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o (dea) for alle,de F, all o

1e identity element in F gy,

(c+d)Oa= (c O a)
Yf?o (cl @2 = a, 1 being t! )
' ; F,+,,8,0). The ¢]
ce is denoted by (V; Fs elemg
egﬁe‘(,ie?ez:riaand the elements of F are called scalars, p Iilts M
ar

the ground field (or the field of scalars) of the vector space, s calleq

ols +,.,®, O denote four different compositiopg 4 .
F—I‘:o‘;'r;.sy:Tx}Ez{F—'F;e VXV o ViOo:FXV 5y +e.8hx

. dispense with @ and use only + to denote both .types of ad ditioy, \iyll
shall dispense with © and . both and denote c.d in F by ¢g ang dé b
vechy Space o

c¢c@®ajnV by ca.
Aerefore, a non-empty set V is said to form a vector space

0

field F if N .
(i) there is a binary composition -+ on V, called ‘addition’, Satisfyy, -

the conditions 4

Vi a+pfeVforala,BeV,
V2. a+f=8+aforala,fEV,
"\;3, a+(B+7)=(a+p)+ for all a,B8,7€V,
Ve i e 0 0 g
V5. for each  in V there exists an element —q in V such thg
a+(-a)=6;
) and (ii) there is an external composition of F with V, called ‘mult}
plication by the elements of F* satisfying the conditions
Ve. ca€Viorallce F,alla eV,
V7. c(da) = (cd)a for all c,d € F, all o € V,
V8. c(a+f) =ca+chforall c € F, all a,BEV
V8. (c+d)a = ca + da for all cdeEF,allac V,
V10. la = q,1 being the identity element in F. ’

The el :
e e;lz:eexte(:'f] V are called vectors and the elements of F are called

cation by scalars’, composition of F* with-V-is also called, ‘multipli

In particular, V is said
space) if the field mﬁ;‘(%—fa\ml vector space (or a complez yech!

Since F i :
. Sinea i: a field, it has the zero element 0 and the identity element
element with reg p with respect to addition, the identity
pect t ition 4 .
be the.zero o o thc: H:dxtlon s the zero element in V. This is said 10

ull vect i i
tWo zero elementg (t orand is denoted by 4. In order to ayol

Vv

sed for bot,

Md the vector 725
th .
Do) oceurs the symbyo] willdll)fze;ent symbols. But when no such confusio®

h the zero elements.

heid £ '
WP kg i dered
\ = =5 X3 ~,
IS dehrad foy, d'g;wui{%i)‘c{%—g&d multh,
‘ .

VECTOR SPACES 113

Real vector space.
bbbl i

A non-empty set V is said to form a real vector space (or a vector
space over the field R) if
* (i) there is a binary composition (+) on V, called ‘addition’, satisfying
the conditions .
Vi a+peVioralaBeV;
V2. a+p=p+aforalq,peV; :
V3. a+ (B+7)=(a+p)+.for all a;3,y € V;
V4. there exists an element § in V such that a+8 = o for all a € V;
V5. ‘for each a in V there exists an element —a in V' such that
a+(-a)=6; )
and (ii) there is an external composition of R with V, called ‘multi-
plication by real numbers’ satisfying the conditions
V6. cacVforallceR, allaeV;
V7. c(da) = (cd)a for all c,d € R, all « € V;
V8. cla+pB)=ca+cBforallceR,alqBeV; 3
V9. (c+d)a=ca+daforalle,deR,alaeV; =3
V10. la = a,1 being the identity element in R. i

The elements of V are called vectors and the elements of R are called
scalars. 'R is said to be the ground field (or the field of scalars) of the
vector space V. ’ i} .

Examples.

1. Real vector space R™. Let V be the set of all ordered n-tuples
{(a1,a2,...,an) : ai € R}.

Let + be a composition on V/, called ‘addition’, defined by

(alsa21'--)an) + (b11b2'---|bn) = (G) + blga2 + b2;"'1‘an + bn)
and an external composition of R with V, called ‘multiplication by real
numbers’ be defined by :

c(a1,az,...,as) = (cay, caz,...,can),c € R.

Then the conditions V1-V10 are satisfied. Therefore V is a real
vector space and it is denoted by R”,

(0,0,...,0) is the null vector of R" and it is denoted by 6.

In a similar manner the vector spaces R* R3, R4, ... are defined. The
set R itself forms a real vector space.

2. Real vector space C. C is the set of all complex numbers {a + ib:
a€RbER,i=/[-1)}
Let + be a composition on C; called ‘addition’ defined by
(a+1ib) + (c+id) = (a+c) +i(b + d);

HA-28
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Exercises 6

1. Prove 'that in a real vector space V
(i) ¢(a = B) = ca — cf, where ¢ e R; a,BEV;
A(ii) (c—d)a= ca — do, where ¢,d€R; a € V;
(iii) (—¢)a = —(ca) = ¢(—a), where ¢,d €R; o, B € V.
@ Examine if the set S is a subspace of R3.
6) S={(z,y,2) €ER®: 2 =0};
@) 5= {(z,y,2) € R 1z = 1};
(i) S = {(z,p,2) eR*:my=2}; .
(iv) S = {(z,4,2) e R®: 2+ y+ 2= 0};
W S={(zyz) eR:z+y+z=1 =~
@) S ={(z,y,2) € R:z+2%-2=0,2x—y+2z _—.,'0}; {0
(vii) § = {(:c,y,z) eR¥:z+2y—2=120-y+2=2}

@ Ifa=(1,1,2),8=(0,2,1),y=(2,2,4), determine whether
(i) o is a linear combination of 4 and %, i
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‘\‘1/“ ' ' . ‘ : VECTOR SPACES ' LA
126 fyond @ T , o :
‘ 0 biﬂaﬁon ¢ aﬂd p_ AL
(i) ,3lsahn¢1*r bm,tiOno a ) . ﬁ} and shoy ) 4.4. Lriuear dependence and Linear indep;endence.‘
on com termine L{a, that L : : : feld
(i) 75 ) g=( C - &g A finite set of vectors {a;, s, ..., a;} of a vector space V over a fie
1a=@GF ’ i \ F is said to be linearly dependent in V if there exist scalars c1, €2, - +1Cns
) fg : ] _g). Determize L{a B} Exalnine . not all zero, in F such that o
Y a08= G » ) ' b er e, - .
= 113' i i L(a A ; 1) + +rtepan =60 .- |)
@) InRa’u=(4(.7,‘2) gre in L% VecwrspaceVsud)!shat Ql.'_qz . L et 2 . n n=0 = ' ( a lity () is
(—1,3,2).5 rorsia real (s} Fog The set is said to be linearly independent in ¥ if the equa
Let a1,02/%3 “e} L{a,,as}?I‘ % : tot  satisfied only when ¢ = G="7. =, =0, :
) = = {a ! ~ . P : - .
¥ \gove that L{al."l’ : (mat po+h +Z%§¥= L(T) f'f(; Ny *q) 2%~ An arbitrary set S of vectors of a vector space V over a field F" is said
5= {oThP =y prove that )" %o beTmearly dependent in V if there exists a finite subset of 5 which is
& br.::s in a real vector 5pace eal vector space V such thag Cln ., linearly dependent in V. oHa § 15 L-F- : i)
— : ; S :
= o4 mvecw”:: aro rea].numbeﬁ with ceq 3£ prw-c:% iffl A set of vectors which is not linearly dependent is said to be linearly
; zaf?ﬁ% b, whﬁ:;,c::a:} = L{oyom 03} ' % i ,_dm el ‘ - R ~ '
L{m,dz.aa,ad} =S £ ol real valued continuous functiopg defy, Although the definition of linear dependence or linear independence
ng Prove that the sef Clat] °a eal vector space if : i refers to a set of vectors, we shall also state that the individual vectors
10 R . ; .
% ‘ﬂ@ge o osed.inteml [a.b.l (f+9) @)= f@)+9(2).fg € Cla, b, o1, a?, ++ 120 are linearly d‘ependent or independent. .
\:_,ed' (i) sddition is defined by kier v 8 defined by (r.f)(z) < fle Theorem 4.4.1. A superset of a linearly dependent set of vectors in a
\ (i) mult plication by & real o ; ht vector space V' over a field F is linearly dependent. .
Cla, b o : ed diff . - Proof, Case (i). Let S be a linearly dependent set of vectors containing
- that the subset D[a,b] of all real valu crentiable f“nCti% a finite number of elements ay, ay, ..., ay. Let T be a superset of 5. Now
e ::'lw‘::e [a,b] I8 a subspace of Cla - ’ o S being a finite subset of T and being linearly dependent, T is linearly
defined on [a, I of the vector space Ray,, Wherg dependent, by definition. L S
ine if the set 51 . .. h L . ec
@- Examine if the . . Case (ii). Let S be a linearly dependent set of vectors containing an
' 3 0 §= {ab ) €Rpaa+b=0p; : infinite number of elements and T be a superset of S. Since S is linearly
. @)s= \ ¢ d . : . dependent, there exists a finite subset P of S such that P is linearly
P . dependent. Now- P being a linearly dependent finite subset of T, T is
; d=0 Y dep )
(i) §= {( e : ) €Raa:atbtet .}" ’ linearly dependent, by definition.

This completes the proof.

b Roya: a b\ _ ob: | .. . ) |
(i) § {( : d ) €Raua: det ( c d ) o . Theorem 4.4.2. A subset of a linearly independent set of vectors in a
- s, ¢ . vector space V over a field F is linearly independent. )
(iv) S is the set of all 2 x 2 real diagonal mat;rlces, y o :

\} T P * Proof. Let S be a linearly independent set of vectors and P be a subset

{ (v) § is the set of all 2 x 2 real symmetric ' of §. If P be linearly dependent then § being a superset of the linearly
| . (vi) § is the set of all 2 x 2 real skew symmetric matrices; . dependent set P, must be linearly dependent, by Theorem 4.4.1. But it
L : (vii) N i st of sl23%2 reslupper Glangularmatilcen- © . - is.not so. This proves that P is linearly independent.

‘ - (viii) ‘.‘I)"E;'Ehe set of all 2 x 2 real lower triangular matrices. " Note. The set ¢ is linearly independent.

| ) @ Show that the set S is a subspace of the vector space C[0, 1], where - vFPheorem 4.4.3. A set of vectors containing the null vector 4 in a vector
f : space V over a field F is linearly dependent. ’

() §=1{feclo,1):40) =0k (i) S = (f € C[o,1] : §(0) = 0, £(1) =0}
\)5/13- ")7( a Veéb’r—SPN—Q ‘\/;]S bo cef o4 92;‘ V‘af”"‘ygw
A MQ p:(z*lﬂﬂé"d ~Fnelpe aver R <iton Sted Mr"iﬁ/‘éﬁl

FEh o Q"‘Q?V "973;% t1o'se o aruspettD
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o s § s limeasly dependent since e tely,
he S :

sncontaining the null Vect,

T g,
i« linearly dependent by Theorep,

4.4‘1‘

ting of & single NON-Zero vectq,
. nsisting O
he set €0

oy
444, T Tinearly indepen ent.

i

rem 4.2.1.(v).

The proof follows from the Theo
Worked Examples. .
Examine if the set of vecto

RS

ependent 10 R : * =
it e o (151‘10) = 0, where ¢;
Let us consider the relation 10 +caf +c3v =06, i

s {(2, 1, 1)(11 212)’ (11 1, 1)} ?S’lineaﬂy

C2.¢3 are
| numbers. _ '
" hen 613, 11) + e2(1,2,2) + ¢s(1,1,1) = (0.0,0).

Therefore 21 +cz+c3 =0, c1+202+c3 =0, 1420 +¢5=
or equivalently, 2¢1 fe fcs =0, ¢1+2c2+c3 = 0.

The solution is ¢; = =k, ¢z = =k, ¢3 = 3k, where k is a real numbe;

¢a8 + c3y = . For example, ¢; = 1,¢p = 1,é3 = -3.

Since k is arbitrary, there exist ¢, c2, ca, not all zero, such that ¢jqq

Therefore the set of vectors is linearly dependent.

() Prove that the set of vectors {(1,2,2),(2,1,2), (2,2, 1)} is Tinearly

- independent in R®.

o Leta=(1,2,2), =(2,1,2), = (2,2,1).
Let us consider the relation ¢

real numbers, .
Then 1(1,2,2) + a(2,1,2) + 5(2,2,1) = (0,0, 0).
Therefore ¢, 4 2cy +2¢3 =

10+ €23 + c377 = @, where ¢y, ¢a, c3 att

0, 2¢; +C2.+ 2C3v= 0, 2¢1+2co+c3= .
This is a homogeneoyg system of tliree equations in ¢y,

éz ,C3-
. | 11 2 2
The co-efficient determinant of the systemis | 2 1 2 |=5 70
o < ' 2.2.1:
By Cramer's Tule, there exstg a unic '

solution js 1=0,¢=0 3=
,C3 =

ique solution for ¢;, cp. c3 and e
Y i gt gy ik wbt
independent.

This proves that the set of ,vectérs is lineafi‘;

: 129
VECTOR SPACES .

'3y
Theorem 4.4.5. If the set of vectors {ay, az,

‘r—-v-fw’V‘—‘ ...,an} in a vector spact;
over a field F be linearly dependent, théff at least one of the vectors of

the set can be expressed as a linear combination of the remaining others.

* Conversely, if one of the vectors of the set {a1, a3, ...,an} be a linear ,
combination of the remaining others, the set is linearly dependent.
4’00' Since the set {e1,as,...,a,} is linearly dependent, there exist
scalars €1,¢2,...,¢q in F, not all zero, such that
ciay + ez + -+ + cpay = 6. -
Let ¢j # 0. Then cj_l € F and cj'¢; = 1,1 being the identity element in -
F. - ) ’ .

Now cja; = —c101 — coag — +- - — Cjm10_1 — Cj41C 41— =" — Cnn.
Therefore aj = ¢ [~c101 oz =+~ ¢j_10j-1— €r410541 = - —Calin]’

o =diayr +droz +--- +dj_y@5.1 + djp1a41+ -0+ dnCn,
where d; = —cj‘lc; €Fi=12,...,7-1,5+1,...,n.

This shows that a; is a linear combination of the vectors
al,az,...,a_,-_1,a,-+1,...,a,.. v )
Conversely, let one of the vectors, say aj, is a linear combination of the
other vectors of the set. . ’

Then aj =riay +roas - +rj_1dj_1 + rj+iaj+1 + -+ rhap, for
some scalars r; € F, i = L2,...,5-1Lj+1,...,n.

Therefore r1a; + roag + -+ + Tj—1Q5-1+ (f eaj + Ti410G41 F oo

Than = 6. e ‘

Since the above equalit.y holds for scalars T1LT2,. .., Tio1, =1
Ti+l,.++,Tn in F and since one of them at least is non-zero, the set
{e1,0z,...,an} is linearly dependent. :

‘Coroll . Two vectors a, 8 in a vector space V over a field F are
linearly dependent if at least ‘one of them is a scalar multiple of the
other. C '

Examples.

@) The set of vectors § = {a,2
dependent, since 2a € S and 2

a, B} of a real vector space V'is linearly
the remaining vectors of S.

(= 2a + 0F) is a linear combination of

@ The set of vectors § = {a,8,7,8 + 7} of a real
linearly dependent, since B+y€Sand g+ (=

combination of the remaining vectors of §. -

vector space V is
Ot + 8 +4) is a linear

HA-29
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