v

Chapter
e AC y)q = 2z2.

m — m m
z )p t y(z - xm)q = z(:c"‘ - ym)

4wy
p,qylogy= zlogy.
x2p+y2‘1=$+y-
Ap+a = 2+ (z -y

(g + ) (2 = 20Nk ey =0

(o2 + 2P~ VL= T

Answers

e~ 2y+z) =02 d) (:z:y xez-:u)

. 1 ¢(y"z)

P i #(zyz). 5- 6(y%: € ¢® logy) = 0- 6- ¢[—— e (
0. 7. log{z 3 (zi— y)’} -2 = oz —y)- 8 ¢(yz+z 21z =Y
0. o(z?y” + VYD) 0

2.4 Integral Surfaces Through 2

Given Curve
e. of first order.

5. Lagrange's Solution of a Lj
Llnear Parti
rtial Diff. E
- Eqn.

————

[ 483

=0.3. ¢>(zy—-z2,z/zy) = 0
-y =

y?) =0

We obtain tW0

VI v\(
W+ Qq _ R, a linear P- d.
independent solutions
U(ﬂ:,y,Z) =C1 aﬂd U(x,y,z) =C2 (241)
by using Lagrange 1g guxiliary equations: _
Suppose now we wish to obtain the i.nt gral surface which passes
through a curve whose par etric uations 37
o) V= y(8) 27 2(t)
where ¢ is a parameter:
(24.1) is then written 35
ulz (), ¥ % 2(t)] =4 U[fv(t),y(t)ﬂ( )] = ¢2
¢ “an Finally,
We eliminate & and a relat o : | surface assing
inate get ot the requi tegral S p
g .

It)}lllttmg c =u and 2 =
rough the given curve-
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4 "nr. Eqnsg. o Order O
_ ne [ 9

General solution: If, in

3 e 1M t’]’e complete s .

(:u,’ljaz’u” —= (0 one of the Constanpé’ say bp is(:‘ Sfllltlon (3_1_2) ¢
of the other, say b = 6(a), then ) eplaced by a known

function
$(2,9,7,0,8(a)) =0

2 One-parameter family of the surfaces of (3.1.1)

If this fa
by eliminating

is
mily has an envelope, its eduation may be found as usual

a from

_ 8
b(z, 9,7 0,0(0) =0 and 5;¢(:;,y,z,a,¢(a)) =0

and Jetermining that part of the result which satisfies (3.1.1).

> gxample 3.1.2 Let b = f(a) = a in the complete solution of

Example (3.1.1), given above.

4 General Method of Solving the P.D.E.

of First Order in Two Independent

Variables T and y: Charpit’s Method

(3.2.1)

Let .
. F(z,9,%99 = 0

be a given p.D.E. of first order in two independe
, is a function of Z and ¥; P = 8z q= 8z Since # dep
(322)

U, therefore
Jz = pdz +99Y:

nt variables T and y;
ends on T an

Now, if -anoéhér Ireiation cari be found petween Z,Ys z,D,4 such as
f(z, ¥, %P g) =0 (3.2.3)

then p and q can be eliminated:
3 4 from (3:2:1) and (3.2.3) can be

The values of p 3t q : :
substituted in (3,2?2) an elimination of pand ¢ 18 then possible.
The integral of the 0.D.E. thus formed jpvolvin

the given equation (3.2.1)-

g T, Y% will satisfy

find a relation of the form (3.2.3)

Th es t0
e problem thus reduc 1| dete -mine P and g that will render

which together with (3-
(3.2.2) integrable.

Dit Eqn - 32
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This 18 & linear equation of first orq

. i ok
f of eaues e (3.2.3) must satisfy. e
auxiliary equations: - integral

‘ oF — 9E oF _
of +pg; oy T 10 —p%%_q%%—T%E:%_:%
p O

Bo

The equz:),tions, (3.2.5) are known as Charpit’ - '(3.2.5) |
s. Any integr als of these equations involvi'ﬁl e ey
wraken for the .required second relation (3.2.3). g:cx:ll(;rtt});ﬂ;icanl pe
relation involving p or ¢ of both is taken as relation (3.2.3) mﬁf:z
obtaining the relation (3.2.3) p and ¢ are obtained from (.3.2..1) and
(3.2.3) and theste values are substituted in (3.2.2). On integrating it
e get the required complete solution of the given equation. ‘

the auxiliary function
S are integrals of the

tion

> Example_ 3.2.1 Find a complgté integral of pz +qy = P4-

n: Here the given equation is

Solutio
F(m,y,Z',p,Q) =P$+qy-—pq=0. (1)
Charpit’s auxiliary equations are |
dp dq dz _‘da;__dy
P = 3Fq8E = —F BF oF ~ 9L
%5‘ +P%€' %E'*'q?? —p3y T8 O 99
.. BT e = |
or, . TAp0 g+a-0 ——p(m—-q)—q(y—p) |
. dr  _ dy ()
= Zz-9 —(y -7
Taking the first two fractions
G logp=10gf1+1°g“'
B 3
P q _ p=od (a is a0 arb. constant:) - (3)
: we et
Substituting this value of p 11 ) i 4 7
' @ 0 @
or aq =al + Y (q # ’
9
From (3)-and (4), %)
il azty p=9" +9-
q= " a .
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ion to Differential Equations
504 ] An Introduction

General integral: Replacing b by some function of a, say b = ¢(a)
in (4) we get o
) g 2= a2y2 = [az +¢(a)]2. G
Differentiating (7) partially w.r.t. a we get
—2ay? = 2[az + $(a)][z + ¢'(a))- ) ®)

The general integral is obtained by eliminating from a (7) and (8).

» Example 3.2.10 Find a complete and singulor integrals of
22z — pz* — 292y + pg = 0.

[Delhi Hons. 1998, 2000)

Solution: Here the given equation is

F =2zz — pr® — 2qzy + pg = 0.

m

Charpit’s auxiliary equations are

dp _dg _ dz _dz _ dy
22-2qy 0 pr’+2zyg-2pg 22-q 2zy—p

The second fraction gives dg = 0 or ¢ = a.

Putting ¢ = a in (1) we get p = 22=au)

z?-a

Hence from dz = pdz + qdy we deduce

dz = 2z(z — ay)

. — ad 22 di
2 —a dz +ady or, M: g3

z—ay z2—a’

Hence, on integration,

log(z — ay) = log(z* - a) + log b
or, z—ay=>b(z’-aq) or, z=ay+ b(z? ~ a) 2
is the required complete integral, a,b being arbitrary constants.
: Differentiating the complete integral w.r.t. a and b we get

i

ralet
“""'4_ 0=y—ba.nd0=:c’—a,i.e.,a:;ﬁ,b:y

Chapter 3. Non-linear Partia igs Eqns o
' " OF Order One

substituting_ these va}ues of e and py, @ [ 505
required singular integra], Weget ; — 2y which s
Examples 1))
(Bxercises based on Charpiy, Method)
(US::;dc 1:: ;Z:";lzfxliﬁz?:lq:i :ll:: sf)ollowmg partial differential equations:
1. g=pz+p.
2. pzy+pq+qy =yz.
3. p'+¢’ -2 -2y +1=0. [L-AS. 1909]
4. z=pr+qu+p* +o% [LA.S. 1996]
5. p? +q° — 2pz — 2qy + 2zy =0.
6. pz+g’y=z.
7. 20(g?2® +1) = pz. [LA.S. 1908)
8. 2z+p* +qy+ 2’ =0.
9

. (p+9)(pz+qy) =1
10. 2(z + pz + qv) = vp
1. p-32ct=¢" -y
12. p(g* +1) + (- 2)g=0.

Answers

[T —da)) +oy+b. 2 (z—az)
_ 22 41277+ da+2alog{z + V7 L2 41
L:—%b::v’[; (:’+1)z = (i Fo@ 0} D
(y +a)* = b, 3

- ‘v, 4z =oztbyt

log{u+ U"“2+1)}+bw‘lmv—0z+y (z-w? "—’-}_
- - -7

242 5.2 z’+v?+“’+°y171"'{(z D

a*+b*. 5. 22 =

J ; g = JaE T
%bs[(r-yw (z+v)’-%]- 6. (1+e) .
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Mz - o)l Y

Lotz by E O
P 3 4 ooy +b B + (a®/4y")

b 7. 2%+ 2+ 17 ++b)"¥+ b, 10. yz —b‘)‘(f/l"lziawb.

9. z(a + 21)1/2 i 22((:1 a2 +b. 12 2\/;(7:"

1. z=2>+azE3
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