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AssignmentProblem

Introduction

Theassignmentproblem isaspecialtypeoftransportationproblem,wherethe
objectiveistominimizethecostortimeofcompletinganumberofjobsbyanumber
ofpersons.Inotherwords,whentheproblem involvestheallocationofndifferent
facilitiestondifferenttasks,itisoftentermedasanassignmentproblem.Themodel's
primaryusefulnessisforplanning.Theassignmentproblem alsoencompassesan
importantsub-classofso-calledshortest-(orlongest-)routemodels.Theassignment
modelisusefulinsolvingproblemssuchas,assignmentofmachinestojobs,
assignmentofsalesmentosalesterritories,travellingsalesmanproblem,etc.

Itmaybenotedthatwithnfacilitiesandnjobs,therearen!possibleassignments.One
wayoffindinganoptimalassignmentistowriteallthen!possiblearrangements,
evaluatetheirtotalcost,andselecttheassignmentwithminimum cost.But,dueto
heavycomputationalburdenthismethodisnotsuitable.Thischapterconcentrateson
anefficientmethodforsolvingassignmentproblemsthatwasdevelopedbya
HungarianmathematicianD.Konig.

Formulationofanassignmentproblem

Supposeacompanyhasnpersonsofdifferentcapacitiesavailableforperforming
eachdifferentjobintheconcern,andtherearethesamenumberofjobsofdifferent
types.Onepersoncanbegivenoneandonlyonejob.Theobjectiveofthisassignment
problem istoassignnpersonstonjobs,soastominimizethetotalassignmentcost.
Thecostmatrixforthisproblem isgivenbelow:
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Thestructureofanassignmentproblem is

identicaltothatofatransportationproblem.

Toformulatetheassignmentproblem inmathematicalprogrammingterms,wedefine
theactivityvariablesas

xij

=

1ifjobjisperformedby

workeri0otherwise

fori=1,2,...,nandj=1,2,...,n

Intheabovetable,cijisthecostofperformingjthjobbyith

worker.Theoptimizationmodelis

Minimizec11x11+c12x12+-------+cnnxnn

subjectto
xi1+xi2+..........+xin=1 i=1,2,.......,n
x1j+x2j+..........+xnj=1 j=1,2,.......,n

xij=0or1

InSigmanotation

minimize cijxij

subjectto

xij=1fori=1,2,.....,n

xij=1forj=1,2,.....,n

xij=0or1foralliandj

Anassignmentproblem canbesolvedbytransportationmethods,butduetohigh

degree ofdegeneracytheusualcomputationaltechniquesofatransportation
problem become

veryinefficient.Therefore,aspecialmethodisavailableforsolvingsuchtypeof
problems
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inamoreefficientway.

 Numberofjobsisequaltothenumberofmachinesorpersons.
 Eachmanormachineisassignedonlyonejob.
 Eachmanormachineisindependentlycapableofhandlinganyjobtobedone.
 Assigningcriteriaisclearlyspecified(minimizingcostormaximizingprofit).

HungarianMethod

Itisanefficientmethodforsolvingassignmentproblems.Thismethodisbasedonthe
followingprinciple:

 Ifaconstantisaddedto,orsubtractedfrom,everyelementofarowand/oracolumn
ofthegivencostmatrixofanassignmentproblem,theresultingassignmentproblem
hasthesameoptimalsolutionastheoriginalproblem.

Algorithm

Theobjectiveofthissectionistoexamineacomputationalmethod-analgorithm -for
derivingsolutionstotheassignmentproblems.Thefollowingstepssummarizethe
approach:

Steps

1.Identifytheminimum elementineachrowandsubtractitfrom everyelementofthatrow.
2.Identifytheminimum elementineachcolumnandsubtractitfrom everyelement

ofthatcolumn.
3.Maketheassignmentsforthereducedmatrixobtainedfrom steps1and2inthefollowing

way:
i. Foreachroworcolumnwithasinglezerovaluecellthathasnotbe

assignedoreliminated,box thatzerovalueasanassignedcell.
ii. Foreveryzerothatbecomesassigned,crossout(X)allotherzerosinthesame

rowandthesamecolumn.
iii. Ifforarowandacolumn,therearetwoormorezerosandonecannotbe

chosenbyinspection,thenyouareatlibertytochoosethecellarbitrarilyfor
assignment.

iv. Theaboveprocessmaybecontinueduntileveryzerocelliseitherassigned or
crossed(X).

4.Anoptimalassignmentisfound,ifthenumberofassignedcellsequalsthenumberof
rows(andcolumns).Incaseyouhavechosenazerocellarbitrarily,theremaybe
alternateoptimalsolutions.Ifnooptimalsolutionisfound,gotostep5.

5.Drawtheminimum numberofverticalandhorizontallinesnecessarytocoverallthe
zerosinthereducedmatrixobtainedfrom step3byadoptingthefollowingprocedure:
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i. Markalltherowsthatdonothaveassignments.
ii. Markallthecolumns(notalreadymarked)whichhavezerosinthemarkedrows.

iii. Markalltherows(notalreadymarked)thathaveassignmentsinmarkedcolumns.
iv. Repeatsteps5(i)to(iii)untilnomorerowsorcolumnscanbemarked.
v. Drawstraightlinesthroughallunmarkedrowsandmarkedcolumns.

Youcanalsodrawtheminimum numberoflines

byinspection.

6.Selectthesmallestelementfrom alltheuncoveredelements.Subtractthissmallest
elementfrom alltheuncoveredelementsandaddittotheelements,whichlieatthe
intersectionoftwolines.Thus,weobtainanotherreducedmatrixforfreshassignment.

7.Gotostep3andrepeattheprocedureuntilyouarriveatanoptimalassignment.

Forthetimebeingweassumethatnumberofjobsisequalto

numberofmachinesorpersons.Laterinthechapter,wewill

removethisrestrictiveassumptionandconsideraspecialcase

whereno.offacilitiesandtasksarenotequal.

Example1

TheFunnyToysCompanyhasfourmenavailableforworkonfourseparatejobs.Only
onemancanworkonanyonejob.Thecostofassigningeachmantoeachjobisgiven
inthefollowingtable.Theobjectiveistoassignmentojobsinsuchawaythatthetotal
costofassignmentisminimum.

Job

Person 1 2 3 4

A 20 25 22 28

B 15 18 23 17

C 19 17 21 24

D 25 23 24 24
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Solution.

Step1

Identifytheminimum elementineachrowandsubtractitfrom everyelementofthat
row.Theresultisshowninthefollowingtable.

Table

Job

Person 1 2 3 4

A 0 5 2 8

B 0 3 8 2

C 2 0 4 7

D 2 0 1 1

Step2

Identifytheminimum elementineachcolumnandsubtractitfrom everyelementofthat
column.

Table

Job

Person 1 2 3 4

A 0 5 1 7

B 0 3 7 1

C 2 0 3 6

D 2 0 0 0
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Step3

Maketheassignmentsforthereducedmatrixobtainedfrom steps1and2inthe
followingway:

a. Foreachroworcolumnwithasinglezerovaluecellthathasnotbeassignedor
eliminated,box thatzerovalueasanassignedcell.

b.Foreveryzerothatbecomesassigned,crossout(X)allotherzerosinthesamerow
andthesamecolumn.

c. Ifforarowandacolumn,therearetwoormorezerosandonecannotbechosenby
inspection,choosethecellarbitrarilyforassignment.

d.Theaboveprocessmaybecontinueduntileveryzerocelliseitherassigned orcrossed
(X).

Step4

Anoptimalassignmentisfound,ifthenumberofassignedcellsequalsthenumberof
rows(andcolumns).Incaseyouhavechosenazerocellarbitrarily,theremaybe
alternateoptimalsolutions.Ifnooptimalsolutionisfound,gotostep5.

Table

Job

Perso
n

1 2 3 4

A 5 1 7

B 3 7 1

C 2 3 6

D 2

Step5

Drawtheminimum numberofverticalandhorizontallinesnecessarytocoverallthe
zerosinthereducedmatrixobtainedfrom step3byadoptingthefollowingprocedure:

i. Markalltherowsthatdonothaveassignments.
ii. Markallthecolumns(notalreadymarked)whichhavezerosinthemarkedrows.

iii. Markalltherows(notalreadymarked)thathaveassignmentsinmarkedcolumns.
iv. Repeatsteps5(ii)and(iii)untilnomorerowsorcolumnscanbemarked.
v. Drawstraightlinesthroughallunmarkedrowsandmarkedcolumns.

Youcanalsodrawtheminimum

numberoflinesbyinspection.
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Table

Step6

Selectthesmallestelement(i.e.,1)from alltheuncoveredelements.Subtractthis
smallestelementfrom alltheuncoveredelementsandaddittotheelements,whichlie
attheintersectionoftwolines.Thus,weobtainanotherreducedmatrixforfresh
assignment.

Table

Job

Perso
n

1 2 3 4

A 0 4 0 6

B 0 2 6 0

C 3 0 3 6

D 3 0 0 0

Nowagainmaketheassignmentsforthereducedmatrix.

FinalTable

Job

Perso
n

1 2 3 4

A 4 6

B 2 6

C 3 3 6

D 3
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Sincethenumberofassignmentsisequaltothenumberofrows(&columns),thisis
theoptimalsolution.

Thetotalcostofassignment=A1+B4+C2+D3

Substitutingvaluesfrom originaltable:
20+17+17+24=Rs.78.

Example2

TheWinnerPublishingCompanyemploystypistsonhourlybasis.Therearefivetypists
forserviceandtheirchargesandspeedsaredifferent.Accordingtoanearlier
understandingonlyonejobisgiventoonetypistandthetypistispaidforfullhoureven
ifheworksforafractionofanhour.Findtheleastcostallocationforthefollowingdata:

Typist
Rateper

hour

(Rs.)

No.of

pages

Typed/

hourA 5 12

B 6 14

C 3 8

D 4 10

E 4 11

Job No.ofpages

P 199

Q 175

R 145

S 198

T 178

Solution.

Thefollowingmatrixgivesthecostincurrediftheithtypist(i=A,B,C,D&E)executes
thejthjob(j=P,Q,R,S&T):

Job

Typist P Q R S T

A 85 75 65 125 75

B 90 78 66 132 78
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C 75 66 57 114 69

D 80 72 60 120 72

E 76 64 56 112 68

Identifytheminimum elementineachrowandsubtractitfrom everyelementofthatrow.

Table

Job

Typist P Q R S T

A 20 10 0 60 10

B 24 12 0 66 12

C 18 9 0 57 12

D 20 12 0 60 12

E 20 8 0 56 12

Identifytheminimum elementineachcolumnandsubtractitfrom everyelementofthat
column.

Table

Job

Typist P Q R S T

A 2 2 0 4 0

B 6 4 0 10 2

C 0 1 0 1 2

D 2 4 0 4 2

E 2 0 0 0 2

Maketheassignmentsforthereducedmatrix
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Jo

Table

Job

Typist P Q R S T

A 2 2 4

B 6 4 10 2

C 1 1 2

D 2 4 4 2

E 2 2

Thenumberofassignedcellsisnotequaltothenumberofrows(andcolumns).Therefore,we

drawtheminimum numberofverticalandhorizontallinesnecessarytocoverallthezerosin

thereducedmatrix

Table

Repeatingtheusualprocessasexplainedinthepreviousexample,wegetthefollowing
matrix:

Table

Typist P Q R S T

A 2 2 2 4

B 4 2 8

C 1 2 1 2

D 2 2

E 2 2 2
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Jo

Thenumberofassignedcellsisnotequaltothenumberofrows(andcolumns).
Therefore,wedrawtheminimum numberofverticalandhorizontallinesnecessaryto
coverallthezerosinthereducedmatrix

Table

FinalTable

Typist P Q R S T

A 2 1 2 3

B 4 1 7

C 2 2

D 1 1

E 3 3 3

Sincethenumberofassignmentsisequaltothenumberofrows(&columns),thisis
theoptimalsolution.

Substitutingthevaluesfrom original
table:75+66+114+80+64=Rs.399.
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SomeSpecialCases

 UnbalancedAssignmentProblem
 MaximizationProblem
 MultipleOptimalSolutions

1.UnbalancedAssignmentProblem

Intheprevioussection,thenumberofpersonsandthenumberofjobswereassumed
tobethesame.Inthissection,weremovethisassumptionandconsiderasituation
wherethenumberofpersonsisnotequaltothenumberofjobs.Inallsuchcases,
fictitiousrowsand/orcolumnsareaddedinthematrixtomakeitasquarematrix.
Then,weapplytheusualHungarianMethodtothisresultingbalancedassignment
problem.Weprovidethefollowingexampletoillustratethesolutionofanunbalanced
assignmentproblem.

Example

Job

Person 1 2 3 4

A 20 25 22 28

B 15 18 23 17

C 19 17 21 24

Solution

Sincethenumberofpersonsislessthanthenumberofjobs,weintroduceadummy
person(D)withzerovalues.Therevisedassignmentproblem isgivenbelow:

Table

Job

Person 1 2 3 4

A 20 25 22 28

B 15 18 23 17
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C 19 17 21 24

D(dummy)0 0 0 0

NowusetheHungarianmethodtoobtaintheoptimalsolution
yourself.Ans.=20+17+17+0=54.

2.MaximizationInAnAssignmentProblem

Thereareproblemswherecertainfacilitieshavetobeassignedtoanumberofjobs,so
astomaximizetheoverallperformanceoftheassignment.TheHungarianMethodcan
alsosolvesuchproblems,asitiseasytoobtainanequivalentminimizationproblem by
convertingeverynumberinthematrixtoanopportunityloss.Theconversionis
accomplishedbysubtractingalltheelementsofthegivenmatrixfrom thehighest
element.Itturnsoutthatminimizingopportunitylossproducesthesameassignment
solutionastheoriginalmaximizationproblem.

Example

Attheheadofficeof www.universalteacher.com therearefiveregistration
counters.Fivepersonsareavailableforservice.

Person

Counte
r

A B C D E

1 30 37 40 28 40

2 40 24 27 21 36

3 40 32 33 30 35

4 25 38 40 36 36

5 29 62 41 34 39

Howshouldthecountersbeassignedtopersonssoastomaximizetheprofit?
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Solution.

Here,thehighestvalueis62.Sowesubtracteachvaluefrom 62.Theconversionis
showninthefollowingtable.

Table

Person

Counter A B C D E

1 32 25 22 34 22

2 22 38 35 41 26

3 22 30 29 32 27

4 37 24 22 26 26

5 33 0 21 28 23

Nowtheaboveproblem canbeeasilysolvedbyHungarianmethod.Afterapplying
steps1to3oftheHungarianmethod,wegetthefollowingmatrix.

Table

Person

Counter A B C D E

1 10 3 8

2 16 13 15 4

3 8 7 6 5

4 15 2 4

5 33 21 24 23

Drawtheminimum numberofverticalandhorizontallinesnecessarytocoverallthe
zerosinthereducedmatrix.
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Table

Selectthesmallestelementfrom alltheuncoveredelements,i.e.,4.Subtractthis
elementfrom alltheuncoveredelementsandaddittotheelements,whichlieatthe
intersectionoftwolines.Thus,weobtainanotherreducedmatrixforfreshassignment.
Repeatingstep3,weobtainasolutionwhichisshowninthefollowingtable.

Table

Person

Counter A B C D E

1 14 3 8

2 12 9 11

3 4 3 2 1

4 19 2 4

5 37 21 24 23

Thetotalcostofassignment=1C+2E+3A+4D+5B

Substitutingvaluesfrom original
table:40+36+40+36+62=214.

MultipleOptimalSolutions

Sometimes,itispossibletocrossoutallthezerosinthereducedmatrixintwoor
moreways.Ifyoucanchooseazerocellarbitrarily,thentherewillbemultipleoptimum
solutionswiththesametotalpay-offforassignmentsmade.Insuchacase,the
managementmayselectthatsetofoptimalassignments,whichismoresuitedtotheir
requirement.
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Example

TheSpicySpoonrestauranthasfourpaymentcounters.Therearefourpersons
availableforservice.Thecostofassigningeachpersontoeachcounterisgiveninthe
followingtable.

Job

Perso
n

1 2 3 4

A 1 8 15 22

B 13 18 23 28

C 13 18 23 28

D 19 23 27 31

Assignonepersontoonecountertominimizethetotalcost.

Solution.

Afterapplyingsteps1to3oftheHungarianMethod,weobtainthefollowingmatrix.

Table

Job

Person 1 2 3 4

A 3 6 9

B 1 2 3

C 1 2 3

D

Nowbyapplyingtheusualprocedure,wegetthefollowingmatrix.

Table

Job

Person 1 2 3 4
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A 2 5 8

B 1 2

C 1 2

D 1

Theresultingmatrixsuggestthealternativeoptimalsolutionsasshowninthefollowing
tables.

Table

Job

Person 1 2 3 4

A 2 4 7

B 1

C 1

D 2 1

Job

Person 1 2 3 4

A 2 4 7

B 1

C 1

D 2 1

ThepersonsB&Cmaybeassignedeithertojob2or
3.Thetwoalternativeassignmentsare:

A1+B2+C3+D4

1+18+23+31=
73

A1+B3+C2+D4

1+23+18+31=73
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TravellingSalesmanProblem

Thishumorouslynamedproblem referstothefollowingsituation:
Atravellingsalesman,namedRoverplanstovisiteachofncities.Hewishestovisit
eachcityonceandonlyonce,arrivingbacktocityfrom wherehestarted.Thedistance
betweenCityiandCityjiscij.WhatistheshortesttourRovercantake?

Iftherearencities,thereare(n-1)!possiblewaysforhistour.Forexample,ifthe
numberofcitiestobevisitedis5,thenthereare4!differentcombinations.Suchtype
ofproblemscanbesolvedbytheassignmentmethod.
Letcijbethedistance(orcostortime)betweenCityitoCityjand
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xij=
1ifatourincludestravellingfrom cityitocityj

(fori0otherwise

j)

Thefollowingexamplewillhelpyouinunderstandingthetravellingsalesmanproblem.

Example

Atravellingsalesman,namedRollingStoneplanstovisitfivecities1,2,3,4&5.The
traveltime(inhours)betweenthesecitiesisshownbelow:

To

From 1 2 3 4 5

1  5 8 4 5

2 5  7 4 5

3 8 7  8 6

4 4 4 8  8

5 5 5 6 8 

HowshouldMr.RollingStoneschedulehistouringplaninordertominimizethetotal
travel
time,ifhevisitseachcityonceaweek?

Solution

Afterapplyingsteps1to3oftheHungarianmethod,wegetthefollowingassignments.

Table

To

From 1 2 3 4 5

1  1 3 1
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T

2 1  2 1

3 2 1  2

4 3  4

5 3 

Drawtheminimum numberofverticalandhorizontallinesnecessarytocoverallthe
zerosinthereducedmatrix.

Table

Selectthesmallestelementfrom alltheuncoveredelements.Subtractthissmallest
elementfrom alltheuncoveredelementsandaddittotheelements,whichlieatthe
intersectionoftwolines.Thus,weobtainanotherreducedmatrixforfreshassignment.
Repeatingstep3onthereducedmatrix,wegetthefollowingassignments.

Table

From 1 2 3 4 5

1  2 1

2  1 1

3 1  2

4 3  5

5 4 
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Theabovesolutionsuggeststhatthesalesmanshouldgofrom city1tocity4,city4to
city2,andthencity2to1(originalstartingpoint).Theabovesolutionisnotasolution
tothetravellingsalesmanproblem ashevisitscity1twice.

Thenextbestsolutioncanbeobtainedbybringingtheminimum non-zeroelement,i.e.,
1intothesolution.Pleasenotethatthevalue1occursatfourplaces.Wewillconsider
allthecasesseparatelyuntiltheacceptablesolutionisobtained.Tomakethe
assignmentinthecell(2,3),deletetherow&thecolumncontainingthiscellsothatno
otherassignmentcanbemadeinthesecondrowandthirdcolumn.

Now,maketheassignmentsintheusualmannerasshowninthefollowingtable.

Table

Hestartsfrom city1andgoestocity4;from city4tocity2;from city2tocity3;from
city3tocity5;from city5tocity1.

Substitutingvaluesfrom original
table:4+7+6+4+5=26hours.


