 si'ﬁkl+v

. ’ :
)y =0, Y0 =1, Y (0) =1 "Ml hy

) n
Y (0) =2, ‘Mymfezw

t

17. 3(6) = (1/4) x (3% + &)y

2150 = -3+

22. y(t)=é€'cos ¢ , ' ‘ 23, sint+!

. 1 -
24, y=smh2t+-EJ0(e2"+3e'2“—4e'“)F(t—u)du ’

3.2 ion of ordinary differential equations with variable coefficients
= uppest the given differential equation contain a term of the form

( . d"y(t ' ' d" - ompl.
Y0 (1), ie., 1 % the Laplace transform of which is (-l)"'jd;—,;L{}’(" (’)}5

d
The method is illustrated in the following examples

3.2A. Solved examples based on Art 3.2,

- \I- l _ ¢ . l g
25, y=gp ] @ =TG- du 26, y={(B-Ak)+ AN+ || -0F08

. o
Ex.1. Solve [t D? + (] - 2)D-2]y=0, y(0) =1y =2 (et It
Sol. Given : !
e ty’+y -2ty -2y=0, : 22wt
" with initial conditions; y(0)=1 i Y afld Y (0)—?-0

or

or

Taking Laplace transform of both sides of (1), L{tyy+L{} - 2L {,};}.—ZL

d - |
CO L0020 Ly oL =0 .

"G L0y O 5Ly} (o) + 2.2 151 0} YO
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10 ordinary differential equations ' -
oot .
[ d s . g 3
__;b—[s y-s- ]fsy-1+2£[sy_1]_2y=O’by(2) .0
o _ .
e have written L {y} =¥ () ()
Where . ) |
dy = . dy. _] -0
et =l 2 —y. _ i ay .. _ 2y _
From(3)vweg [ s +2sy l]+sy 142 s s y
dj)- y ﬂ +__d£— =0.
or e 7 "oz
y 5 = Cl(s = 2).
[ntegrating, log y+log(s-2)=logC or y =Cl(s—2) “
' L {y} = C/(s —2), using (4).
i ' i have
. iverse transform of both sides of (5), we ha s
Teking 1Y y@®=CL ' {1/(s-2)}= Cé*. (
putting ¢ = 0 in (6), we get Yy (0)=Csothat C= 1,' using (2). -
Hence, from (6), ¥ = ¢ which is the required solution ]
) 4 i . = ’ 0) = 0. -
Py rdty=0ify(©@=3y( 0
o W ’ tyr+ytaty= 0 .2
Sol. Givén o1 <5 iy () =0, )
yihinitial conditions: y ()=

7} + L +4L{ty}=0
Taking Laplace transform of both sides of (1), L {n}+L U}

d p—
' %L{y”}w{y'}w(—l)‘EL{y}-o
d

or

| -
. Li{yt—y(0)—4=-L1}
d L{ }_3;_4_‘_1_L{y}=0,using )
w g1 LUl T (@)
“ Lp)=F © 3
- | 4.@-:0
A (27-39)+F 37
Then,3) = ds .
[S2%+257’3]+5}"‘3"47;"
0r 2 ’
| 4y, 1, 2 g,
° o 4y 0 or . Vo2 sS4 G
| i e e 2 U2 ;o
AR i = cl(s® +4)"
| - 1/2) log P+ =los ¢ of ¥ el s
Integrating, log ¥ +( ; R 412, using (4)
L{=
=C L_l {-’2—*12—2317-2—} =C 10(2‘) e (6)
R 40k {(“‘24’4)”2 N 2 a?)2]
' . 1228, Chaptr 1, L (@)} = V(5" +a )L
[ fromEX 1 (3,0t P _ C. using (2) and noting that Jo (0) = =

C _]0 (O) or3

h is the required solution

y(0)=

Pug i i
Uting ¢ = 0 in (6), we 8¢t J, @0 whic

ence from (6), ¥ =7
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=t 2 e ! (\1 I 3
sP(s+1) s+1 s+1~;+\2)+\5\
$°) s

Taking inverse Laplace transform of both sides of (6) we
y@®=c(e' —l+t)+5

Since given that y () = 0, (7) holds only if C = ¢

Then from (7) y =5 &', which is the required solution,

EXERCISE 3 (B)
Solve the following differential equations:

Lty @+y@+ty@)s= Oy(O)-ly(O) 0.

get | 8 intg -

2ty )+ @+ Y O+(+3)yB=ac’ ’ o
3. y”(t)+aty’(t) 2ap D=1,y (0)=y" (0)=0, a>0 '
ANSWERS

=J, () . 2.y=[A+(1B3)xa]e’ b
W{r of simultaneous ordinary differential equations T

Simultaneous ordmary differential equations involve more than one deP"'“de“"#

Laplace transfom 1s needed for each variable. The procedure is to solve ﬂ"" iﬁm#
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