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Since {al, 2 On) = vV m'< n. eatly
¢ set of vectorS 1B 10 - 2y and {a1, 02,4y an }
independen }is s basis of 102 e Ontisg
Since {B1, B2+ 1P n<m. X

ety .

. f vectors in V> = )

independent Zet °< e and the theorem is done.
m<nandn=

tors in 8 basis of a vector space y/ ;

iti of vec c :
:;aci {6} is said to be of Jimension 0. | |

Examples (continued). -
\ (@ The demension of the vect
il is & basis. L
E The dimension of the vector space R® is 3, since
i "B = {(1,0,0),(0,1,0), (0,0, 1)} is & basis.
The dimension of the vector space R" is n, since .
/E= {(1,0,0,...,0),(0,1,0,...,0),...,(0,0,0,...,1)} is & basis,

o space-RQ is 2, since E = {(1’0))(0,1]]

o @ The dimension of the vector space Rmxn of all m x n real matrig,

SR is mn, since the set {E11, E12,-- Emn}s Whefm
i “Paving 1 s the ijth element and 0 elsewhere, is a basis.

| (449 (6) The dimension of the vector space P, of all real polynomials in z ofds
gl ,,U‘\gm < n together with the zero polynomial, is n. The set of polynomia
b e g2 -11 3 ;
! Q\\,J) {1,2,2%...,2"" 1} is a basis. p_ 4/4,(6/;(—6’/ .
(1t \Y " 7, The vector space P of all real polynomials is infinite dimensional.
2 ' Let S be a finite subset of P. Since there is only a finite numberd
3 polynomia’s in 5, there is a polynomial f in § having a maximum degres
‘say m. Therefore every polynomialin S is of degree < m.
-Let us consider an arbitrary polynomial p in L(S). The degreed
p cannot exceed m. This proves that-L(S) is a proper subspace of

because in P there are polynomials of degree > m + 1. So S cannot ¥
a basis of P, - .

Since § is an arbitrary fini : . .
y finite set, P . Ther¢
)6,0 fore P is infinite demensional, - ok haveja ﬁmt‘e basis
i g}l:;;o:i li L“et“]\/ b_e a vector space of dimensionn over a field F
ften any linearly independent set of n vectors of V is a basis of V.

Pmof: Let {ulla2 . i : i
V. Let 3 be an ar’bh;;-I a@n} be a linearly-independent set of vecto®

ary vectgr of V and 8 # ;. Since dim y=h

' VECTOR SPACES 137

any basis of V' contains n vectors and the set {a1, 02, .- ,an, A} which
contains n 4 1 vectors is linearly dependent: 4

Therefore there exist scalars ¢, ¢z, .- . , cn, ¢, N0t all zero, in F such

that clon + 202+ +cpan +¢f =6 .. (i)

We assert that ¢ # 0.

Because ¢ = 0 implies cioq + caaz + -+ + Catn = § where
€1,€2,- -+ Cn are not all zero, and this implies linear dependence of the
set {a1,2,...,an}, a contradiction.

Since c % 0,c~! € F and ¢c~!c = 1,1 being the unity in F.
From (i)
Then g.= C-l(—clal — C20x2 -y i cnan)

= dyoy + daarg + - - - + dpan, where d; = —¢~1ci € F.

This shows that g is a linear combination of a1, @2,.--,n-

cB = —-cia; — cgag — *** — CnOn.

If however, 8 = a; for some i, then also § is a linear combination of
1,02, +,Qne
Thus 8 € L{a,02,...,an} and so V C L{a, @3, - - - ,an} - (i)
Again {o,03,...,a5} C V and L{ay,az,...,an} being the smallest
subspace containing {a1,as,...,aa}, L{a1,a2,.. .an} CV .. (iil)
From (i) and (iii), V = L{a1,az,...,an}. This proves that the set
{a1,02,...,0n) is a basis of V.
This completes the proof. '

Theorem 4.5.6. Let V be a vector space of dimension n over a field F.
Then any subset of n vectors of V' that generates V is a basis of V.

Proof. Since dim V = n, any basis of V' contains n vectors. )

Let S = {a1,a2,...,an} be a generating set of V. We prove that it
is linearly independent in V. . . ;

If it be linearly dependent, then by Deletion theorem there exists a.,
proper subset S1 of S such that S, is linearly independent in V and S
generates V. ) .

Therefore S; is a bgéis of V containing less than n vectors of V and
this contradicts that dim V=

Therefore S is a linearly independent set in"\k\}T:us the set Sis a
linearly independent generating set of V and therefore it is a basis of V.

This completes the proof.
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tion of 8 square matriy -4 i

be an eEn T o ents of YA 1 gen
! n , ‘
ﬁgﬁbr!:i?ext“sm’.‘ °g‘h§,ﬁfﬂdpﬁeld of A be R then @, (g o \
For example, if the £ 0 4(z) = 0 may not be all real, 1y ° &g
< h roots O _A \ s . ey g
polynommlf 1:}‘1‘: :tiefd C which is an t'zlgeb:m'c ex?zn:xox; of R, ey
elen:\emos of Ua(z) = 0 of multiplicity 18 881G 50 be an nfo), ey
IO &y
value of A. ) . i :
Theorem 4.16.1. The product of the eigen values ol a square Tatry,
is det A.

n matix and let the characteristic equqg;;

Proof. LetAbeannx"_,+,..+cn=0. ‘

-1
be cgz™ + 12" + 2T
=det A. _
Then co = (-1)", ¢n =det Ee
The product of the roots of the equatlorf is (=1)* o =on=duy,
N,DI}ence,thg /prod\rxct:,\of the eigen values of A is det A. A
p—’ﬁéo(i:g}(n 416AﬁﬂLIfA e a singular matrix, 0 is an eigen value of A

Proof. Since A is singular, det A =0. .
Let Ua(z) = coz™ +az™ 4+ 22"~  + -+ cn.
Then ¢, = det A = 0. Consequently, 0 is & root of the characterisa;
equation of 4 and therefore 0 is an eigen value of A.

et b0 = .

NS ¢ . . .
3'9 Theorem 4.16.3. The éigen values of a diagonal matrix are its diagoy .

elements.
Proof. Let A = diag (dy, da,...,dn). _

Then det (A - z1;) = (d1 - z)(d2 — 2)...(dn — 2).

So the roots of the characteristic equation of A are dy,dy, ...,d, ui
hence the eigen values of 4 are dy,dz, ..., dn.

Theorem 4.16.4. If A be an r-fold eigen value of A, 0 is an r-fold eigz
value of the matrix A — AJ,,. :

Proof. Let Ua(z) = det (A-3l,) = (z—)"¢(z) where ¢ is a polynoni

of degree n —r and #()) #-0.
The characteristic polynomial of A — A, is det (A — Al — zla)
det (A - AL, - z1,) det [A — (A + z)1,)
Atz = AP\ + z)
="(z), where u(0) = ¢(\) # 0.

o

4.16. Eigen value of 8 matr : |
¢ A root of the charactens,t;ztt:ﬁsﬁc o of 8 sqlars matri Nf&idk‘ -‘
i eigen vl (0 & Ty are elements of F, thg g

/" then

Ilng‘

VECTOR SPACES
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This proves that 0 is g po, i
’equation o the matie ! Mo of mult_xplicit.y T of the characteristic

‘ rem 4.16.5. If ) 1, .

Theorem ® an ej

¢ ~" 1s an eigen value of A_lgen value of non-singular matrix 4
. ke ]

Proof. T.et the order of 4 be

A # 0. Therefore A= exists,

Since A is an eigen valye of A, det (
det (A7} = A~1L)

- :Je%}i'(%—ik)}
=etf-Z3(a-an))

:J%}(—E&) -Sel(a-p3)

n. Since A4 ig non-singular, 4-1 exists. Also
A~\L) =,
(det A)~1 get (AA=TZ 7
_ A~ —\-1g4
( det A) HATHD det (M - 4) i

( det AT (A
. =-1)" d - -
0, since det (A "(Mn)) = gt (4~ Al) :

This proves tha_t A 1isan eigen value of 4~1_

wnunn

Theorem 4.16.6. If 4 and P be both n x i
foular, then A ar N matri "
singular, then A'and P~ AP have the same eigen valixe:sand P be non

Proof. The characteristic polynomial of P-

VAP is det (P-14P — zI,).
det (P'AP - zI,)

det [P~1AP — P-1(g1,)P),
since P~1(z1,)P = zJ

det [P~}(A - J:In)P]) "

det P=! det (A - zI,,) det P

det (4 - zl,) det (P-tp)

det (A —zIy,) det (£,)

det (A - zI,).

oo

. Tlxe;eforg the matrices P~AP and A have the same characteristic
" polynomial and so they have the same eigen values.

A2 €A SqUITe WA L rdir e quer a b edd F. prove Jiof A
= Ao goee ey VD

Examples.

: @eté:(? _(1)).‘

The characteristic equation of A is —13: :; =0

or,z241=0,
The eigen values of A are i,—i. -

/1 -1 0
@reea={1 2 -1
) 3

2 -2
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VECTOR SPACES 211

1
Go the eigen vectorsarec | —1

1
The mnl.c qf _the characteristic subspace is 1 and therefore the geo-
metric multxpll(flty of the eigen value 1 is 1. In this case,
the geometric multiplicity = the algebraic multiplicity.

) , Where c is a non-zero real number.

Theorem 4.17.8. The eigen values of a real symmetric matrix are all
real.

Proof. Let A.be an n X n real symmetric matrix. The characteristic
equation of A is an equation with real coefficients. So the eigen values of
A are complex numbers, some or all of which may be purely real.

Let A be an eigen value of A. Then det (A—\I,,) = 0. Therefore there
exist non-null solutions of the homogeneous system (A—AI,)X = O. Let
X; be one such solution.

Then (A — AMI»)X1 = O. That is, AX; = AX).
[Note that this X is not an eigen vector of A unless A is purely real.]

Taking transpose of the conjugate, we have '

@X)t = (OX0)*
Cor, (X1)t(A)t = X(X1), since A is a scalar

or, (X1)tA = X(X;)t, since At = At = A,

Multiplying by X from the right, we have
(X1)tAX, = A(X1)t X

or, (X1)tAX1 = A(X1)*Xa

or, A(X1)t X1 = (K1) Xa

or, (A = A)(X1)t X1 = 0. ,

But (X;)tX; # 0, since X; is non-null,
It follows that A = X and therefore A is purely real.

This proves the theorem. - '

Theorem 4.17.9. The eigen values of a real skew symmetric matrix are
purely imaginary or zero. | _
Proof. Let A be an n x n real skew symmetric matrix. Following the
same argument as in the previous theorem, we have

(A +X)(X;)tX; = 0, since At = At = —A.

Sincé X, is non-null, A + A = 0. That is, A = -],

‘Therefore )\ is purely imaginary or zero and the theorem is proved.

Scanned by CamScaJnner



I - 1
I 0 I- |)=1-d
- 1 0

*Ie[nBUIS-UOU ST J 9I0JOIdY ], *Son{eA o3[ JoUlIstp 231y)y
03 3uipuodsali0d | JO S10309A UASId O[3 918 4 JO SI0J0IA UWIN[OD AYJ,

1 € ¢ I 11
I € P |=dVWYL'{ T 1T T |=d7IP]T
1T 0 ¢ 1 0T
I g z\ T\yx
N1 =V ¢ |=%vV v |=1XVUunyL
1 0 (4
1 1 I
L= 1]|=% ¢ | =XP1
T 0 1
'Y Xujeur ayj pul “A[eAryoadsar 1 ‘g ‘g .sonfea uale afs
T I 1
03 Surpuodsal1od y Jo s10309A wadwayyare | 1 | ‘| 1 i 4

g I 0 I
\
‘1 ‘g ‘z sen[eA uale ay) Bulsey XjBW [BIIE X L B SI YV @

'V 3o anjea usle ue st « yey) saaoid ST
: ‘ (¥ —v) wp=
L% =) 9= (I — ;%) PP oows ‘0 = (¥ — ) 39p uYu(1-) 10
‘ 0= ("7 = ;¥) 1P uYu(1-) ‘10
0 # V 39p souts ¢ g = (Y — ¥r) 9P 10
0=(¥VY—"I) 3p 'V 3op ‘10
0=(¥vY—V)p 1©
0= (“IY — V) 9P ‘V" Jo enjea usB ue st ¥ 20UIS
. "0 # Y ‘remSurs-uou sy y soutg -remBurs-uot
st ¥ pue “J =,V USYJ, "U I9pI0 jo Xujeur [euoSoyyio ue oq ¥ 10T -
20 (-HA +R\.< Jo enpea uage Ue os[e
st ¥ 3eys 9s01d ‘Y Xujew [eU0I0YIIO [eal € Jo anfea ueBte ue oq X I %
-sojdurexg paAIOH
‘wra109yy A3 seroad stL
=Nl
o' ‘T = YY F0UI SMOII0} 3T ‘0 # Tx,(1x) Ynu-uou sy Ly 29UIS
0= (yy - 1)'x,(1x) soydunt st.L
M =VV <Y = ,yY oous XL (x0)vY = W (Tx) O

£12 . SADVAS YOLOTA

A Xyewr reuoJoy3Io [eal © JO AN[eA VISR Lt

X 03 Enmwoqﬁo st LY ey} smo[[0}

Cnf?wm X=1x Vav),(ix ) ‘10
(XV), ()¢ = (1xy), 1 (x)
9ABY[ oM ¢ : ety
W31 oy woy Ty 4Aq Bukidyynyy
WV = () 2ows ¢ (1x)¢ =y ,(1x) w0
Te[eos ® s1 Y aouys Gy = {(¥),(1x) ‘10
8 J(IxY) = {(Ixv)
oAey am ‘a383nfuod ayy jo ssodsuery Supyey,
[ivox Afpand s ¥ sS9[UN Y Jo 103034 UeByo we jou £} TSIy 3o 21|

IXY =XV ‘styeyl, ‘0 = X (1Y - v) ueyg,
_ "uoIN{os Yous suo 8q 1x 197 ‘0 = X (“I¥ - V)

2)34s snosuaSomroy Y3 JO UOIN]OS [[MU-UOU © §)SIXd 3I9Y] SI0Jo19Y ],
1= ("X — V) 39p USY, ‘Y JO en[ea UaS(o e oq Y 327 [eat Aamd aq
YoM jo auros ‘szaquinu xo]duuoo ‘[eeusd ut ore 7 Jo son[eA i C¥IE]

1Y =,y uay], Xujew [BuoS0y3I0 [81 U X U U8 3q ¥ 397 Jooud

‘sn[upour un
']l\\\
T LT'P Wa109Y],

‘wa103Y3 9Y3} garoxd sIUT,
n'0#IX PO # 1x eoulg
oy # Ty eouls 0 = EXIX 10

0= txIx(’x - %) o

ey Iy} = SXUGX O

1
ZxIx 1Y = XViX
A BN
oney om ‘B AW wog &x Aq SuiAIdAl

¥ =y eoums ‘IXTY = yix o ——

[eax sy Ty sows XY =1 = tyy UL
Ty = Ty PU® NMWM%&MM%.E% -~
qourysip 04 eV 11 Joosd

:. *Zy pue Ty sanfer uadp uroAs [8°
“Wap U313 o, My Wp Ty iy 991 X138t o1y [e018 0 59N %mm
wAs Y
"™~ W gul Um..sw . .hﬂ.ﬂ walo
e ‘reuoBouyo 88 XL Koo sqr OFETT oysHASH?
43 0y Suppuodse1100 5103 P w St
s ¥ oo
Tty sg J0UTeH Tl 1100 10392
N o} u ﬂcﬂmu.—h
Py, W05 oy gy WIOND STy 3 BUPT g v o
Y, pg xy =XV on 00312 oN
By - ¥ =¥ Susn ‘X ag 830 o810 9L
3q X pue y xuyewt et - €0 goner Uos
ur
“[eax 8 orxe x(19EW e 4t
émm0a< dwmo_m

el "

Scanned by CamScanner



_a_ﬁmE.m-ﬁoﬁ st .M. + Y1 uaﬁ.ﬁ Sutaoxd ‘(s .T ::m

z 1- 1 Tz 1\ ; ﬁ.AM 1-(§ +41) un&whwmﬂ.
f. 1- - J@) “f 1 ¢e 1) (m -84 =
“ .m.. M A 1¢ 2 V. A.m.lzv?.m.l:wv+,ﬁm+=3 T?l..:ww =

9 g ¢ S 00 i Dh-(5+ :+€+.€T@.+.5 = g+y

‘vec ) ‘ftoeo ) . s e .Am "5 +v) =g (ay)

g 1= 1 00 ¢ . " ongen

‘soopyeu [ear 30 EE (=" -(S+"I v..wo 103094 uago we st %ﬁ_ P L.

. : : |
Sumo[o} aY3 Jo 103994 uage Suipuodsaliod sy pue san[eA uade ayy purg @ oy KHm =x X+1 ?\ A .D _ uﬂm. i :3 Am. B :d. d S, )
6L -d yie@ V@ S5t , : \M..‘.« ! - a10ja19y,
v (pe _V XLjBU 343 JO onjeA uadd oYy pury - . . 0o up) — X+
‘U 19pI0 JO | XujRW ._ﬂ:ms_w.:ow ® Jo san[eA wofe oy dre vy tr e izy try, Q*N 1 °0# T+ eous NTA.M +') = N T 9A®Y 9M of

; ! . u L) = g S
",V Xtjeu ay) Jo anfea usdie we sy (1) A XedlS+ e A uwn%««.*.._. ﬂ,wvwwwﬁm.“@m _w.ma.wu‘«o

‘re[eds ® Sufeq y ‘yy XujBuIayy Jo anjea uafie ue sy vy N__ =3 .N‘TA% + :NX« - ._”V. = i
- . {7 Xujew oyy Jo anfes B WS oS[e ST Y (1) NQ\ ~Di-(5+%) = Xx(5- wMVﬂIA.w + Y1) a9y,
. ) 383 3r01d 'y XpjRm U X U R JO an[eA UsS Ue oq Y u@. 4 A . u.n/\ =X
- ... : Ve “(up*:--*zpiip) : y m ) ) d P &
Baip xiew-oyy 10} J[nsex ayy esEIWD (tp'tplip) Fup xiyww Euode | : [BU030YHO St 4 Jey) 5aA01d SIq],

“IP 3Y3 jO 5103094 uadrs Butpuodsaiind ayy pue senfeA uaSd ayy purg (W) . 4

o =YYy

{1-(s = *n)(s = "N} {(s +"1)-(5+ D)} . .

(s=*r)(s+*n)=(s+ ..:am JN sﬁ .

" a4 = =un{(s =S + DS+

“ T Xujew sy} 10§ 9nsaa ayy asyjeiaual) ‘7 i . . - ’ u

s o s s Sonics o w0 8| S A s -
. it A - 2 bl o’ 4

. "D Xuyew ety 10} }[NS3I 3y} as|[RIOULY) Y w..o.a?. XpIjeat -
Te[eds BY} JO $10299A uadia Surpuodsarios oY) pue sanpeA uadp ayy pulg (1

3

1o . . . 3 (s =*1). u _u +Y) = ,dd uy
. = h : 1)1=(S +“DI(S = “1)i-(8 ’
0 o b )TV eRus oy Py of wotoayy uoypurey-Aoike) sn@ : S .G. . E (S U)(S ) = d #T
. | - , © | Bus-uou sy g ¥y Y1 gey 0 # (U +S) WP W SKON L
(- e T ¢ 2 . E : : I
| S = i . oo . = (U7 — §) J0p UONBADI JNSHINE .
1 .2 ” v (). m M H =y (. _ﬂss 10U 51 1- og - uw ezﬁ EM a&wvﬁ o1 81 [- 8I0o1YL, ‘O 10
. SR . . =4 q..mem e w.@ﬁ?? uaSto mu.a Nunﬁama L1 oS Mes [8d1 8 St S5 9oumg @
-fodese v ssoxdg - ) 1-V @induwoo uayy pue 7. ug [BIWIO . 19 530 AL LR o
y | =7 v. Xljew ayy 10§ w3109y uojjiure-Ao|Ke) b_uw\/@ T s ' y . S N
\ " .STG+,£.H s (ar}

8uis-rroy os[e 2 S+Y au,‘,ﬁ -

4 : v
1 9NeA uaie yya (5= 1) ;-(S+

g1 Am.mmmﬁmxm . " $ ,.:,xw&u%% J0 103004 U3
: U x U3y} ¢ anpea uagie I 5 30

og00A wag(e e 89 X Jt ()
o (g - il D @

¥
ﬁs._w

S30Vas wozog, _

g=g P , ; ‘ 0
§'-(s +=_wvw (5+vnE = : _ peaiond camgms-nou st S+ 1 ()
§="i(g+v) = g siopesul N ooz e 0a § 31(%)
. . = 1 ; t:) :
(s S = | ek o smpio o e TS IR\
A%l= 3 Nvl,ﬁ.w.*.z\: A.m.._r: _ : | ’ . P 1 ¢ b = ,
) .CTA%.T:CIAM.T: - 1) = gy | C 12— \ 1 1 1 ¢V = !
o ST -(s+v) = g-w oV v 0 g g=|=(1 0. ;02 i1
e1g , _ : fﬁ\ v . |

p1%

Scanned by CamScanner



S {IGHER ALGEBRA

216 O ;
ing eigen vecto

and the corresponding €lg I8 of the f°“°wi v

Find the eigen values hg

complex matrices.

- . 010
) 0 —-i i) |0 0 1 |,
(i)<i —;),_(ii)(i 'o)v (11)(10 0)

multiplicitieé of each eigen "
. = aly

N~

8. Find the algebraic and the geometric

1 -1 0
the matrix 1 2 —lyle
. 3 2 =2

E()E 1

; i rove that \™ i :
& $AD)IE A be an eigen value of an n x 1 matrix LB " B eigey Yy |

the matrix A™, where m is a positive integer.
o . _ 2 . .
Hint. AX = AX implies A2X = MAX) = A°X etc.] |
If A be an eigen value of an n X 7 non-sing}llar ma.tx:ix ,.4J Prove th 1|
5 an eigen value of the matrix A=, where m 1s & positive integer.

@ If A and B are square matrices of the same order over a field F apq m
on-singular, prove that e '

|
[‘
@ the matrices AB and BA have the same eigen values; I
@ the matrices B and ABA~! have the same eigen values. - |

a

‘Aln-\

If A be an eigen value of an n x n idemnpotent matrix A, prove that xsi. .
either 1 or 0. ' e Rl ;

[Hint. A2 = A. Let AX = )X forsome X # 0. " Then A\X = AX = X"X = MAX) £

|

A2x.) : . , f
wﬁb @. If A be an eigen value of a real skew symmetric matrix, prove that k= \
AN 1. By 74.4-13.9 A-0 or jb

4
If S be a real skew symmetric matrix of order n, prove that the matril
n+ S and I — S are both non-singular. ‘ B

15. If_/% be a real non-singular symmétrié_fnatrix, prove that the matrices! -
and A™" have the same set of eigen vectors, = '

16. Let X be an eigen vector of an

value )\, Prove that P-!X is an
with )\,

an 7 X n matrix A associated with an i’
eigen vector of the matiix P~! AP associ

17. Show that the characteristic

equati ‘ o re el
rodal Stidtion, . quation of an orthogonal matrix is a 1%

Hint.
[Hint. Let A be orthogonal and ¥(z) = det (4 — zlIn). Then y(z) = ;}:xw(%)-)

18. P is a real orthogonal matrix with det P = 1 Prové ti‘;at —1isan it

value of P.

‘[Hint. Consider the product (P + 1)pt ]
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