Re
levant Information on

L. Definitj
lon of P.D.E.~0rder Degree, Linearity.

2. Construct;
Arbitrary Constants, PD.E. by Elimination of

3. Construction of a P.

D.E. 0.
Al'bltrary Fuitiche by. Elimination of

1.1 Definitions

% Partial Differential Equations (P.D.E.) are those equations which
contain one or more partial derivatives and hence they must 1nvolve

at least two independent variables,
¥  The order of a P.D.E. is the order of the derlvatlve of the highest
order in the equation.
The degree of a P.D. E is the greatest exponent of the high
order derivative involved in the equation.

Examples. ‘[In what follows we shall (in almost all cases) take 2 }js
the dependent variable and z,y as independent variables. Further, the

est

'I

441
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following symbols are universally used: 2
a &z &z _ s 8 _ ’
g—zzp' Equ’ 51’2=r' 0z0y oy?
‘ .
9z 0z

(i) zp +yg =z, 1-es 15;+yay .
is an example of a Partial Differential Equation of m of
first degree.
" 82...+3i22_+(_92_z=0 orr+3s+t=0; 3
(i) ar2 " “0zdy © oy* .

is an example of a Partial Differential Equation (P.D.E.) of _second

order_and of first degree.

X

derivatives in it are of the first degree.

The equations

d ’i’:;% - zg} are both linear
and pz~+¢q = .

since p and ¢ are of first degree.

[See that in a linear p.d.e. the dependent variable z may be of
higher degree, contrary to what we have seen in ordinary differential
equations. Recall that 4£ +y® = 22 is a first order, first degree but
not linear ordinary differential equation (since the dependent variable
y is of degree 3).]

All partial differential equations of first order but not linear are
called Non-linear Partial Differential Equations of first order; e.g.,

P’ +4¢° = 1is a non-linear p.d'e. of first order. What can you say
about p + log g = 227

A few more Examples of P.D.E.

(iii) zp+yg = 2 - p-d.e. of first order, linear.
(iv) r+t=0- pde. of second order, linear,
(V)r+5s+t=0- p.d.e. of second order, linear.
vi) 3pz + qy = 22

(vi) 3pz +qy =22 p.de. of first order, linear.

‘We acquaint our re

Theoretical Physics; o Wlthv some important P.D.E. used in

A P.D.E. is called a Linear Partial Differential Equation if all the

L

@ Remember. If the number of ar

Chapter 1. Partial Differengjy Equationg

Laplace’s Equatjop, - v -
o et # + v

922 = 0, written ag

[ 243

v2w = 0 where V2 (Laplacian) I8 an operagey 02 . ? g2
I —
an example of a p.d.e. of second grge Bicgyy O% ¥ a2t g s

(i) Heat Equation: v2, - 19
= o tinear, o §¢ 'S N example of 5 PD.E. of

‘ ion: w2, _ 1 0%
Wave Equation: Y2y — 2 (second order, linear).
(In (viii), (ix), w is the dependent variable and
four independent variables; ¢ ig the time variable l(] .
rectangular Cartesian coordinates of a point in spaée.]

U, 2,t are
Z,y,2) are the

1.2 Construction of Partjal Differential
Equations by the Process of Elimination
of Arbitrary Constants N

Let ¢(z,y,z,a,b) = 0 be a relation between three variables z,y, z and
two arbitrary constants a, b. As usual, z is the dependent variable and
z,y two independent variables. In order to eliminate a,b we require
two other equations besides the given relation ¢(z,y,z,a,b) = 0.

Differentiating the given relation ¢ = 0 with respect to x we obtain

oo+ ¢:g_; -0 (12.1)

Differentiating the given relation ¢ = 0 with respect to y, we obtain

9z _ (122)
¢y + ¢ 3y =0.

Using the given relation ¢ = 0, (121), (1.22) we can climinate
a,b and obtain .
0z 0z

F(z,y,2,p,9 =0, vhereP=5. 9% 5y

ential equation of order one.
bitrary constants = the num.ber. of
tion of arbitrary constants will give

This is a partial differ

independent variables, then elimin

‘Y lise to a p.d.e. of first order.
~— e
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. N )
" bt z = az* +by* +ab.
> Exampl Eliminate a,b from the relation + by

Solution: Differentiating first with respect to @ and then with respect

to y, we get

) 0z
0z _ 94 == =2by
o0z 9y
. _ P = 9
e, a = 2% 1 2y

Substituting these values in the given relation we obtain
P2 9.2, P
L2+ '+
2" + 2yy 4zy

Simplifying, 4zyz = 2pz’y + 2qu°z + pg, which is the required

eliminate, a p.d.e. of first order.
@ Remember. If the number of arbitrary constants is less than the

number of independent variables, then elimination of the arbitrary
constants will give rise two distinct partial differential equations of
first order, e.g. <

> Exampl@b‘liminate the arbitrary constant a from the given

relation z = a(z +y).

Solution: As before,

. a
Diff. wrt. z > a—; =a,ie,p=a
: 0z
Diff. wrt. y = —= =g, i =
Y ay a,ie,g=a.

We thus get two distinct p.d.e. of order one

z=p(z+y) and z = g(z + y).

These two equations are the required eliminant,
P Remember. If the numbe i
Remember. r of arbitrary constants is more than the
Zum;er of mdepgndent variables, then on elimination of the constants,
p.d.e (or equations) of order more than one can be obtained, e.8
0 ’ b

» Example 1.2.3 Eliminate th,

the relation z = az + by 4 cxy. " fhree arbitmw constants a,b,c from

Chapter 1. Partial Differenti Equation
S

solution: Differentiating the given ety
10n:

with respect to
with respect tq

With these two equations we cannot elj

a,b,c.

So, we differentiate p

Ty wegetp=g
=a4
y’wege“I=b+cL;y}

Minate 3] the three constangs

=a+cy with Tespect to z ang obtain

w_o:_
3z 55z =0 le,r=0.
Similarly we obtain,
g _ & .
a = 3—1/2 =0, ie,t=0
9p 3
d = = i i IO
ad o o ie, pop=s=c

Thus we have

p=a+sy and g=b+sz
ie,a=p—-sy and b=g-sz.

Finally from the given relation z = az + by + czy, it follows

z

or, z

.. Required eliminant is

(p—sy)z + (g —sz)y +szy
pT +qy — 5TY.

r=0,t=0andz=1x‘+qy'”y'

» Example 1.2.4 Suppose z depends on k.

Eliminate three

arbitrary constants a,b,c from
2= a(z+y)+bla—y) Habite

0z _51 =ab.
Solution: 9z A ho==a-b N
ety &%

Since (a + b

The required eliminant is 2 P

(but of degree two).

(

)? = (a = b)? +dab. Henc®

Qf
oz

2

' Qi) +4%%-
=5y

i der
artial diﬂ'erential equation of first or
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Find the differential equation of the set of all right cn;c:lar Coneg
whose axes coincide with z-axis. [LA.S. 1998]

Remember. The general equation of the set of all right circulay -

cones whose axes coincide with z-axi)s having sﬂcmx—:ert)cal angle o
. 2 2 _ (7=

and vertex (0,0,c) is given by 2 +y* = (2 c)*tan’ e, c and o are

arbitrary constants.

@Eliminatu a,b,¢ from z = a(x +y) + bz - y)+abt+c
7. Show that the differential equation of all cones which have their
vertices at (0,0,0) is pr +qy = 2. '
Verify that the surface yz+2z+zy =0 satisfies the p.d.e.[I.A.S. 197g)
Remember. The equation of any cone with the vertex at thEAorigin

is az? + by® + c2? + 2fyz + 2922 + 2hay = 0.

By eliminating three arbitrary constants a,b,c from the family of

2 2 .
ellipsoids :7; + ¥r + & =1, obtain

0z? oz

0%z 8z\? 0z _

agto() -5 = o
or, zs+pg = 0.

9. Eliminate the arbitrary constants a, b, ¢ from
az’ +by’ ez’ =1
and obtain pg + zs = 0.

10. Obtain a p.d.e. of the family of spheres of radius 3 with centres on
the plane y = z.

11. Form a p.d.e. by eliminating the arbitrary function ¢ from ;f)(z +y+
2z, 2% + 3 — 2%) = 0. What is the order of this p.d.e.?

@ Eliminate the arbitrary function f and obtain a pde.:
(@) z=f(z* - y?);
(b) z+y+z=f(a® +y* +2?)
(@) z=y"+2f (L +logy);
(d) 2= e+ f(az + by);
(e) z=f(z).

@ 2o A (pron) ¢ Ej(‘aﬂfb‘&) , A *b,

< surf;
of revolution. €S of TeVolutig,

[The equation of any surface

g of re; : A
rotation may be taken g , _ s (Vqlu:mn baving - hS. 1997]
function.] m), Where isaz: © axis of

arbitra;y

14. Findap.de. by eliminating the arh; ‘
d 2 arh; i
F@*+y*+2522 = 2zy) = ¢, \trary Tunctioy p from the relation

)<L Cow)}wol';\v
from % =@—é'P,‘ipsEP9\.‘D‘ el

Answers O ol p

1. (a) z = pg; (b) g=2yp?; (©) g=
i () a=p. 5, gy - .
10. &=+ +1) = gp gy (P o 0.( ot e
12. (a) yp+ 20 =0; (b) (y - p+(e-a)=q_, (c)’;; I-): it
(d) bp + ag = 2abz; (e) PT—qy=0. 13. w=1q. 14- 6 q)’; y;,;:zy :
TWTQz=y g
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Chapter 5

Lagrange’s g,
Linear Partia| p;
Equation Pq +

tiOn of 3
fferential
Qg =R
T

_

Relevant Information an

1. Pp +'Qq = R (P, Q, R are function of T,y 2)is
a typical linear partial differential equation of first

order.
2. Lagrange's solution of Pp + Qq = R using
Lagrange's Auxiliary equations: 4= = 4=£

3. Integral surfaces: Qrthogonal surfaces.

2.1 The General Solution of a Linear
Equation

We refer to Chapter 1, Art. 1.3: Given an arbitrary functional
relation

Suv)=0. (2.1.1)
We can deduce a linear p.d.e. of first order in the form
1.2
Pp+Qq=AR. (212)
457
BERR——
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458 | An Introd
all (21.1), the general

If (2.1 1) i 2), then we C
solution of (2.1.2)-
solution (2.2.1) is m !
merely contains two arbitrary constants-

2
As for ezample, 1et 2= fEE-vhv

Since @ 8
than another SO

here fi

8z w2 _ y?)e =
p=;7;=fl(z —y)ll'ytl 3y

linear p.d.e

which leads to py +9% = 0,2 .
2) the general solution of py +¢% = 0. -

We shall call 2= f(*-¥

d write

)+b(z* — V)
+b (a,bare

See that we coul
# (a,b are

. = a@@-V¥
or, z = asin(@® - %)
a5 the solution of py + 4% = 0. But certfli ]
more general solution; all these solutions with arbitr
included in 2 = j(12 —4).

2.2 An Equation that is Equiv
Pp+Qq=1R
- A general type of a linear pde inp and ¢ is
Pp+Qa=R
s of Z,¥, 2

where P, Q, R are function

Suppose that u(z,y,2) =¢ satisfies (2.2.1)-

Differentiation with respect to T and y gives

: . 2.1. ;
S deduced frum( L2 itrary function,
Jution O

uction o Differential Equations

is arbitrary- Then

8 _ pa? )

arbitrary constants)

arbitrary constants)

nly z = fl@® -y isa
ary constants are

alent to

(2.2.1)

Su Ou ) du du
oz az‘” 0 __0z. 4= Oy
gg N @ _ 0 p= u’ 7% -E‘E
oy ' 02" 3z 7
Substituting these values of pand g in (2.2.1) we obtain
Ou Ou ou

Pa-+Qz + Ry =0. (22.2)

ifu = ¢ be an integral of (2.2.1), thenu = ¢ also satisfies

Therefore,
(2.2.2).

the general
f (2.1.2) that

. variables so that

\

Chapte’ 2. Lagrange’s Solution of Linear p.
: " Partial Diff
e . Eqn.
Conversely, if u = ¢ be an integry) [ 450
of (221 of (22.9), it js
vidi also an in
Dwxdmi (2.2.2) by g_: and using th tegral
reduces to Pp+ Qg =R. e Values of p ang "
g, (22.2)

Wi ﬁnd i
So we equation (2_2_2) i .
quation (2.2 1)

9.3 Lagrange’s Method o
f .
PotQaR oo

n, e’s Rule: :
g atement: The general solution of the linea
St r

Lagtﬂ
partial diﬂerential equation
Pp+Qq=R, (231)
where P, @, R are functions of 3,3, 2, is given by 3.
$u,0) =0, (232)
where ¢ 5 67 arbitrary function and
u(z,9,2) = a
Wzy2) = @ @33)
are two independent solutions of the Auziliary Equations
e _d_& (234
P Q R 234

This is known as Lagrange’s solution of the linear equation.

Proof, Given Pu,v) =0.

. We consider z a$ dependent variable, and z and y as independent

gré. v _ W _y 0z _
'5;"1” 3y—q’ e Oy

Differentiating #(t v) = 0 with respect to 2, We 8%

Oz
o6 [ou  0u O _6_9[_0_2),92.,]:0
a—u[ara, oo %
_ﬁ_____:v 2 0L = -~ =9z
26 i}g’fgﬂ’i B s
-~ A 9z 0207

vmeng
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Chapter 2. Lagrange's Solution of a Lin
&ar Partial Diff, £
~Ean. [ 461
Thus we find that v = €1,V = ¢y form g solution of 4z _
Hence u = C1, ¥ = ¢p determine v anq 4 g of £=d_d

Or substitution i 4
0. titution in ¢ , )

O

This is what we wished to provye.

Note 2.3.1 Equations 4 = dy

. P Q = % are kngw . 7
Auziliary (or Subsidiary) equations, R n as Lagrange’s

Working Rule
Solution of Pp+ Qq =R (Lagrange’s Method)

e

1. Put the given linear equation in the form

Pp+Qq=R.

2. Write down Lagrange’s Auxiliary Equations

dz _dy _de
P~ Q R’

3. Taking two of the ratios at a time, and by using method of solving
ordinary differential equations, obtain
u(z,y, 2) =1, v(xiyiz) = c2.

as two independent solutions of de- = EQ! =g,

4. The general solution of Pp+Qq = R can be written as ¢(u,v) =0
| orin the form u = fv)orv= F(u).

In Lagrange’s Method of solving Pp+Qq =R, the.nllost important
part is to obtain u = ¢;, v = ¢z from Lagrange’s Auxiliary Equations
d : .

_1322 = %2 = i%
We ask our readers to remember four ty

Solved Problems: (Type I - Type IV)

]

pes of problems:

Type |

x—
> E Py 4 azq =Y
xample 2.3.1 Solve: =P +

Solution: Lagrange’s Auxiliary Equations are

dz
P dw‘-@?‘i=_—]
de _dy _ 9% [Cf- == Gu R

—

vz zz Y

T
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Chapter 2. Lagrange’s Solution of a Line,
Differential Equations_ 3 Partial i g,

duction 1O . n: Lagrange’ = [ 463
An Intro solution grange’s Auxnhary Equationg are

462 ] he variable Z cancels

hat t dz dy
tios we see b w=-L __ dz
o e At 0 130 iy

d we are left with
dz _ % o, 2'dz -yiy =0
vz T

out an First two ratios give

dzr _ dy

—_—= ie.,
. y —z e Ih+ydy:0=u5z’+yz=c
Integrating, we get v

3_PB=c. [cfu= al Last two ratios give

-y = 2 cels out and Q_i ‘
Taking the first and last ratio we Se€ that y~ can -y z- 2y’
we obtain dz _dz o rdz-zdz=0. ie, 3—;4.52:2 (:;z:};}iiﬂ‘ ean. Linear Form
iz . ' 'F~=E‘r'd"=el°s'v=y) |
s Multiplying by the LF. y and integrating we get
sostme i v=al W=y +a, e, uszy_y2og, i
- The required general solution of the given equation is . The requil:ed general solution is ¢(u, v) =0 {

#(@® +1%,2y—3?) =0, ¢ being arbitrary,

Try Yourself (Ezamples for Practice) :
Solve the following linear equations by using Lagrange’s

Auxiliary Equations (Lagrange’s Method)

B(u,v) =0

ie, o -yha’—3)=0

where ¢ is any arbitrary function of its arguments.

» Example 2.3.2 Solve: ap+aq = z.

. 1. 2p+3¢=1. - 2. p+g=sinz.
Solution: Lagrange’s Auxiliary Equations are "3t zzp +yzq = 3y 4. ptang +qtany = tanz.
dz _dy _dz (. dz_dy_ﬂ) 5. z2p+z=0. 6. yzp + 229 = Y.
2 ez \CPTQ R 7. 2%p+yPg+2° = 0. 8. ep+yPg =22
9. 2p+yq =z ‘

First two ratios at once giveu =z —y =c;. !
Again, Second and Third Ratios give v = y — alogz = c.
.. The required general solution is Answers

#(u,0) =0, ie, ¢(z—y,y—alogz) =0. 1. (z—22,y—3z) = 0. 2. g(z—p,z+cosz) =0. 8- ¢ (e zv,2) =0

. = 2 _ %) = 0.
TR I Gl )

To(t-1141) =0 s.¢(%—$.%—%=")- 0.9(51) =0

> Example 2.3.3 Solve: y°p — zyq = z(z - 2y).
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464 ] A
Type Il
L Liasben _ d 4% can be obtained easily

(as used in Type I Problems)

integral of ¥
Suppose that one integral ot °p
t be obtained by this same

osen two ratios

. taking suitably ch
by taking suitably al canno

and suppose that another integr:
method. )
Then one integral known to us is used to find another integral (see
the Solved Examples given below).
In the second integral the constant of integration of the first integra]
should be removed.

» Example 2.3.4 Solve: p+3g¢ =52+ tan(y — 3z).

Solution: The Lagrange’s Auxiliary Equations are
dz

dr dy
5z + tan(y — 3z)

I3

First see that one integral can be casily obtained from the first two
ratios, namely 42 = 4. Thus y — 3z = ¢; (first integral). The second
integral cannot be obtained in this manner. However, we take first

ratio and the last ratio and obtain

dz dz

. ;
— _ . K A
T = 5o Ftn(y—32) ~ 5zt tanes (using the known integral)

Writing
5dz

- 5z +tanc, 3

and integrating we obtain

5z — log(5z + tanc;) = arbitrary constant c; (say).

.. The required general solution is
5 — log[5z + tan(y — 3z)] = ¢(y - 3z),

where ¢ is arbitrary.-

> Example 2.3.5 Solve:.zyp + y2q=zyz — 2z2..

Chapter 2. Lagrange's Solution of a Linear p
artial Djfr 3
- Eqn

[ 465

jon: Lagrange’ ili
solution grange’s Auxmary E‘l“&tions —

di;~dy i dz
zy y? ‘zyz\_?zz

Taking the first two ratiog cancellj
i T (cancelling 4

From second and third ratjos

dy _ dz
v myz-oa?
T

weget%*fyl

_ dz z
Il P v ..
(e1y)yz - 2c3y? ( ; =cornz= Cly)
dy dz
¥ T oo
¥* ay’z -2y
= cidy =L
(2 = 2¢;)
= cay-—log(z—2¢)=g¢,

= z-log (2—2—1) =¢p.
Y
.. The required general solution is
) 2z z
z—log(z——) = (—),
y ¢ Y
¢ being an arbitrary function.
> Example 2.3.6 Solve: zzp+yzq = Ty.

Solution:’ The Lagrange subsidiary equations are

. dz _dy _dz
Iz yz Y

: . dz _ dy i
Taking the first two ratios (concelling z), we get &= d v

gives, on integration
z
logz — logy =logar o =<

Dif Eqn - 30
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470 ] An Int
Using L, -3 1 as multipliers of ratios of (1) we again find each
sing 1, -3, —
v’
ratio of (1) becomes
Liz — ldy - idz
/
-2+ (2 +17) (22 +y?)

14y — =
o= = 1
- 0

_ 14z = 0 which yields on integration,
Lds - Ldy 14z = 0 which y

log:z—logy—logz=10g02, or, vz

. The required general solution [from (2) and (3)] is

+y2+7 )—0
sfpreas

where ¢ is an arbitrary function.

» Example 2.3.11 Solve: z(y? + 2)p — y(&* + 2)g = 2(z* — y*).

Solution: The Lagrange’s subsidiary equations corresponding to the
given equation are

_de __ dy, . & )
z(y®+2) -y(z2+z) 2(z?-y?)

Choosing z,y, —1 as multipliers of ratios of (1)

zdr+ydy—dz
R R e B e
zdr+ydy—dz

0 .

each ratio of 1)

Hence z dz +y dy — dz = 0 which, on integration, gives

4 y2 -2z =g¢. (2)

Again, choosing 1 25 ,— as multipliers of ratios of (1) we obtain,
each ratio of (1) becomes

dz/x+dy/y+dz/z dz/$+dy/y+dz/z
y +z—(12+z)+12_y2 \O——

—=a @)

pter 2: Lagrange s Solution of , Llnear .
artia| Diff, .

cha
PR [ 4
nce £+ +&y or, |
He 08Tyz = Jog o
i.e., Yz = ¢
FI'Om (2) and (3) the requ"ed general solut (3)
ion is
¢(I +1'/ =2z 1TYz) = 0,
s peing an arbitrary function.
» Example 2.3.12 Solve: (y* + 22)p - TYq = ~2g [LAS
8 LA.S. 1990]

The Lagrange’s auxili
Soluthn 1ary equations correspopds
n equation are ponding to the

glVB
dz_ dy _ dz
R )

Using multipliersof the ratios of (1) as z, ¥, 2 respectively, we
obtain
zdrtydy+zdz
2 ) a7 o7
. zdrt+ydytzdz
0

each ratio of (1) =

¢ dz + y dy + z dz =0 which gives, on integration

2+t =a 2

Again, from last two ratios of (1) we get
dy dz dy dz

= — Oor, =i

___g—,-—y- -1z y B
On integration this gives
. = logos
logy - o8~ loga ®
gt - % o
and (3)] 18

. The requircd genern,l SOlUtiOll [fI'OlI! (2)

¢(I’+y’+’2’%)=0

. ion.
where ¢ is an arbitrary furct

4
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474 | An Intr

Type IV

iers thth we write

As in Type III, with one set of multipliers
dr dy dr _ P1d1+(‘,)1dy+121dz.

P00 R PAP+QQ+RE

Now, if we see Pdz + Qidy + Rdz is an exact differential of the

denominator PP+ Q1Q + 1 R, then
Pidz + Qidy + Rydz
PP+Q:Q+ A
. dr dy 2 4
may be combined with a suitable ratio of vl = a = 7 and this
will give one integral.
Choose another set of multipliers, say Ps, @2, f2, then
— Pydz + Q2dy + Rydz
each ratio = —55—5 TR

Suppose that the numerator is again an exact dlfferentlal of
PP+ Q2Q + R2R. The two ratios

Pydz + Q1dy + Rydz an Pydz + Q2dy + Rpdz
PP+Q1Q+RR PP+ @Q:Q + ReR

are then combined to givea second integral.

See the Worked Examples given below:
> Example 2.3.13 Solve: (y+2)p+ (z + z)q = (z+y). [LA.S. 1997]

Solution: The Lagrange’s auxiliary equations corresponding to the
given equation are

dz _ 4y dz :
y+z 24z T+y' ’ €3]

Choose multipliers 1, -1,

0 for the fi t,
Of (1). Then, each ratio of (1) rst, second and third ratio

=M=d’:—dﬂ, d(z —y)
Y+z—z2-g . =—F/—=

b=z —(z-y)

[See that multipliers are g
o i J
i Eonct e iy ;sze)r]l that the numerator dz — dy is

ChaPter 2. Lagrange’s Solutig, oF a Linegr p
artial Diff, Eqn

Agam, choosing multipliers 5 Lo e [ 415
) 1 ratio of (1)
=dz+dy+dz (x+y+
Az +y+ 7)) W
Lastly choose 0,1, 1 as multipliers, they eaqp, Tatio of (1)
o
=—W-d: gy,
2tz —(z4y) ~ —(y\—z)
So we may write
Ma-y) _ldaty+z)_ dy-s
(1'—?/ 2 z+y+2 y—z ' (2)

First two ratio of (2) give, on integration

1
—log(z —y) = 3 log(z + y + z) + constant
ie., 2log(z — y) +log(z +y + z) = constant
or, (z-y(z+y+z)=c.

Taking first and last ratio of (2), and integrating we easily obtain

z-y

=C2
y—2z

.. The required general solution is
z-y\ _ 1
¢((m—y)*(m+u+zJ';_—z) =0

where ¢ is an arbitrary function.
. =22 +4)
o2(p —y)p+ 2y x)q—z(z +v°).
» Example 2.3.14 Solve: y*(z wp y A 1900
' ing to the given
Solution: Lagrange’s auxiliary equations corresponding 0
equation are

dz 1)
d; e .
i _ A=)

m =2W-2
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